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MICHAELIS-MENTEN KINETICS

1 Michaelis-Menten Kinetics

1.1 Law of Mass Action

Basic chemical reaction: A — B.

Law of Mass Action: % = —k[A], % = k[A]. k: rate constant.

k
With back reaction: A k:Jr B. k: forward rate constant, k_: backward rate constant.

If by >> k_, ignore k_.

At steady state, 0 = d[A] =—ki[A]+k_[B] = d[B] = k= {g%

If no other reaction 1nvolving A& B, then [A} eq = AO o +k , [B]eq Aomkﬁ.

Biomolecular Chemical Reaction: A + B T C. A] =k_[C] -k, [A][B] = —%.

At steady state, k., = ﬁ—; = [A][ZZ][Z]”. Assume [A] + [C] = Ao, [A]leq = Ao keq-kH 5 [Cleg =
[Bleq
Ao {51

When [B].q = keg, half of A is in the bound state at steady state.
k
A+ A % C'. Q: Which one is conseverd? A: [A] + 2[C].

A — 92k _[0] — 2k, [A)?, 4EL = | [A]? — k_[C] = DAEAC — .

Remark: Law of mass action is only valid for elementary reaction.

1.2 MM Kinetics

$: substrate, &4 B: enzyme, Wi, F+ 85 == FS,k, = ki[E][S], k- = k_1[FS].

Dissociation constant: kg = kk—’ll Q: unit of k;7 A: concentration.

Fraction E-bond fg = [Eiﬁés]

[S}T—>O$f3—>0[S]T—>oo:>fB—>1~[E]T—>oo=>fB—>0;[E]T—>O:0<fB<1.
(1581 = hlIS] — hal88] =0 = b2 = T = o = ol € 0.1

EF+5—= BN PNy + P. Transition State Theory.

W= —kl[ 8]+ b [BS], G = —Ra[E]IS) + (ks + ko) [BS], 5% = R[E][S] — (ko1 +
k2)[ES], 4 7 =k[ES] = (turnover rate).

Initial Condition: [S]|=0 = So, [E]|t=0 = Eo, [ES]|t=0 = 0, [P]|t=0 = 0.

Q: v v.s. [S]? A: Nonlinear. But 1 v.s. ﬁ may be linear for some time.

[E] + [ES] = Eo, so yf] can be neglected.

Pseudo-steady state (quasi-equilibrium assumption): substrate-enzyme binding >> turnover
k1[S]Eo d[P] k2[S]Eq Umax [S]

into product = [ES] =0=[ES] =i am = V= o = g T Rt where k,,
k‘gkz (Michaelis Constant). 1

Q: Relation between SO&EO for pseudo-steady state? A: Sy >> Ej.

AS — _y By[S] + (k1 [S] + k_1) [ES], “55 = by Bo[S] — (ka[S] + 1 + k) [ES], 921 = ka[ES].

I AR 22 BS: Let 7 = k:lEot ES = [ES 5 = [Ss.j,% = & = S+ (S+k— \ES where
k=St = ke dBS G (G4 k:)ES = 0 where ¢ = £0.



TRANSCRIPTION NETWORKS

2 Equilibrium Binding and Cooperativity

ko

Consider that a protein has n binding stes. S+ P;_; Tﬁ P,j=1,2,---,n
J
% = —k1[Po][S] + k_1[P1]. Def associate constant k, = ky1/k_1,kq = k_1/ky1 = 1/k,.
[P1] _ __[P] _
At steady state, k1 = P]ls]ak m]_1’2""’” 2
Average # r of substrates bound to proteins, r = [I[J;D]OJ]“i[[ii]]iﬂiﬁ[Jﬁ] =1 Pf]l JEI,:‘i][[I%]]J[F s]kjl,:f ,[CI:‘[’}J[S][ SJ]Z+
k1[S]+2k1k2[S]?+ - +nkika -k [S]™ (O n) Saturation function: ¥ — r/n c (O, 1).

14k [S]+k1k2[S]2+ -+ ki ka--kn[S]™

2.1 Identical and Independent Binding Sites

Py+ 8 == P, = —nk,[P)[S] + k_[P1] = 0.

P +S : Py = —(n— 1)k [P][S] + 2k_[P] = 0.

Intrinsic association constant k =k /k_, = k; = (n= JH)k,j =12, ,n=>r= ikk[fé]

2.2 Identical and Interacting Binding Sites

N k7 1 2k[S]+2kk* [S]2 r k[S]+kk* [S)2
PO \k—, P1 ? PQ, = kl = 2]{5, kﬁ2 = §k r = 41+2k[5’]+k:k*[8]2’Y =3 = 1+2k[S]+kk*[S]2
k = k* (independent Y = kAk,Y —Y* (" —l)k(S]"
= k” (independent case), Y = 1+k[s 7 = (TFR[S) (T+2k[ST+RR*[S]2) "

Positive cooperativity: ¥ — Y* > 0 = k* > k. Negative cooperativity: ¥ —Y* <0 = k* < k.

Another definition for cooperativity is sigmoidality. g = k*/k,x = k[S] = Y = %, % =

2 2 —2_82(343z .2 . . .
%7 ‘;;; =27 (1[?2(331 ﬂjﬁ;ﬁ ) B>2 (second derlvatlve can change sign).

Consider the limit (P; can be neglected). Py +2S == Py, k = ky/k_. ky[R][S]*? = K_[P2] =

Y

. . InY
k=ky/k_ = [B/[R][S]? =Y = i = 1555[18]2 (Hlll functlon) = T =2
n-—Y_
Assumption: no intermediate states! With inter states, ¥ = %,mq = d;lnl[f% =1+
(H(f)ﬁ Q: when ng — 2?7 A:z — 0,8 — oc.
2.3 Non-Identical and Interacting Binding Sites
k k k
Py == P, Py == P|, P, — PQ,P{LPQ ky =k k.
ki_ ko k3 ka—
Principal of detailed balance: ky = ghotks, ks = phitks ks =l by = it = bk = koka.

ANFIECAR N G AE R if ks > ko = ky > ky. (Kim, et al. Probing Allostery through DNA,
Science 2013).

_ 1 [PH[P]H2(Pe] ki [S]+ka[S]+2k1ko[S]? _ 1 * _ _2kiks _ _
Y = SmEmREE] = heheheeE J = skt k), Tt = gy = JISL A =
J* . 1/(1-‘1-1/6/)
i =Y = 1+2z'+B'x'2 "

3 Transcription Networks

3.1 Basic Models

Signal — protein X — Gene, Environment — Transcription Factors — Genes — Environment.



