Modern Statistical Modeling

Lectured by Wei Lin ATEXed by Chengxin Gong

September 21, 2023

Contents
Review of Linear Algebra and Probability
Review of Probability Theory
Prediction and Nearest Neighbor
Linear Regression
Exponential Families

Generalized Linear Models

6.1 Basic Concepts . . . . . . o e e e e e e
6.2 Binomial Regression . . . . . . . . L
6.3 Poisson Regression . . . . . . . L
6.4 Gamma Regression . . . . . . . . L L e
6.5 Categorical Data and Multinomial Regression . . . . . . . . . . .. .. . L
6.6 Quasi-Likelihood Estimation . . . . . . . .. . .. L
6.7 Longitudinal Data and GLMMSs . . . . . . . . . . . o

Nonparametric Statistics

Survival Analysis

10
10
11
12
12
13
13
14

15

16


https://www.math.pku.edu.cn/teachers/linw/
https://wqgcx.github.io/

REVIEW OF PROBABILITY THEORY

1 Review of Linear Algebra and Probability

Rank of A € R™*™: max # of linearly independent row/columns. Facts: (i) 0 < rank(A) < min(m,n); (ii)
rank(A) = rank(A7) = rank(AAT) = rank(AT A); (iii) rank(BAC) = rank(A) for nonsingular compatible B, C.

Range(column space): C(A) = {Az : x € R"} € R™. Null space: N(A) = {x € R" : Ax = 0}. Facts: (i)
rank(A) = dimC(A); (i) dimC(A) + dimN (A) = n; (iii) N (A4) = C(AT)L; (iv) C(AAT) = C(A).

Trace of A € R™*™: tr(A) = Y7 | ai;. Facts: (i) linearity: tr(A+ B) = tr(A) + tr(B), tr(cA) = ctr(A); (ii) cyclic
property: tr(AB) = tr(BA), tr(ABC) = tr(BCA) = tr(CAB); (iii) tr(A4) = Y7 Niai;bi;.

Trace product: (A, B) = tr(A"B) = tr(AB") = 37, 3", ai;bi;. It induces Frobenius norm: ||A||r = /(4, A)
(Zi,j ai;)'/?.

Determinant: det(A) or |A|. Facts: (i) det(cA) = c¢"det(A); (ii) det(AB) = det Adet B; (iii) det(A™')
det(A)™Y; (iv) det(A) =TT, M-

Three decomposition. (1) For symmetric A4, spectrum(eigen) decomposition: A = VAVT =37 \v;0! where
V is orthogonal (VIV = VVT = I) and A = diag(A1, - ,A\,). (2) SVD for A € R™ of rank r: A =
Usv? = 3 ouw] where ¥ = diag(oy,---,0,,0,--+,0),00 > -+ > o, > 0 and {u;},{v;} orthonormal.

arg miny epnxre rank(v)<r || X — Y||lr = >.1_, oyuv] (low rank-r approximation). (3) QR decomposition: A = QR

where @ is orthonormal and R is upper-triangular. It corresponds to Garm-Schmidt orthogonalization process.

Idempotent: P? = P. Facts: (i) If P is symmetric, then P is idempotent of rank 7 iff it has r eignevalues 1 and
n—r 0; (i) If P is a projection matrix, then tr(P) = rank(P).

Generalized inverses: For A € R™*" A~ € R™*™ is called a generalized inverse of A if AA~A = A. Moore-
Penrose inverse AT if (i) AATA = A; (i) ATAAT = A; (iii) (ATA)T = AT A; (iv) (AAT)T = AAT. Such AT is
unique, and AT = VE+tUT =37 o7 toaul

1=1"1

Theorem 1.1 Px = X(X7X)~ X7 is the orthogonal projection onto C(X). [Px does not depend on the choice
of (XTX)7]

Proof Vv € R", write v = z + w where z € C(X),w € C(X)*. By definition, Pxv = Pxx + Pyw = Pxx +
X(XTX)~XTw = Pxxz. We need to show v’ X(XTX)"XTX =uT X Vu € R".

Lemma 1.1 C(X7T)=C(XTX).

Proof Use C(XTX) C C(XT) and rank(XT X) = rank(X).

By the lemma, v” X (X7TX) " XTX =T XTX(XTX)"XTX =TXTX =" X.

2 Review of Probability Theory

Distribution related to multivariate normal: X ~ A, (u, ¥). Moment generating function: My (t) = Ee!' X =
exp(t”p + 1¢7%t). Characteristic function: ¢x(t) = Ee'" X = exp(itTp — $tTSt). Facts: (i) AgupX + byx1 ~
Ny (Ap+b, ALAT); (ii) X ~ N, (1, ) & aT X ~ N(a"p,aTSa),Va € RP; (iii) Vi = Ay X +b; 1L Yo = Ay X +by &
Cov(Yh,Ys) = A1 AT = 0.