TRANSCRIPTION NETWORKS

X 2% X* - bound activator/regressor — Y/ No Transcription.

Timescales: Transcription & Translation of target genes: activation of T.F.(faster), binding(fast),
Trans & Trans(slow), Protein synthesis(slower). For Ecoli: ~ lmsec, ~ 1sec, ~ 5min, ~ 1h.

Q: Can a T.F. be an activator for some genes and regressor for others? A: Yes.

Input function: rate of product of Y = f(X*) — monotonic. For example,

Hill function: for activator, f(X*) = X" /(K™ + X*") 4 Bo; for regressor, f(X*) = 1+(§%)"'

Logic input function: for activator, f(X*) = BI(X* > K); for regressor, f(X*) = SI(X* < K).

Dynamics: response time: T';: the time to reach halfway between the initial and final levels.

ay
dt

Q: response time for activation compares to for decay? Increase (3, response time for activation?

= f(X*) —aY. Deca'y rate: o = adegradation + Qdilution -

A: same, =.

Activation: ©@¥ = —aY =0 = Yy = B/a. T =0,Y(0) = 0 = Y(t) = Yyu(l — ™).
Ty =In2/a.

Decay: 2 = —aY = Y (t) = Yye . Ty Y(1) = Y = Ty =In2/a. large o — rapid change
in concentration. S — only affects steady state level.

At early time, when at << 1,Y(t) = 2(1 — ™) ~ t.

Response time for stable protein: ageg = 0, a0 = gyl = T% = In2/ay; := 7 — one cell generation

time.

3.2 Ultrasensitivity

k
Titration: T+ 1 k:Jr T1I. T: transcription factor, I': inhibitor. [T|[I| = k[TI), [T]+[T1] = T}, [I]

+[T1] = I, k: dissociation constant. [T]2—[T)(Ty—I,—k)—kT, = 0 = [T] = ——1=1* (T;Jﬁk)szTt.

T T, 1,14\ /T T, TP 44T,
Let T=T 1, =% — L o p— T2l T 3

Take limit: 1. T} << L;+1 =T = Iﬂl’ buffering agent.

2. Ty >>1I;+1=T=T,— (I; + 1), saturated region.

3. Ty ~ I; 4+ 1, transition region.

3.3 Autoregulation

Network motif: a way to detect building block patterns.

Ecoli: N = 420 Nodes, E = 520 edges.

Randomized network: E, .. = %N(N —1)-2+ N = N?*P =E/N? (Nett)rana = N x P =
E/N =~ 1.2, but in Ecoli, Ny = 40 with 34 negative and 6 positive = Negatively autoregulated
genes are a network motif.

Q: Does it have useful functions?

1. Response time.

Single regulated genes: Ty = oz,

Q: NAR response time? A: |.

Q: NAR off response time? A: =.



POSITIVE FEEDBACK AND MULTISTABILITY

dx
dt
and simplify f(z) by logic approximation f(z) = 8I(z < k). % = 8 — az while z < k. At eartly

times, x(t) ~ ft. NAR: strong promotion [ can give rapid product.

= f(z) — ax where f(z) = 1JF(LQ)”(decreausing Hill function). When n is large enough, = = k,
k

2. Robustness

XgIAR robust to small changes on « and S, i.e. fluctuation in prod rate and deg rate.

4 Positive Feedback and Multistability

PAR: % = 51% — ax + By. At early time, prod rate of x = f3.
1. slow response time: development process, relatively long time process; prolonged delay.
2. bistability: fl—f =0 has 1 — 3 solutions for z.

—on A
Signal off off

Simple reg. ﬂ
NR O/ N © response time

Consider the following reactions:

—— Single Reg.

—— NAR

—— PAR

K,

LG0T N g
SR
.,

| or2 | oR3 |

| or2 [OR3 |

(X (6

| or2 [OR3 |

Def X : A\, X5 : A\, D : DNA promotor site, P : RNA polymerase.

2X <% X, D+ Xy <225 DXo, D + Xy <25 DX}, DXo + DXy <25 DXo X3, DXy + P &5
DX, + P +nX, X 24 0.

Q: which are fast processes? A: reaction 1,2,3,4 ~ sec, reaction 5,6 ~ min — hour.

ks = o1ka, ky = 02ks, define y = [Xs],d = [D],u = [DX5],v = [DX]], z = [DX,X}].

y = k1[X])?, u = kody = kikad[X]?, v = o1kody = 01k kad[X]?, 2 = ookouy = 09(kik2)?d[X]?.



POSITIVE FEEDBACK AND MULTISTABILITY

% = nk,Pyu — kg[X] +r (r : basal rate). dr =d+u+v+2z = dp =d[l + (1 + 01)k1 ko[ X]* +
d[X] _ nk; Pokikodr[X]?
O—Qk%k%[‘x]ﬂ =@ = 1+(1+01)k1(;€2EX2]2iU2k%k§[X]4' ,
v _ T _ dX _  /nk:PodrX /7 ka/r 7 _ ax’ v
Def X = AV4 kle[X],t = t(?"\/ klkg), T 1+(1+01;Yg+02y2 - \/;;T2X = 1+(1+01)Y2+(1+0’2)Y4 _’)’X

Consider the following reactions:

Glu TMG
L
LS
b .*
cAMP T™MG Lactose LacY
l metabolism 1
- LacZ
CRP Lacl A
EJ
T [T IT 11
Pic lacZ lacY lacA

Pﬂac gfp
: ——
1 T 1
P, HcRed

Denote TMG as X, Lacl as R and LacY as Y, andconsider X 4 R 4Y — X. Model: R—’i =

1 ~ dy __ 1 dxr __ _ «a _ __1+(8y)? _
Ti(a/z) W 7 2,1y G = QT R/R, Y Teqr = By—x =y = T¥R/Ry st = Byst = Yst = ap_i_(,@z)z (p=
1+ Rr/Ro) = v* — ay® + &y — 5 = 0. Let it = (y — a)(y — a)(y — fa) = O(bistable), we get

p=(1+20)(1+2/8),a8=(2+6)%/0>.

S1
L

B GFP

>

ap/p

00 005 010 015 T
1p S>



STABILITY AND OSCILLATION

Toggle switch: A 4 B, B 4 A. Boolean approximation: 0 for low and 1 for high.
Q: possible steady state? A: A1B0 or A0BI.
Q: to switch off GFP? A: Ss.

Toggele model (Dimensionless Equations): &% =

du g dv __  «ao

dt 1+vB u, dat T 1ftur v.