Noncentral x*: X ~ N(u,I,). Then X"X ~ x2(\) with noncenteral parameter A = p”p. Pdf of xZ(\) :
flzsp, ) = ZZ’;O (Vzk%f(x;p + 2k, 0) where f,(z) = f(z;¢,0) = %I(m > 0), a Poisson(%)—weighted

mixture of X7, M.g.f: Mx(t;p,A) = mexp(%). Ch.f: ®x(t;p,\) = (1_2;)?/2 exp({2L). Facts: (i)
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PREDICTION AND NEAREST NEIGHBOR

If X ~ N(p, %) then (X — p)"S7 (X — p) ~ x3 and XTE7'X ~ 2 (p" S w); (i) Additivity: If X ~ x2 (\)
independent for ¢ = 1,--- ,k, then Y | X; ~ XQZipi(Zi Ai); (iii) Rank deficient: If X ~ N, (i, I,), A € RP*P
symmetric, then XTAX ~ x2(\) with A = p" Ay < A is idempotent of rank r; (iv) If X ~ N, (1, X), A € RP*P
symmetric, B € R7*? then X7 AX 1| BX < BYXA = 0,x,; (v) XTAX 1L XT"BX & AYB = 0,x,.

Theorem 2.1 (Cochran) X ~ N, (p, 1), XTX = XTA X+ + XTA. X = Q1+ -+ Qx, A; € RP*P symmetric
of rank ;. Then Q; ~ x2 (\;) independent for i = 1,--- ,k < p =1y +--- + . In this case, \; = p” A;p and
M4+ e =pp

Proof “«<”: Note that Vi,3¢;; € RP,j = 1,---,r; st. Q; = XTAX = £(c;X)> £ - £ (], X)? Let
Ci = (¢i1y+ ¢ir,) and Cpxp = (Chy- -+, Cp)T, then XTX = XTCACX, where A is p x p diagnal with diagnol
entries +1 = CTAC = I,. Thus C is of full rank and hence A = (CT)71C~! = (CHTC~ = (C~HTC ' is

positive definite = A = I, and C7C = I,.
“=7 XTA; ~x7,(N) independent = XX =37, XTAX ~ x5, (35, X)) = 22,1 =D O

[

Noncentral F: If Q; ~ x3(\) and Q ~ x? are independent, then g;% ~ F, 4(N).

Noncentral ¢: If Uy ~ N(A,1) and U, ~ x; are independent, then T' = B ~t,(N).

V' Uz2/q

3 Prediction and Nearest Neighbor

Goal: (1) predict y from z (“black box”); (2) which variable(s) in x contributes to the prediction of y (“a*37),

estimation, testing, variable selection.
Why are prediction and estimation different: (1) model parameters; (2) identifiability (fy, # fo, = 01 # 62).

Find prediction function f : X — Y that minimizes Ex y £(f(X),Y) = E{E(L(f(X),Y)|X)} where loss function
L:YxY—=R

Optimal predictor conditioned on x: f*(x) = argming ey E{L(f(X),Y)|X = z}.
Regression: y numerical, squared error (Ly-loss) £(9,y) = (7 — y)?, E{(Y — f(X))?|X} = {E(Y|X) — f(X)}* +
E{(Y —E(Y|X))?| X} = bias® 4 variance. Optimal f*(X) = E(Y|X).

arametric: linear, f*(z) = 273, 8 € R?
To model f*, P /(@) b8

nonparametric: infinite dimension, f*(z) = m(z), m satisfying certain smoothness
Classification: 0-1 loss £(g,y) = I(§ = y), E{L(A(X),Y)|X =2} =3, P =jlX =2) =1- P =
h(X)|X = z). Optimal classification (Bayes classifier): h*(x) = argmaxy,)cy P(Y = h(X)|X = z).

A fully nonparametric approach: k nearest neighbor (k-NN). Given training data {(x;,y;)}",, use data “around”
x to estimate m(z) = E(Y|X = z). Rationale: “Things that look alike must be alike”. Classification: hynn(z) =
majority label among {y;,i € Ni(z)}. Regression: my.nn(z) = %ZieNk(m) y;. k controls size of neighbor set.

k 1: effective sample size T, variance], heterogeneityt, bias 7.

Theory for 1-NN: Consider binary classification: Y = {0,1}, L(h(x),y) = I(h(z) # y). Assume X C [0,1]¢, p
Euclidean distance, S = {(x;,y;)}7—;. Vo € X, let m1(z),--- ,m,(x) be an ordering of {1,--- ,n} with increasing
distance to z. n(z) = E(Y = 1|X = z). Bayes classifier: h*(z) = I(n(x) > %). Assumption on 7: 7 is c-Lipschitz
for some ¢ > 0. Goal: Derive an upper bound on Eg_pn£(hg) = ESNDnE(z’y)NDI(ﬁS(x) #y).

Lemma 3.1 The 1-NN rule hg satisfies Egpn L(hs) < 2L(h*) + Egpr zopl||z — 2, (2)]].



LINEAR REGRESSION

Proof EsL(hs) = Es,~py.unp, ymn(a)y~nm@) Py # y). Note that P(y # ') = n(z')(1 — n(x)) + (1 —
n(@)n(@) = —n+n)1—-n)+@-n+n—n)n=2n1-n)+(n—n)(2n—1). Since n is c-Lipschitz and
2n—1| <1, P(y #¢') < 2n(1—n)+c||lx—2'||. Substituting back, Esﬁ(ﬂs) < 2B n(z)(1—n(x))+cEs ol |2 =2, () ]]-
The Bayes error L(h*) = E {n(z) A (1 —n(z))} > E,(n(z)(1 — n(z))). O

Lemma 3.2 Let Cy,---,C, be a collection of subsets of X. Then Es.pn{} ;.o 15—} P(Ci) < ;= (“probability
of subsets that not hit by S”).

Proof By linearity, ES{ZZ’:C%\S:@ P(CZ)} = Z:Zl P(Cl)ESj(Cl ns = (Z)) = Z;:l ID(CE)ID(C’z ns = (D) Note
that P(C;NS =0) = (1—P(C;))" < e P, Thus, LHS < "7, P(C;)e P < rmax P(C;)e P < =[]

Theorem 3.1 (Generalization upper bound for 1-NN) EgL(hg) < 2L(h*) + 2c\/dn~ T

Proof Take C; of the form {z : z; € [(a; — 1)/T,;/T),Vj}, where ay, - ,oq € {1,--+ , T}
Case 1: If 2,2’ € C; for some i, then ||z — '|| < V/de.
Case 2: Otherwise, ||z — 2/|| < Vd.

Hence, Es ||z — #r, ()] < Es{P(Us.cins20Ci)Vde + P(Uscins—o)Vd} < Vd(e + =), Since r = (2)4, -+ <
V(e + ——). Matching the two terms gives € = (é)df}rl and the optimal bound 2\/&(77,6)_#'1 <2Vdn 1. O

Theorem 3.2 (Generalization upper bound for k&-NN) EgL(hs) < (1 + B)L(h*) + (6eVd + k)yn~ @
Remark 3.1 k is called regularization parameter/hyperparameter and the optimal k ~ n¢.

Remark 3.2 Exponential dependence on d: “curse of dimensionality”.

Theorem 3.3 (Lower bound) Vc > 1 and any learning rule h, 3 a distribution over [0, 1]¢ x {0, 1} s.t. n(z) is c-
Lipschitz, the Bayes error is 0, but for n < (c+1)?/2, EL(h) > } (i.e. minimax bound infy, sup, EL(h) > Cn~ @),

Hint Let G¢ be the regular grid on [0,1]? with distance 1/c between points. Then any 1 : G¢ — {0,1} is
c-Lipschitz. Then use the following theorem. (]

Theorem 3.4 (No free-lunch theorem) Let A be any learning rule for binary classification with 0-1 loss over X'
and n < |X|/2. Then 3 distribution D over X x {0,1} s.t. EL(A) > ;. Furthermore, with prob > 1, £(Ag) > £.

4 Linear Regression
Yix1 = XnxpBox1 + €nx1, E(€]X) =0, Var(e) = %I, and X fixed.
Least squares estimator (LSE) solves the normal equation X7 X3 = X7V, 3 = (XTX)~XTY.
ANOVA:y;; =p+a;+ey,i=1,-,n;j=1,,J. 3 n;=n,>  a;=0.

Definition 4.1 6 is estimable if 3 an unbiased estimator of 6. ¢’ 3 is linearly estimable if 3] € R" s.t. E(ITY) =
BB ERP & c= XTI eC(XT).

Theorem 4.1 (1) If ¢” is unique, then ¢ € C(XTX) = C(XT).
(2) If ¢ € C(XT), then ¢T3 is unique and unbiased for ¢ 8.
(3) If ¢ B is estimable and € ~ N, (0,02I,), then ¢ € C(XT).

Proof (1) Let b € C(XTX)* be arbitrary, then X7TY = XTX3 = XTX(f+b) = ¢T3 =T (B+b) = ¢Tb = 0.
(2) ¢ = XTI for some [ € R, then ¢*3 = ITX[ = ITX(XTX)~XTY =T PxY is unique. E(cT3) = ITPxEY =
ITPxXB=1TXB=cTB.



LINEAR REGRESSION

(3) If 3 an estimator T'(X,Y) unbiased for ¢* 3, then ¢"'§ = [T(X ( exp{—52z ||y — X3|[*}dy. Differen-
tiate with 3, c = X7 [ —L2XP T (X, y) exp{—55 ||y — X B||*}dy. O

(2wo2) 2 o?

Remark 4.1 Aj with A € R7*? is estimable iff C(AT) € C(X7) & A = A, X for some A, € R?*". In particular,

[ is estimable iff X has full column.
Ordinary least squares: = (X7X)"XTY.

Proposition 4.1 For any estimable AB and Bj, Cov(AfB, Bf) = 02A(XTX)~ BT, Var(Af) = 02 A(XTX)~AT.

Proof 3A, and B, st. A= A.X,B = B.X. Since Y = X/ = X(XTX)’XTY = PxY, we have Var(f/) =
PxVar(Y)PL = 0% Px. Hence Cov(AfB, Bf) = Cov(A,Y, B,Y) = A, Var(Y)BT = 0%A,PxBT = A(XTX)~BT.00

Theorem 4.2 (Gauss-Markov) If ¢7 § is estimable, then ¢” 3 has the minimum variance among all linear unbiased
estimates. (Best Linear Unbiased Estimator, BLUE)

Proof Let (7Y be an unbiased estimator of ¢Z3. Hence, ¢ = XTI, so that ¢T3 = ITX3 = ITY. Thus,
Var(I"Y') — Var(cT3) = I [Var(Y) — Var(Y)]l = 027 (I — Px)l > 0. 0

Residual € = Y —Y = (I — Px)Y € C(X)*, Eé = (I — Px)EY = (I — Px)Xj = 0, Var(é) = 02(I — Px)? =
0%(I — Px), Cov(&,Y) = Cov((I — Px)Y,PxY) = (I — Px)(c2I)Px = 0.