Good: Essential math; Bad: Lose connection to experiment.

Q: effective liefetime of u vs v? A: 7, = 7.

Q: If degration rates go up, what parameters change? A: a; and as, |.

k1

Equilibrium reactions: P, + RS <% PRSPy + R} <2 PR}, vR, < R],BR, <% RS,
[PT] = [P]] = [P] + [P1RS] = [Pf] = [P] + [P, R]].

_ _ ™ [Pl T 1 __ a[PT]
Rgenl = ax {Pl} = ax [P ][P1]+[}131R§] = a3 [P ]1+k1[R§] - 1+k11k4[R2]ﬁ :
- _ T [Ps] _ T 1 _ _ as[P7]
Ryenz = a[Py] = as[P ]m = az[P ]1+k2[R;] = 1+k§k3[R1]7'
d[R a1 [PT d[R as[PT
[dtl] — 1+k11][€4[1%2]ﬁ — 0[Ry], [df] = 1+k§][€3[1%1]w — §[R2)(d : decay rate).

Def Z: t5, u = [Rl](kgk’g)l/’y, v = [RQ](k1k4)1/’8, then
du _ a1 [P (kaks)'/™

1 oy dv _ aa[PT)(kiks)? 1 s

dt 6

1408

U= T g T 5 T VT 14w

— [e5] — (e D)
ust - 1+,U/37Ust - 14+uY M

5 Stability and Oscillation

5.1 Stability Analysis

1D case: © = ax = z* = 0 stable iff a < 0.

2D case: & = f(x,y),y = g(z,y) = f(x0,y0) = 0,9(20,%0) = 0. Let Az =2 —x0, Ay =y —1yo =

& & f(20,%0) +02 5, oow0) +I 55 w0001 ¥ ~ 9(20,90) +02 52 (wo,50) F 052 (20.00) = & = ala+bAY, § =

cAx + dAy or?:AY. A= <

det(A) > 0.

Example: Toggle Switch: @ = f(u,v) = 1345 —u, 0 = g(u,v) =

( ~1
A = y—1
—oyu
(I+u7)2

109,

b
¢ d>’ tr(A) = a+d, det(A) = ad —be. (z9,yo) stable iff tr(A4) < 0,

C

a2

[e3 —
V= U= Tois.

2 (058
14+uY 14087

v =

—a1 Bv

(4072 (14u7)?

B—1
(1Fv7)? > tr(A) = —2, det(A) = 1 — @B “anul L o g oy gagftlyrtl S

—1

Assumption: 1. large aq, ae; 2. ratio between on or off is large (either u/v >> 1 or v/u >> 1).

In the case when u >> v, u = a1,v & %% & log(a) ~ %log(cm). When v << u, log(asz) =
1

%log(al). When % <

log(ay . .
1O§Ea2; < f3, bistability occurs.

5.2 Biological Oscillations

1D case: & = f(z) =

for the same z.

2D case: m =

B8 << 1. Q: possible oscillation? A: No. A = (

0 = stable.

[0}
T+p"

Then — T Q: possible oscillation? A: No, becase () should be the same

—m,p = —f(p — m) where m: mRNA, p: protein, §: lifetime of mRNA.

1 —an
) (1+;”) ) = tr(4) < 0,det(A) >0 = A2 <



STABILITY AND OSCILLATION

&= —x+ay+ 2%y, = b — ay — x%y. Nullclines: y = ;7,'1; = ?bxz =a*=aq,y" = ﬁ%
—14+2z*y* a4+ x*? B
A = ( - *y *2>. tI‘(A) — _b4+(2a alj_b;-‘r(ol-i-a?)7 det(A) — G,+b2 > 0. When
—2x*y —a—x

tr(A) < 0, stable fixed point; when tr(A) > 0, unstable = stable limit cycle.

08

oscillations
06 (stable limit cycle)

no oscillations

o2 r (stable fixed paint) 4

0o I I I I L I I
.00 002 0.04 006 0.08 040 0.1z 014

a

5.3 Ruling out Closed Orbits

1. Gradient system: & = —VV (z).

Thm: Closed orbits are impossible in gradient systems.

Proof: Suppose there were a closed orbit. AV: change of V after one circuit. So 0 = AV =
fOT dt = fOT VV - idt = — fOT ||[VV||2dt < 0, which is contradictory.

2. Lyapunov functions.

& = f(x) with a fixed point at z*. Suppose we can find a Lyapunov function i.e. a continuous
differentiable, real-valued function V (z) with (1) V(x) > 0 for all  # z* and V(z*) = 0; (2) V(z) < 0
for all z # x* (all trajectories follow "downhill” to z*). Then z* is globally asymptotically stable, no
closed orbit.

3. Poincare-Bendixson thm.

(1) R is a closed bounded subset of the plane;

(2) & = f(z) is a continuous, differentiable vector field on an open set containing R;

(3) R does not contain any fixed point;

(4) There exists a trajectory C that is confined in R.

Theen either C' is a closed orbit or it spirals toward a closed orbit as t — oc.

5.4 Synthetic Genetic Oscillators

dgzi = -—m; + 71+apn + g . .
Example 1: 3 where ¢ = [lacl, tetR, cl], j = [cl, lacl, tetR].
dpi
,Z = —B(pi — i)
Let us assume that we can ignore the intermediate step of mRNA synthesis. dstl =—p1+ %pn +
3
Qg, dst? = 1+ap'iz — P2 + Qq, dstS = 1+(xp'g —P3 + Qg = p1 = P2 =PpP3 =D, Stea'dy when b= 1fpn + Qg.



STABILITY AND OSCILLATION

GFP
TetR
Ad : Lacl

-1 0 X

A= X -1 0 WhereX:f%. Eigenvalue Ay = X —1, Ay = — f%X+i§X,)\3:
0 X -1

anpn—l
e <2

-1-1Xx- i¥3X | stable fixed point < Re()\;) negative < —2 < X < 1=

For large o, a = p(1 + p™) = n < 2 = n > 2 gives oscillation.
dg? = k, Xy — B2 X2 where k, is the translation rate
J— k’P S
= EXl'

) % = 52(331 - 332)~

Example 2: the translation of mRNA:
constant and s is the decay rate constant of the protein X,. X3

When X5 and X; are normalized to their steady state values

-l +

————3mRNA X, —
J,_) p X2 —

+
~35 mRNA X;—)

—pXe—>
-‘—’)mRNA Xs—

> p Xe —

Thus %1 = B1(f1 — 21), ddif = Bao(x1 — 12), ddif’ = B3(fs — x3), %4 = Ba(w3 — 14), ddif = Bs(fs —

T5), dﬁ = Bs(z5 — x6).
The functions fi, f3 and f5 describe the transcriptional regulation and are defined by triphasic
B:ziPx{" < B B:23” < B
functions. f1 = ¢ 23227 : B <afxf" <M ,f3= . In the case of only

52 B <1y <M
M:z§» > M

M :x3xit > M

one fixed point, x1 = 2o = 23 = 24 = 1.