Residual sum of squares (RSS): ||¢]|> = éT¢ = YT (I - Px)Y. E(RSS) = Etr(ée?) = tr(E(ée?)) = tr{(I— Px)o?} =
o%(n — rank(X)). 6% = B55 is an unbiased estimator of 2.
Restricted LSE: Y = X3 + ¢,Ee = 0, Var(e) = o?I,rank(X) =, X = ( X; ,X2),8=( B ,BHT. Hy

nx(p—s) nXs 1x(p—s) 1xs

Ba = B3 vs B # B3. Pa is estimable = rank(Xs) = s,rank(X;) =r — s and C(X;) NC(X>,) = {0}.

Proof 3C € R s.t. (Osx(p—s),Ls) = CX = (CX1,CX;). Hence rank(X;) = s and rank(X;) = r —s. If
lel = X2b2 then b2 = Clel =0. O

Under Hy : B2 = 55, Y = X101 + XoP2 + € becomes Y — Xo85 = X151 + e Restricted normal equation:
XlTXlﬁl = XI'(Y — Xu8;). C(X,) € C(X) = Px,Px = Px,. Since PxY =Y = X3 = X161 + Xofs, we
have X5, = Px, (Y — X585) = Px,(PxY — Xuf5) = Px, (X1[§1 + X2(52 -B3)) = Xlﬁl + PX1X2(52 —f3). Let
Y = X081 + X255 the fitted valued of the restricted model. Y —Y = X6, + X062 — [ X101 + Px, X2(82 — 53)] —
X235 = (I = Px,)Xa(2 = B3).

Theorem 4.3 C(Zg) = C()(l)L ﬂC(X), where Z2 = (I - PXl)X2 = X2 - PX1X2-

Proof C(Z,) C C(I — Px,) = C(X;)*. Since C(Px, X3) C C(X1), C(Z,) = C(Xy — Px, X5) C C(X). Conversely,
if X = X1b1 +X2b2 S C(X) and X L C(X1)7 then X = (I— PXl)X = (I— PXl)XQbQ € C(ZQ) O

Corollary 4.1 PZ2 = PX — PXl-

Now Y =Y = (I—Px,)[Xa(B2—B3)+ X1 1] = (I-Px, ) (PxY —X533) = (I—Px,) Px (Y = Xs33) = Pz, (Y —X»;).
In view of R" = C(X)L @ C(X),Y —=Y = (Y = Y)+ (Y —=Y). RSSy, = |[Y —=Y|2 = |[Y = Y|2 + ||V - Y]]?,
RSS = [[Y = V|2 = [|(T — Px)Y|]> = ||(I = Px)(Y — X26)||%. RSSu, —RSS = |[Y = Y||? = [|Z2(6> — B5)||* =
||[Pz,(Y — X5533)||2. By Cochran’s theorem, RSSy, — RSS ~ o?x2()\) with A\ = || Pz, (X8 — X283)|.

Wald’s statistics: (é—HO)Var(é)_l(é—G()). Since [, is estimable, 3C' € R**™, (05x,—s, [s) = CX = (CX1,CX5) =
CPx, = CX,(XIX))"Xl =0,0Z, = C(I,, — Px,)Xy = CXy, — CPx, Xy, = I, = Z, has full column rank.
By =(0,1)3 = CXB =CPxY = C(Px, +Pyz,)Y = CPgY. Thus, Var(f,) = Var(CP,,Y) = CP,,021,P;,CT =
00225 22)" 23 C" = 0*(23 Zo) ™" (B2 — B3)Var(B) (B — B3) = || Za(Ba — B3)|I? [0 = ",
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EXPONENTIAL FAMILIES

o Inference: H = (hy,--- ,hs) € RP*% & = R*. General linear hypothesis: Hy : HT 3 = £ (s constraints). Assume
(1) C(H) c C(XT), so that HT 3 is estimable; (2) H has full column rank, s = rank(H) < rank(X) =r < p.

- . 0\ _ (AT o AT\
« Reparameterization: Choose A € RP*(P=%) s.t. C(A) = C(H)*. Let 0 = = and X = X =
2 HTp Hr

- - ~ ~ 0
(X1, X2). The reparameterized model Y = X6 +e. Since C(X?) =C((A, H)'XT) D C((A,H)'H) = C( (I )),

S

0, is estimable. 6 solves the normal equation XTX6 = XTY. Under Ho, X6, —I—X2§ X101 +Pg, X, (92— )+

X6, RSSy, —RSS = ||[Y =Y ||2—||Y =Y ]2 = ||[Y =Y | = 02(f,—&) Var(6,)~ (92—5). Substituting into the original
model, , = HT 3, Var(0y) = 02 HT(XTX)~ H. Since E(XTAX) = tr(AX) + uT Ay where = EX, ¥ = Var(X),
E||Y —Y|[2/0? = tr(Var(6y) ' Var(6s))+(HT B—&)TVar(HTB) L (HTf—¢€). Y =Y = (I, — P )(Y —X56),Y Y =
Zy(HTB —€) = Py (Y — X,€). By Cochran’s thm, =viE X2_, and Hygﬂ ~ x2(\) are independent with

o

A= (HTB— &) Var(H"B)" (H" B — €). Hence, T3 T2 L p ().

e Lety= HTBand~y = &£ Test Hy : v = 7o can been regarded as a weighted distance between 4 and vy. To see this,

let 4 = H 3 ~ N,(y,02D) where D = H” (X" X)~H and 6> = 255, Under Hy, (1) s = 1: Z = ijg ~ N(0,1) if

0? is known; T = 7/\}" ~ t,_, if 02 is unknown. Confidence interval. == tn,r,a/ga\/». (2) s > 1: Mahalanobis

distance || = Yol|(o20)-1 = /(3 = %0)T(@2D) L3 = 10), 17 = 10ll32p)+ = (3 =7)7(0°D) "1 (F = 70) ~ x2(N)
where A = (v — v)T D71 (y — ) /o2 Thus E(§ —70)T D" (¥ — v)/s = (s + N)o?/s = (1 + \/s)o? > o2 with
equality holding just when v = 75. One may reject Hy if (4 —70)T D~ (¥ — 70)/(s0?) is large. If 0% is unknown,

replacing o2 with 62 yields (;Y_”O)Tz;lm_%) = Hyll_};_‘gl/l(zz) ~ Fyn_r(X), where A = 0 iff Hy is true.

e Multiple testing: Simultaneous confidence intervals of level 1 — a.

o Bonferroni: Replace a by a/m: P(Ej) =1—aj,j=1,---,m, then P(N;E;) =1— P(U;Ef) > 1>, P(E;) =
1= a=1-a

o Scheffé’s method: Consider Y = X +¢€,¢ ~ N(0,0%1,),rank(X) = r and test for u”~,Vu € R*, where vy = HTj3
is estimable and H is of full column rank. 4 = HS ~ N;(y,02D) where D = H'(XTX)~H, 6% = B85 ~ 522 .
For any fixed u € R*, an (1 —a) CI for " : u"4 £ t,_,. s 6v/u? Du. Now allow u € R® to vary arbitrarily. Since

1 1
luTd—uly|* v=D2u [vT D72 (§—7)[? Cauchy-Schwarz . ~1(% lu F—uly]? _
SUPy-£0 ~ 4 Thu = SUPyxo Ty = =)D (=), P(SUPu;éo s52uT Dy~ = Fyn-ra)=

1 — a. Simultaneous CIs for u’~,Vu € R® : w4 + 6\/sFs 5,y ouT Du. (Bonferrnoi: t,_, o /2m))

o Tukey’s method: Consider y;; = p + o; + €;,€;5; ~ N(0,0%) iid., j = 1,--- ,m,i = 1,--- ,k and test for

a;—ap,Niyi' =1, k. X Zy, - Z, ~N(0,1), R? ~ x2, then % ~ ¢n.» (studentized range distribution).

m(y; —p—oy . m(y; —p—oy
{maxi v (ylgu ) _min; ¥ (yzaﬂ i)

Thus Y2 " max; i {y; — g — (i —ay)} = ~ Qk.n—k- Simultaneous Cls: ¢; — yi £

RSS/o?
n—k

ﬁ%,n—k,a- (Bonferrnoi: t,— a/kk—1)), Scheffé: \/kFy k. o, Tukey: Qrn—k.o/V2 (the best/shortest length))

5 Exponential Families

o One parameter exponential families: 4 = {g, (y) = €™~ gy(y)dv(y),n € A,y € YV}, or log go(x) = A(0)B(x) +
C(0) + D(x). n: natural parameter; y: sufficient statistics; ¥(n): normalizing function s.t. W =1
A: natural parameter space s.t. f e go(y)dv(y) < oo. e™~¥M: exponential tilting, a method of generating an

additive distribution family.

e Mean and variance: e¥( = fY € go(y)dv(y), differnetiating w.r.t. y, ¢'(n)e?™ = [, ye™go(y)dv(y), [ (n) +
W)™ = [ yPemgo(y)dv(y) = ¢'(n) = EyY = py, " () = EgY? — piy = Var, (Y) = V.



EXPONENTIAL FAMILIES

Cumulants: Let r;,j = 1,2, satisify ¢ (1) —¢(m0) = #1(n—n0) +F(n—10)*+ 5 (n—=10)* 4+ - ¢ (no) = Kz =
Eo(Y — po)3, 9" (o) = ka = Eo(Y — po)* — 3x3. They correspond to central/noncentral moments. Skewness({

* E(Y —EY)3 E(Y —-EY)*
BE): v = ng‘Q = 7(\/(“(”)3)/2 Kurtosis(J&E): § = o= 7((““(),)))2 - 3.

If y ~ g,(-) in an exponential family, then y ~ [, "1/2 " /1""3/2 4" [1)""%](expectation, SD, skewness, kurto-
sis). e.g. Poisson: ¢ = e = pu,¢' = --- = ¢"" = p,y ~ [, /11, 1//1t, 1/ ).

Theorem 5.1 P(Y < median(Y)) ~ 0.5 +

5 rskewness(Y)

Lemma 5.1 Y = [yo, 1], then E,[~I(y)] =1 — (9,(11) — g4 (o)) Where lo(y) = loggo(y) and Ij(y) = %51,

Proof Integration by parts. O

MLEs in exponential family: Y; ~ g, i.i.d. fori=1,---,n. g (y) = enni=v(m) [T, 90(yi),n'™ = nn, ™ (y) =
n(n™ /n). log-likelihood: I,(y) = log g5 (y) = n(ny — 1(n)) + C, score: I,(y) = n(y — ), score equation:
l;(y) =0 = p; = g. Since Z—’; =4¢"(n) =V, > 0, we can solve /) by 7 = /"' (i1). e.g. (1) Poisson: 1 = log(¥);
(2) Binomial: 7 = log(%g).