10



FEED FORWARD LOOP NETWORK MOTIF

—B1 Big12 0 B1914
B2 —P2 0O 0
0  fB3gz2 =B O
0 0 Bs  —PBa

ap = l,a1 = By + Bo + B3 + Ba,az = B1P2(1 — gi2) + B1f3 + B1Ba + Bofs + B2fs + B3P a3 =

B1B2B3(1 — gi2) + B1B2B4(1 — gr2) + B2f3 84 + B15354, as = B1528384(1 — g1ag32 — gr2)-

Routh-Hurwitz criterion: a system is stable if (1) all coefficients are possible; (2) all elements in

A= A = Al =0 = agAt + a1 AP + aA? + as) + ay = 0 where

the first column of R-H matrix are positive. This matrix is constructed as follows:

The matrix has n+1 (in our case 5) rows:

A" ap a9 ay Qg
AT 1 ai as as ar
A2 by by by by
AP3 cT Cy C3 C4
Al dy dy dz dy

Al fi
A g1

_ aiaz—aqas _ aias—aqas _ aiag—agar _ biaz—aibs _ bias—aibs _ biar—aiby _
where bl - a1 7b2 - a1 7b3 - a1 ,C1 = b1 ,Co = b1 ,C3 = b1 7d1 -
c1ba—bica _ c1bz—bjcs

_ 7d2 _c sc 1 ...
1 1

6 Feed Forward Loop Network Motif

Q: How many possible n-node patterns? A: n = 3,13;n = 4,199;n = 5,9364.
Two traditional patterns in 3-node system(“—” just means a kind of relation, which can be either

positive or negative).

X X

Y—>Z Y—>Z

Feed Forward Loop Feedback Loop

In Ecoli, N ~ 400 genes, E ~ 500 interactions, P = % ~ 0.003 << 1, average number of
subgraph G in the network (Ng) = %N”Pg, where n: nodes in G, ¢: edges in G, a: combinational
factors for structure (how many times the subgraph G can repeat but keep the same structure).

Define mean connectivity A = E/N, then P = E/N? = A\/N = (Ng) = L1XIN""9. Scaling
relation: (Ng) ~ N"79.

In random network, A ~ 500/400 = 1.25, (Nppp)rand = 1.25% & 2, (Npoop)rana = 1.25%/3 ~ 0.6.
In Ecoli, # of FFL = 42, # of feedback loop = 0 = FFL is a network motif. In fact, FFL is the only

11



FEED FORWARD LOOP NETWORK MOTIF

significant motif of the 13 possible 3-node network.
Structure of FFL: total # of FFL = 2% = 8 (remind that “—” can represent either positive or

negative relations).
Coherent FFL and Incoherent FFL:

—X X X X —X X X X

Cq C. G ¢ I1 I2 I3 14

6.1 C1-FFL

Input functions of Z: (AND/OR means Z can be produced only when X and/or Y are available,
ON/OFF means signals of X (5,) are suddenly on/off, v' means the changes of concentration of Z

are delayed when giving the corresponding conditions)

delay \ S,
ON | OFF
gate
AND v X
OR X v

Consider AND gate first. Product rate of y = B,I(z* > kyy),z = B.1(x k) I(y* > ky.) =

% = Byl(z* > kyy) — Y, % = B.I(x" > kyo)I(y* > ky.) — a.Z. Assume S, is present, Y*(t) =

Y (1 —e ') where Yy, = 8,/c,. For Z, the delay T, satisifies Y*(T,,) = Yy (1 —e " Ton) =k, =

T, = O%ylog(il_kylz/yﬁ).
Advantage: robust to input fluctuations.
For OR gate, it is a sign-sensitive delay for off step, Y*(t) = Yye ' = Y*(Torr) = ky. =

Topy = a%llOg(Yst/ky»‘

6.2 I1-FFL
B.: prod rate of Z when only X is available (strong). S.: prod rate of Z when both X and Y

are available (weak). repression factor F' = 3,/[..
When Y* < k., & = 8, —a,Y = Y (t) = Yy (1 — e=2") where Yy = 8,/c,.

vz at

% =B, —a.Z = Z(t) = Zn(1 — e ') where Z,, = 8./..

12



ADAPTATION

When Y* > k,., product rate of Z : 8, = BL. Y (Tyep) = Yau(1 — e Trer) =k, = Thppp =
élog(m). After T.,, Z decays exponentially to a new low steady point Zy, = f./a, =
Z(t) = Zy + (Zo — Zy)e =" Trer) where Zy = Zp, (1 — e~ *=Trer),

Function: T1-FFL is a pulse generator and speeds up response time.

_O‘le

Zy =% =27,(1-¢ %) = Ty = log(535) where F = 22 F >> 1,T: — 0. Thus,

2F -1

s

[1-FFL is a sign-sensitive response accelerator for ON step.

6.3 Other FFLs

Q1: Can X be both activator & regressor? A: Yes.
Q2: Dynamics: Is I4-FFL a sign-sensitive accelerator? A: Yes.
Q3: What’s the difference between 11 & 147 A: steady state logic.

S Sy | Sy | zinIl | zin I4
X — I 00 0 0
y* —\k: 0] 1 0 0

1 0 | 1, High | 0, Low

Z —/; 1 1 | 0, Low | 0, Low

Therefore, I4-FFL is rare in E-coli because the steady concentration of z won’t change when

regulating S, and S,,.

7 Adaptation

7.1 Spiro’s model

y\at'\o\‘

phospho

keff4 (L)
3p
<4+—— LTy,

Keees (L)

Kergs (L)

Fraction of receptors that are bound to a ligand: f, = [TQ[]ij{z]Tg] =7 f;(’i I
ke — kr 106
k_¢ 7 :

where K, = k% =

k_
Effective rates: ]feffl(L) = kg(]. - fb) + kllfb = %,kegg(lz) = ]{79(1 - fb) + k)lgfb =
Bot b0l foogs(L) = koy(1— fo) + ks f, = e el

13



ADAPTATION

3 . — ‘/;x\ax (1_f )[2] ‘/max f [2] J— ‘/max (17.]“ )[2;1] ‘/max f [2;)]
Methylation rates: 7 = 2 —5oe + 2500 1) = 2550 T e, Where [2] and [2,)]

are the total concentrations of non-phosphorylated and phosphorylated receptors with two methyla-

tion sites.
Q: What is needed for perfect adaptation?
(2] _ kemi(L) [3p] _ kema(L) [38] _ [3p] _ kema(L) _
BT e 0 BT ke @ T 2 = k@ 26+ 2+ (3] 4 [3] = Const.
Problem: 4 unknowns, 5 equations — introduce an additional variable.