Fisher information: I{™ = nl, =nV,, I, () = nl, = 5. C-R lower bound: ¢ = h(n), any unbiased estimator & of

¢, Var(§) > 1“‘%(5) = (hna)) In particular, £ = u, then Var(f1) > V”

Important distributions: (1) Normal: N(n,1),%(n) = 1n% go(y) = xlﬁe v*/2; (2) Binomial: g,(y) = C%7¥(1 —
Tr)N_y = CJZ({eylog‘n'—i-(N—y)log(l—'rr)’y = 071"" 7N>77 = lOg ﬁvﬂ- = 1+e*7’ = 1+67771r/)(77) = NlOg(l + 677); (3)
Gamma(k, 0)(shape, scale), xi = Gamma(k/2,2); (4) Negative Binomial: NB(k,0) = # tails until kth head.
gn(y) = Chp_ (1 — 0)v0F = Cho  evlos=0Fklosb oy — 0 1,2... 0 € (0,1),n = log(1 — 0),(n) = klog(1 —

e, u= klee,V = & (property: k — oo, i fixed, Y — Pmsson(u)).

Inverse Gaussian: W (t): Wiener process with drift 1/u. W(t) = ﬁt—&—B(t) and W (t) ~ N(t/u,t), Cov(W(t) W(t+
— — : — : . | _=m?y
s)) =t. Y = st passage time to W (t) = 1. Density of IG(u): g(y) = Jorr exp{—-55,-} = \/27 exp(—giz +

— %) with n = —Q%, ¥(n) = —v/2n belongs to the exponential family.

1
m
Tilted hypergeometric: Consider 2x2 talk (Table 1). Counts X = (x1, x2, z3, z4) ~ Multinomial(N, (71, s, 73, 74)).

Test: Hy: 0 = log(”l/”) = 0. Under Hy, conditional distribution of x; given (11, s, ¢1,¢2) is go(x1|r1, 72, ¢1,¢2) =
crLoc1—T1

— ic wi 01— T2) S a1 < 1,71)- 01s » 9o(x1[r1, 72, C1,02) =
L hypergeometric with max(0,c¢; — r2) < 27 < min(eq, 7). When Hy is not true, go(z1|r1,72, 1, C2)
N
Ox c
gg(mllrl’”’cc(lé)cz)e "N helongs to the exponential family with C0)=>,, CrCamebn,

Table 1: 2 x 2 talk

Yes No

Male T Ty | T

Female | x5 Ty | T

C1 Co N

Deviance (Kullback-Leibler divergence): Generating Euclidean distance to exponential families, 2KL(n;,72) =
D(ni,m) := 2 [ m(y)log ZBdv(y) = 2B, [(m — m)y — @(m) — $(m))] = 2[(m — m)im — ((m) — (1))
Multual information: D(f(z,y), f(z)f(y))/2. Example: (1) N(u,1) : D(p1, pa) = (1 — p2)?; (2) Poisson(p) :
D(p1, o) = 21 [log(%) — (1= £2)); (3) Binomial(N, ) : D(my, 7o) = 2N[m; log(7t) + (1 — m1) log(1=71)].

[5% 1—mo

Theorem 5.2 (Hoeffding’s formula) For g, (y) = e %™ g,(y), let /) be the MLE of n and /i be the MLE of 4.
Then g,(y) = gq(y)e™ "2, g, (y) = ga(y)ePH0/2.
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Proof gnigyg — em=ny—(m—p@) Y= ,—D(in)/2. 0
97y
Proposition 5.1 D(n1,n2) = I,,, X (na —n1)? + O((n2 — m)?).

Proof 50-D(1m,n2) = 50-2[(m—n2)pa— (W (m) = ()] = 2(—pu+p2) = a%D(m,nz)lm = 0. £5D(m,m) =

2982 = 0 D1y, 1) sy, = 2V, Taylor expansion: D1, m) = 2V, 50 + O((n —m)?) = L, (2 —m)? +
O((n2 — 771) )- O

Deviance residuals: Exponential family analogue of normal residuals y — p: sgn(y — p)/D(y, ). Let y; ~ g,.(+)
iid. fori =1,---,n. Define the deviance residual R = sgn(yj—u)r/nD(y, 1) = sgn(y—u)+/ D™ (g, ). The hope

is that R will be nearly A (0,1), at least closer to normal than the more obvious “Pearson residual” R, = y_p

\/Vu/n.

T2
Theorem 5.3 R ~ N(—a,, (1+b,)?) where a,, = ”\*‘/ﬁﬁ and b, = 3% O (recall 7, d,, is skewness and kurtosis

of g,,). The constants a,, and b,, are called “Bartlett corrections”. More precisely, P(lfig" > 24) = a+0(n=3/?).