Perfect adaptation: in steady state, # of phosphorylated receptors is independent of L = effective
phosphorylation rate is independent of L.

_ _ kphos(L)—kes1(L) _ kphos(1+KpL)—ks—k11KpL
kphos - (1 - a)keﬁl(L) + akeﬁ?(l’) = a(L) - kC}HQ(L)_kC;fll(L) - EkQ_kS)f(kIZ_le);Bf .

7.2 Barkai’s Model

Assumption: 1. CheB only demethylates phosphorylated receptors; 2. methylation rates operate

at saturation; 3. demethylation is independent of ligand binding.

k (L) T,

sz effl I T3p in I T_Sp

LT, | ——— |LT5, <4+— |LT.,

Kegeq (L) Ketra i

k k k

pt pt pt
kef_fl (L) keffZ (L) keffj (L)
k (L) T.
T2 effl I T3 in l T3
LT, LT, LT,
d[jtp} = Tin — keﬂ'4 [3])] - kpt [31)] + kefo [3]7 % = Tin + kpt [3p] - keﬂ'Q [3] = d[stT] = % + d[dStp] -

27y — keta[3p] = 0= [3,] = Z? independent of L.

7.3 Ma’s Model

Reference: Ma, W., Trusina, A., El-Samad, H., Lim, W.A. and Tang, C., 2009. Defining network
topologies that can achieve biochemical adaptation. Cell, 138(4), pp.760-773.

Input
O,u =010,
Sensitivity = (O = OO,
(12 _11)/11
Output _1
Precision = |22~ 2)/0;
(L, =111,

14



STOCHASTIC CHEMICAL KINETICS

Here, A is the input node, B is a buffering node and C' is the output node. The definitions of

sensitivity and precision are shown in the right figure.

B=—— 1-B

AR dA_y o =h) o A
Active Inactive dt 1A (l _ A)+ Km BA A+ K ;;»A
dB (1-B) : B
d_= ki A 1 - FBBFB )
t (I-B)+K,, B+K; ,
dcC (I1-C) ) C
—=k,A —Keclc ;

8 Stochastic Chemical Kinetics

Michaelis-Menten kinetics: E + S \2:1 ES X B+ P.
Assumption: (1) well mixed = i’/‘j’ﬁ%\ﬁ‘ﬁ, - a) [

(2) o FIREKE MM A ERE = 75l FEA TR —FR0wE 510,
(3) T is constant.

US| _ o [BS] - [E)[S)

dt

Reaction Rate Equation (deterministic): ¢ 4281 — _(k, 4 ky)[ES] + ki [E][S]

APl = y[ES) = v
Good for micro-scale system, # of molecules >> 1 = neglect fluctuations in systems, which can

be very important in biology.

Consider N molecules {Si,---,Sy} and M reactions {Ry,---, Ry}, X; = # of S;, X =

{X1, -, Xn}. When a reaction happens, status of X will change.
-1 1 0 S
vj = (vij, -, Ung), IRES L ) & -1 1 1 E
Rj: J (1] NJ) . InM-M, v = 75’: ,a1 =
a; (), RS AL (£ ) 1o-1 - ES
0 0 1 P

]{31 [E] [S],CLQ = ]{IQ[ES],ag = kig[ES]

When X(t) =  in (t,t + dt), RGP KBS T HALKBLL P = aj(x)dt KA. —H R

R; K4, RGIREHALE] x + v; = Markov jump process.

8.1 Probabilistic Formulation of Reaction Kinetics

(A) Single molecule: P, (t): # of these systems having n molecules of time ¢.
Reactions for P, (t):

+1 = a X is created in some systems having n — 1 molecules.

—1 = a X is destroyed ---n+1---.

Master Equation: % = —(fu+90)Pn+ fo1Pu-1+ gni1Pni1—(1). This is an infinite set of

equations.

15



STOCHASTIC CHEMICAL KINETICS

Jn1 T
Pn-1 Phn Pn+1
+— —
g” Entl

ZJAP = P,(t) prob of any given systems in state n. To solve (1) is very difficult. But it is
n=1
possible to obtain all the monents of P, (t) without explicitly solving master equation.

For example, mean # of molecules: (n) =3 nP,, % =k —n:= f, — gn, ddt =—k) . nbP, —
Y>-n*P,+ k> nP, 1 +vY n(n+1)P,1 =k —v(n).

(B) Multiple molecules: Assume X (to) = o, (x) = > zP(x, t|xo, to).

Master equation: P(x,t + dt|xg,to) — P(z,t|zo,to) = Jin(t, t + dt) — Jous(t, t + dt) = Jin(t,t +
dt) = 300 p(x — vj, tlwo, to)a; (x — v;)dt, Jous (t,t +dt) = P(x,t]zo,t0) S0, aj(x)dt = P(x,t + dt) —
Plo,t) = XM po— v, 0az(@ —v) — Pla,t) D ag(a)dt = 2268 = Y7 [0, (0 ;) P(a—v;,1) —
(@), )] (2). Define Po(t) = P(r,t) = 0 — 4 0.0 )P, o (1) - ay(x) Py (1)

Define A coeff matrix, A, o, = aj(x —v;), Ag o = — ijvil a;(z) = dpl(t = AP,(t).

P(t) 20,5, P(t) = 1

If X is a finite set, P,(t) = eA(=%) P,(t,).

A: EXT A TR AR, X AL ITRAIEIE = Metzler Matrix = A IESSRHEE = mTiiesL
RGP RI AT

g 2, wP(a,t) = 3, S0 [way (w = v)) P(e = vy, 1) — zay(2) P, )] (x = v; = 2) = 350, 3, (a +
vi)a; () P(z,t) — 3330, 30, wa;(2) Plx,t) = Y05, 030, a;(2)Pla,t) = 450 = S50 vji(a;(X)
where (a;(X)) = X", aj(z)P(z,t) = a;({(X)) (we assume a;(z) is linear) = %00 = S 4 0;((X)).

t Jj=1

8.2 Fluctuation-Dissipation Thm

Consider the covariance matrix of the multiple-molecule system and its derivative w.r.t. t.

Oik = Z(wz —(Xi)) (@ — (X)) P(z,t)

doik d(Xi)
= — :Zz:(_ o) (k= (X)) xt—i—z

RIS ICA 0, &5 — il Master Equation
M

dZZ'“ - zm:(%' — (X)) (zk = (X)) ;[aj(x —v;)P(z —v;,t) — a;(x) P(z,1)]
= é;(fﬂ — (X)) (zr = (Xi))aj(@ — v;) Pz — v5,1) — g:l %:(xi — (X)) (zx — (Xi))aj(x)P(z,t)
= ZIZ i + vz — (Xa)) (@ + vk — (Xi))a; (z) P(z, 1)
= Zzl viia;(x) 2k — (X)) + vjpa; (@) (@i — (X)) P(x, 1) + ;ivmw(z)mx,t)
= ZJ[A Yk — (Xi)) + An(@) (@i — (X)) P, ) + 3 Bik(x)PJ(_x, )
= O (40 (X — (X)) + (AR (X — (X)) + (B (X))

16
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B B = a;(z) HRLEMERS, X520 = S via;((X3)).
SIBENLERAE T, 24 2 — (X)) IR/ANEE, 78 2 = (X) BT Taylor Expansion,
> A = () + I, 00 0y (X0), Biala) = Bis(X)) + S, PP e — ()
= dop = S [P0, 4 2O, 4 (X))
= (Ao + 0 AT) + B (V&N R W7 Z L R T FE)
Q: A, B physical meaning? A: dissipation, B: fluctuation.
A: linear coefficient matrix, Re(A(A)) < 0 for steady equilium = dissipation.

‘C’T‘z:0:>B:—AU—UAT,07E0:>BMCL’):ijﬂ’ﬂ i(x) > 0.

8.3 Steady State of Master Equation

For single molecule, ¢ dt = —(k+yn)P,+kP,_1+y(n+1)Pry1 =0= P, =2P, ; =--- =P

where n =k/y =3 P, =Y, 5 Ph=1=PR=e"= P, =2e"

Limit of large numbers: mean & variance: (n) = (dn?) = n = k/v. Coefficient of variation

_ Ve

(relative standard deviation) = = =

35
30k
26+

20 -

nt)

154

10F

time

8.4 Fokker-Planck Equation

From discrete to constant variable. Tool: Taylor expansion.

Master Equation: d%f(t) = Zjle[a]—(x — ) Pr_y, (t) — aj(x)Py(t)]. Assume z >> vj, 6P6(f’t) =
S las(@) P, t) = S, 52a; (@) P, t)vi + 3 37y 52dmr 05 () P, t)vjivie — a;(x) P, 1)),

Define A;(z) = 25\41 vjia; (@), Bi(x) = Y50, vjivea; (@).

oLt — S 2 Ai(@) P, t) + 5 5 e 7 ;szm( )P(z,t). (Fokker-Planck Equation)

Assume Ai(z) =0, Biyp(x) = Doy, = M =D ZN o P(I Y, (Diffusion Equation)

Example: 1-D case: di" =—(fu+ gn)Pn + fn_an_l + gn+an+1'

f(n=1)P(n—1) = f(n)P(n) — & f(n)P(n) + 3 £ f (n) P(n)
g(n+1)P(n+1) = g(n)P(n) + £ g(n) P(n) + 3 Zz9(n) P(n)

OP(u,t) 0 10 0
= e - —%[(f —9)P - 5%(f+9)P] = —%J

17



STOCHASTIC CHEMICAL KINETICS

where J: prob flux. At steady state, J = Const. =0 (flux at n =0 =0 = J = 0 everywhere).
Then (f—g) = 2(%(f—|—g)P Define g = (f + g)P, 42q = 192 = ¢ = Aexp(2 [ £2dn/) =

T4 T 20 f+g
P(n) = #e”?" where ¢(n) = =2 [ £ = Frrdn’ (potential).
Example: stochastic blstable system. dr — % — .

il

»\)

Lowscoff) Hid {0»\?

8.5 Waiting Time Between Reactions

Suppose chem reaction occurs at rate . The prob that the reaction occurs in dt is rdt.

The prob that it occurs only after some time 7 is P(7) = P(next occurence is in (7,7 + d7)) =
P(does not occur for t < 7)P(occurs in 7 to 7 + d7). Define Q(7) = the former.

Q1) = Q(t —dr)(1 —rdr) = logQ(1) —log Q(1 — dr) = log(1 — rdr) = —rdr = C“LQ(T)
—r=Q =¢""" where Q(0) =1= P(7) = e ""rdr.

8.6 Stochastic Simulation Algorithm

Numerically simulate the time evolution of a well-mixed chemically reacting system, is exact in
the sense that it is rigorously based on chemical Master Equation.

Consider N > 1 molecular species {Si,---,Sny}, M > 1 reactions {Ry,---,Ryp}, x(t) =
(x1(t), -+ ,xn(t)) where z;(t) = # of S; at time ¢.

trazt) >t+71 NN R, (t+7),0 = o +wv, = o(t) = o WHE NIRRT E
t+7 MR R,.

Q: Key factors for SSA? A: 7 — when will reaction occur? p — which reaction?

N IKBAE (E+ 7,6+ 7+ dr) WHRAES w NRBIK) P(7, p; 2)dr = the prob given x(t) =
that one R; will occur in the next infinitesimal time interval.

P(r,p;x)dr = Po(1,z)a,(z)dr. Po(r,z): (t,t+7) ARERNIE, a,(z)dr: (t+7,t+7+d7)
RARRBL 1 IR,

Py(0,2) = 1. 1€ (t,t +7') WRERPIMEER Po(r' + dr',z) = Po(r',2)(1 — 0L a,(x)dr’) =
M =— Zv Ly (2) Py (7, ) with Py(0,2) =1 = Py(1,x) = exp(— Zﬁ/[:l ay(z)7) = P(T,p052) =
a#( )exp(—ao(x)T) where ag(z) = 21],\4:1 a,(x).