Corollary 5.1 D™ (g, u) = R?> ~ (1 + 5%1236“)96%-

We wish to approximate the density under g,(f) of the sufficient statistic i = §. Normal approximation: g, (i) =

_nGim? N .
2:‘/“6 2V . Saddlepoint approximation: g,g )(,u) = #e‘”D(“’“)/Q.
Lugananni-Rice Formula: Observing § = i, p-value a(u) = f g™ (#)dv(t) ~ 1—®(R)—¢(R) $)+O(n_3/2)

o, o~
(Q ?U"“
I
s
/S>
>
\
=

where ® and ¢ are cdf/pdf of N'(0,1), R = sgn(i — pu)+/nD(ji, ,u) is the deviance residual, an

is the crude form of the Pearson residual based on the canonical parameter.

Transformation: ¢ = H(p),{ = H(j1), i the MLE of p, H' (1) = Vlf_l,O <5<l

_ 1 1 2
8= 0 3 3 3 1
¢ = | Canonical parameter | Normal likelihood | Stabilized variance | Normal density | Expectation parameter u

Example (when 6 = 1): (1) Poisson(u), H' (1) = p= /2, H(p) = 2\/11,2\/y ~ N(2\/i,1); (2) Binomial(N, 7),{ =

. —1 [Np+3/8
2V N sin N13/d

Multiparameter exponential families: A p-parameter exponential family ¢ = {g,(y) :n € A CRP,y € Y C RP}
with g, (y) = en v go (y)du(y), = E,Y =¢'(n),V = Var,(Y) = ¢"(n),du = Vdn,dn = V~'du. Assume V
will be positive definite for all  in A = {n: [, €” "go(y)dv < oo} Let B={u=E,Y,n € A}.

Facts: (1) A is convex; (2) B C convex hull of Y; (3) Angle(dn,du) < 5 (dn"dp = dn™Vdn > 0).

Transformation: ¢ = h(n) = H(p) € R,n,p € R?, D = §L = V~'. Then H'(u) = DI (n), H" (1) = DR (n)DT +
Dyh/(n) where Dy = (a?%gzj)i,j,h

One-parameter subfamilies: 79 = a+b6,0 € © C R,a,b € R?, F = {fy(y) = g5, (v) = €(a+b9)Ty7¢(a+b9)go(y)dVa 0 e
©}. Still a one-parameter exponential family, natural parameter 6, sufficient statistics z = b”y. MLE of 6 (score
equation): Ij(y) = 0= b"(y — ug) = 0.

A

d#g = V{;bdﬂ
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85 Bt

Define the LFF:

|7]07 / - ’/Lo

o Stein’s least favorable subfamily: ¢ = s(n) = t(u), o = s(no) = t(uo), s =
ng = no + 40,0 € neighborhood of 0.

s(m = 4o

Hu) =4y

e Theorem 5.4 The 1-parameter CRLB for estimating ¢ in LFF evaluated at # = 0 is the same as the p-parameter
CRLB for estimating ¢ in ¢ at n = no, which equals t{Vyto, where Vj is the variance evaluated at 7o or ppg.

Remark 5.1 In other words, the reduction to the LFF does not make it any easier to estimate (. It can be
shown that any choice other than b = ¢{ for the family 79 = 19 + b6 makes the one-parameter CRLB smaller than
the p-parameter CRLB. Stein’s construction is useful when some statistical property is easily calculated only in

the one-parameter case.
« Examples: (1) N(A,T) : g(2) = —d=exp(—& + 22 — 45).1 = (WL, —2) T,y = (2,277, = (AN + )7 (2)

20— (1_gz)B—1
Beta(a, 8) : g(x) = “{5— = exp{alogr + Blog(1 — z) — log B(«, 5)}m n=(a,B)",y = (logz,log(l —
z))"; (3) Dirichlet(ay, - -+, ap), ga(x) = a) [,z " Bla) = L) (af_), € SP~1; (4) Graph/Degree model:

NG
Yy =1(i—j),m; = P(Y;,; =1) = 1:%19,9 = fBTx; where z;’s are optional predictors. Sufficient statistics is
degree of node i. (5) Bradley-Terry model: m;; = esfjlegj = Hiejg,g s wij ~ Binomial(n;;, mi;), go o< exp(D_; ;(0;

0;)wij) = exp(3; 0: 325 wij — 32,053, wij) = exp{}_,; 0:[#win(i) — #lose(i)]}.

e Truncated data: y ~ gn(y) = e”T”_w(")go( ), observed only if y falls in )}, C Y. Conditional density: g¢,(y|)o) =
en’ y=(m) 90((9 where G fyo gn dy

o Lemma 5.2 Partition n = (11,72),y = (Y1, Y2)-11|y2 ~ g, (W1 ly2) = 6"1Tyl_w(m|”2)dGo(y1\y2),y2 ~ G (Y2) =
'3 Y2 ¥, (772)dG771 0(Y2)-

Proof g,(y2) f en vtz va Y g6 (y1]y2) go (yo)dy: = ens 2~ wim( f en Y go(y1ly2)dy)go(y2) = gy(yily2) =

gnly) _ emtvitmivavOgiy) T )
977(?!2) - eﬁzTyszMHw(nlInz)go(yz) =c dGO(y1|y2)' 0

Remark 5.2 Usually after a transformation M € RP*P nonsingular, 7 = (M~1)Tn, 5 = My.