SSA Hi% (Gillespie): (1) 2(0) = xo,t = 0; (2) W15 a, = ay(z),v=1,--- | M, ay = Zi\il a,(x);
(3) AN SECH ao MR AT 7, AE R T — AN RLREERFIS ) (4) AR [0, 1] B35 AnbEbL A
B o, REWHE S ay <rag < ay; (5) t=t+7, R,z — x; + R,; (6) goto (2).
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Remark: (1) SSA: ¢ — ¢ + 7, BHURKRAT A, 4 TR EE— B RN, B 7 ARV (2) JR 4G SSA
HRERIA R SN p (IS5, BR ARG RN #M R NER R, A I B

8.7 Chemical Langevin Equation

Chemical Master Equation: iR A, A7 E 8. 115

Reaction Rate Equation: #fiEVE, 7M. THE, ANEERMIABEHLE.

z(t) =z, & kj(z,7): RN R; 1£ [t,t + 1) WRAERREL, FIRZN5F S WABEEM vy, W
ri(t+7) =2+ Zj\il ki(z,T)vji, i =1, N. fBXXAN A —MREFEAL.

Condition 1: [t,t+7), REUREMSE BN TIRE ARG RGHNIEE = a;(z(t)) = a;(z(t)),
feftttr),j=1,--,M.

KB R 1R [t t 4+ 1) WAERILT /NN B dr WRARIBEZR TR EMAL, P = aj(x)dr =
kj(z,7) W RBSLIARA 34T, 1N Pjaj(x), 7).

M0 FE >> 1, RE 7 7897/, condition 1 25 53 /2 .

K Pla,7) =n BIREE Q(n;a, 7). B2EHGN: n=0,Q(0;a,7) = e .

Vn > 1, B 7 WRA n IRIRBAT AL 3 370 (1) Q(n — 1;a,7), £ 7/ < 7 KA n — 1 IR,
(2) [7” 7'+ dt’) ﬁﬁigb\fiﬁj P A adr'; (3) [7/ +dr', 1) ARERR, Q(0;a,7 — 7).

(nya,7) = [} Q(n —1;a,7")adr’Q(0;a,7 — 7). BFAMEIE Q(n;a,7) = eﬂ”n#

w +7) = wi(t) + z?il v;iP;(a;(2), 7).

Condition 2: I IAJIXIA] 7 7870 KAEASAE [¢,¢ + 7) WRAERMKE >> 1, B a;(z)7 >> 1,V1 <
J< M.

= C1 M C2 AFE = a;(x) NREL, EIEER) 7 e C1 M C2.

Q(n;a,T) Stirling 230 log ) — _gr 4 nlog(at) — logn! ~ —ar + nlog(ar) — nlogn +

n!
~at>>1 _
n+o(n) "5~ n—ar —nlog(l+ =47 ~ n—ar —n
_(n—a7—)2

Zar
— P(a,7) ~ N(ar,at) %4 ar >> 1.

% C1 A C2 RN E, z;(t+7) = xi(t)—l—zjlvil vilN(aj(x)r,a;(x)T),i =1, N = z;(t+71) =
(1) + Y1 vy (@) + Y000, vjilay ()] EAG(0,1).

White noise: &;(t) : ¢ BFZI#H & N;(0,1) E’JEJJ‘H’}E%, (€(t)) = 0,(&(t), &) = 0t —t') =
ri(t + dt) = (1) + S, vgias (a(0)dt + S0, v ()8 (1) (dh)

51\ Wiener process W, : dW; = W(t +dt) — W;(t) = &(t)(dt)z = da; = Y1, vjsa;(x)dt +
ij\il vjia]% (x)dW;,i=1,--- ,N (Chemical Langevin Equation).

(57 = Jgemyt) = ~logr e

= Q(n;a,7) ~ Cexp(—m). H oar >> 1,Q(n;a,7) — WHEHMTZEN ar WIEESAR

2at

8.8 r7-Leaping Algorithm

—yaE K T AR OV R AE I .

7-Leaping 2&ft: [t,t +7) BB/, a(z) JUEAZE: (1) RN FELECR, No =10 8 20 A
I FHE, 77 T2 < 20 — SSA; (2) 7 WEIEHUAREL K.

X FIE 2 IEEL) 7, 2 (t+7) = xz( )—|—ZJ LviP(aj(z), ), ik (1) &iatanAi Pla;(x),7) 7™
HEBEHLEL kj; (2) RGMHE: A=Y kv (3) = t+T o+ A

Key: W& R 77
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DIFFUSION

(1) MTHER 7, I |aj(x+ A) —a;(z)],5 =1, -+ , M, HEXNF—A § #HENE, W 7v; % 7
MANEIRBEAT RS, BB BTG 25 AT ORI 7, YE NSRRI BRERIN TA). R il TH5EROKR.

(2) TR T7¥2: (P(aj(x), 7)) = aj(x)7, TE [t,t +7) WEKTFHME N = Z]A/il aj(r)Tv; = 7E(T).
la;(z + A) — a;(z)| < eag(z) where ag(z) = Z;ul a;j(x), WA A BRER 5% 1 =2 i 2 1.

wile+ %) - as(@) = X Vay(e) = SV 760 252 = 1| SV, ()bl < canls) where by =
248 = 7 < ean/| 0L, il)bsil. BT = minjeq {€ao/|zz 1&( )bjil}-

Remark (1) SSA g8 e B[R] [RJRG 7 ~ ( 5> T >> —— _fﬁ@wﬂl_)&% I SSA;

(2) aj(x) 1E [t,t +7) PNIEEAAAL, H&ﬁ'?lﬂﬁﬂﬁ']@ﬁ@ﬁﬁ‘ ﬁ/ﬁ% BRE N =T a;(x)v;, R
¥ =+ 3 = Plaj(a’),7) WBEHLE by, W5 A = 32, kg, & ¢+ 7 AFTIAIRTE, 2+ X,

9 Diffusion

9.1 Simple Random Walk

1-D case: Starting from z = 0, after time NA¢, [-NAz, NAx].
Prob p(m,n),z = mAx after n time-steps, a steps to right, b steps to left = a = 4™ b =

(m,n) =C2/2" = QTL#'(L),,ZZLZ_np(m,n) =1.
If n is large, and n + m are large, n! ~ (27rn)ze "n™,n >> 1 = p(m,n) ~ (% )2e=m’/2n

(Gaussian prob. dist.).

Set z = mAx,t = nAt are constant space & time variables.

Def u = p(w/?g,;/At) ~ ( Al )12 exp (—ﬁA—#‘). If assume limAxﬁo,AtﬁogAt D +#0,D

2nt(Az)? 2t (Ax)2

2
is diffusion coefficient = u(z,t) = (;25;) /%€~ Dr.

9.2 Fick’s Law

X X+AX X X+AX
v v + N
-%
o
(5 3
wt s J(X) J(x+/x)
o > - I -
(S X
LR 3
?*
fap
- 1%4)
7 /
> e
AX AX AX

Fick’s First Law:
Q1: How many particels will cros the area A to the right? A: —2(N(z + Az) — N ().

. _ —2(N(z+Az)—N(x)) . . N(x)
Flux of molecules: J = AL . Concentration: C(x) := 7
2
=J= —%W = DBC(x J is propotional to concentration gradient.
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Fick’s Second Law: 70(”%17(;(” = ﬁ(‘](x)*‘jfgf”mm = (””JrA:i J@) 8C8(f ) — 82;””) =
oC (x, 8?2 C(x _ 22
9w — pZEED 1t C(x,0) = Qd(x), O, t) = We & .

Random walks: z(0) = 0, (z(n)) = &+ SN 2,(n) = £ SN (z,(n—1)£Az) = L SN 2:(n-1) =
= % vazl z;(0) = 0.
Q2: For chemical conc c(z,t), time to convey into conc over a distance L is 7 A: L?/D.
Var(z(n)) = (2?(n)) = (@(n))? = % X, 22(n) = % L1, (wi(n—1) £ Ax)? = (22(n—1))+Aa? =
Var(z(n — 1)) + Az? = (2%(n)) = nAz? = tAA—‘T: = 2Dt.

9.3 Reaction Diffusion Equation

Simple diffusion — reaction kinetics + diffusion — traveling wave.

dthC(xtdx——fSst—i—fodx (flux + source) = [,,[2C + V- J — f(C,z,t)]dz =0 (V is
arbitrary) = %&£ + V- J = f(C, , t).

Fick’s ﬁrst law. J=-DVC = %€ = DAC + f(C,x,t) (reaction-diffusion equation).

Example 1: Model for animal dispersal. There is an increase in diffusion due to population
pressure: % > 0. I = —D(n)Vn, typical form D(n) = DO(%)"L, m > 0. Dispersal Equation without
any growth: 4% = D,V - (=)™ V).

1-D case: 8—’; = % T? ma” (porous medium equation).
Jo 1 — (== Um g < roA(t 1.3
Solution: n(z,t) = { W0 (miw TS pveim ,_prgen
O > ’I"o)\ m

9.4 Chemotaxis

A larger number of bacterium rely on an accurate sense of smell for conveying information
between members of species. Chemicals: pheromones. Model this chemically directed movement are
called chemotaxis.

Unlike the diffusion, directs the motion up a concentration gradient.

Suppose a gradient in attractant a(z,t), the flux of cells will increase with # of cells n(z,t).
Chemotaxis flux: J = nx(a)Va where x(a) is a function of attractant concentration.

In the conservation equation for n(x,t), %7; + V- J = f(n). Here J = Jaiffusion + Jehemotaxis =
91 = f(n) — V-nx(a)Va+ V- (DVn) (Reaction-Diffusion-Chemotaxis Eqn).

% = g(a,n) + V- (D,Va) and D, > D.

In the seminal model of Keller & Segel (1971), g(a,n) = h, — ko, h, k > 0. Simple case: f(n) =
at ng’; anz(n 2
ga :h,L—ka+Dag‘;

1-D diffusion system: %“Lf = D%. Q: the time to convey information over a distance L7 A:
O(L?/D). If L = 1mm, Diff ccoeff D ~ 1um?/sec = time ~ 10°sec — slow process.

0 = 1-D case (Keller-Segel):

9.5 Biological Waves

In contrast to simple diffusion, reaction kinetics + diffusion — travelling waves — much faster

than diffusion.
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1-D case: 24 = D% + f(u).

Define travelling wave: u(z,t) = u(z — ct) = u(z) — travelling wave is taken to be a wave which

travels without change of shape. Wave moves along x-direction, dependent variable z is the wave

variable. 9% = —c%t 9u — 94t y(7) has to be bounded for all z and nonnegative.
z? Ox dz
2 2 . . . —
Gu = DY = % 4 DL = (0 — linear parabolic equation = u(z) = A + Be /P, z —

—00,u(z) — oo unbounded = B = 0 = u(z) = A not a wave solu. Simple diffusion can’t lead to

travelling wave. It depends on the form of reaction term f(u).

. s . . . . s Ou __ 92u
(1) Fisher-Kolmogoroff equation: nonlinear reaction diffusion equation: $ = ku(1 —u)+ Dg5.

Let t* = kt,a* = x(k/D)"/? = % =u(l —u) + % = 2 homogeneous solus: u(z) = 0,u(z) =1. Q:
stability? A: u = 0 unstable, u = 1 stable. Thus suggests we should look for travelling wave solus

17 / ul =v d —cv—u(l—u)
for 0 <u<1. w(z)+cv+u(l—u)=0= = 9 = ———=. It has
v =—cv—u(l —u)
2 singular points (u,v) = (0,0), (1,0). Linear stability analysis: (0,0) : Ay = J[—c+ (¢ — 4)Y/?] =
stable node if ¢* > 4
,(1,0) : Ax = 2[—c£(c?+4)"/?] = saddle point = unstable. ¢* <4 —

stable spirals if ¢* < 4
stable spiral — oscillate near (0,0), not physical. ¢ > ¢pin = 2 — stable node (0,0). There is a

trajectory from (1,0) to (0,0). u > 0,u' < 0 with 0 < u < 1 for ¢ > e, = 2(K D)2,

?U )
e

‘o «..g

Q: What kind of initial condition u(x,0) will evolve to a travelling wave solu? If such a solu
exists, what is its wave speed ¢? Kolmogoroff (1937) proved that if u(z,0) has compact support, that

1, if x <y
is, u(x,0) = up(z) > 0,up(z) = is continuous in [z1, 23], then the solu u(x,t)
0, if > x3, up(x)

evolves to a travelling wavefront solu v/(z) with z = x — 2¢.
Fisher-Kolmogoroff Eqn is invariant under a change of sign of z: © — —x,u(x,t) = u(x+ct),c >

0,u(—00) = 0,u(+00) = 1.

10 Turing Pattern

% = D,Au(—dyu) + F(u,v)

% = D,Av(—d,v) + G(u,v)

Diffusion-driven instability: . The terms in brackets might be

ou _ pUV 2

5 =Wa—u— 5 5s) + Viu
omitted. An example: ot g 1+u+Ku2)

% = y(alb —v) — %) +dV2

Values of parameters: d = 10,a = 92,b = 64, = 1.5,p = 18.5, K = 0.1. When ~ is small,
the diffusion process mainly leads the changes of density of w,v with time going by so that Turing

Pattern can’t be formed. When -y is large, we can obtain Turing Pattern with complex structure.
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