o Examples: (1) Fisher’s exact test for 2 x 2 talk (Recall Table 1), Hy : 0 = log(m;:") = 0. The natural parameter
1 -1 -1 1
. B 1 -1 1 -1 B - -
isn = (logmy,--- ,logmy). Let (M~1)T = T I that M = (MY, 5= Mz, = 3(21 —22—
1 1 1 1
T3tay) =01 -5 771+% (2) Wishart statistics: @, -+, 2, ~ Ng(A\, ') independent, y; = Z,ys = + 31" | z;2] .
Wishart statistics W = 237" (2, — Z)(z; — )T = y2 — y1y] . wolys isin a d(dﬂ -dim exponential family. (3)
Poisson trick: s = (51, --+,81),5 ~ Poisson(p) independent = sjn = 21:1 s; ~ Multinomialy (n, 7) where

™= Zlfluj' Conversely, if s|n ~ Multinomial(n,7) and n ~ Poisson(u, ), then s; ~ Poisson(um;) i.i.d.
J

» Rotational speeds of stars: Bimodal: f(z) = wm +(1- w)(a”i/z62 Two competing candidates candidates for
o) : ¢1(x) = 2we™ , do(x) = 4a2e~* 7~ 1/2. We take the bin partitions and set g, to be the count and 7, be

the probability of bin . y; ~ Poisson(u;), 1y = nm. Any choice of (w, ¢1,¢y) produces estimates of m; and ;.
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6 Generalized Linear Models

6.1 Basic Concepts

-1y £0
. . PR
continuous: Box-Cox transformation:
numerical: logxz, A=0

discrete: count
e Data types for response y :

) binary
nominal:

categorical: multinomial

ordinal

o Three components of GLMs: (1) Random: distribution of Y with EY = y; (2) Systematic: n = >>7_, z;8;; (3)
Link: g(u) = .

o Example 1 (Dilution assays): density pg, at the z-th dilation p, = pe27*,2 = 0,1,2,--, proportion of infected

plates y, = =, Y = I(infected), E(Y|z) = P(Y = 1|z) = 7., # orgamism on a plate: N, ~ Poisson(p,v), 7, =

P(N,>1)=1—e 7" =1—¢e 2" link function g(r,) = log(— log(1 — 7)) = logv + log py — x log 2.

« Example 2 (Dose response): dose level x, survival rate 7., cell j, dose level z;, y; survive out of m; animals. (1)
Probit model: m, = ®(a+ Sz), where ® is the c.d.f. of N'(0,1), link function g = ®~*. (2) Logistic/Logit model:
T, = expit(a + fx) = W, link function g(m,) = logit(m,) = log 7=~

o Random component: Y has a distribution in an exponential family: f(y; 6, ¢) = exp{ yeaf(gge) +c(y, @)} where ¢ is

y0—b(0) az _y=bO) 9% _ _ b'(0)
@) T 8) 5 =) 0 T " al) -

dispersion parameter. Usually a(¢) = ¢/w;. log-likelihood: 1(0;y) =

B2 =0,E(2)? = —EZL BY = u=b(8), Var(Y) = a(4)b" (6).

o Systematic component: predictors (z1,- - ,x,),n =z f.
o Canonical link function: g = b'~!(p) so that n = g(u) = b (V/'(0)) = 6.

e Goodness of fit: Null model: one parameter, ;4 common mean. Full model: n parameters, one per oberservation.

Idea: Measure discrepancy between an intermediate model and the full model.

o Assume l(y, ¢;y),l(ji, ¢; y) maximize log-likelihood over 8 with fixed ¢, g1/gs is full/current model respectively,
0/6 = 0(y)/6(fr) and a;(¢) = ¢/w;. 2Ep, log {2580 = 2377 W[(0; — O,)y; — b(:) + b(6:)] := 242, Under

(£,63y)
suitable regularity conditions, if the fitted model is correct, D(y, ii)/¢ ~ Xi_p where p is the dimension of 5.

o Pearson’s x?-statistic: x> =31, ‘(/y(l: g‘/q)j where V(1) = b”(V'~!(p)). Under suitable regularity conditions, if the

model is correct, x*/¢ ~x2_,,.

« Residuals: (1) Deviance residual: 7 = sgn(y — ji)v/d; where d; = 2w;[(6; — 0;)y; — b(6;) + b(6;)]; (2) Pearson
residual: r, = \/ﬁ, (3) Anscombe residual: § = 2, H'(u) = V,;%,A = Vl%(u)' For Poisson distribution,
%( 2/3_,2/3)

A =343 and we must scale by dividing by the SD of A(Y), i.e. A'(u)\/V(u) =14 = 7o

o Algorithms for fitting GLMs: () log-likelihood, u(8) = -Z1(8), H(B) = %l(ﬂ). The MLE of 3 solves the
estimating equation. 0 = u(8) ~ u(3©) + H(B®)(3 — B©) giving the update 01 = 8O — H(F1)~1y(3®),

Fisher scoring: S¢+1) = ) 4 [(310)) =1y (8D (since I(B) = —EH(B)). In a GLM, [ = 37 1;,1; = 4% —(b(e) +

98
)

_ Ol __ 0Ol 88; Opi Oni __ yi—ps 1 1 _ (yi —pi)Tir _ T
ci(yi, @), and Wir = 35° = 5 54 on; 05, = ‘a(6) Vi) 5{'“)2)9”” = st = W — W)W e where W =
diag(Grgvinggme)- Since Covlur,u) = X v yatar = i a@viraye = 1(8) = Var(u(g)) =

XTWX, u(B) = XTW §(y — p) where X = (2i)nxp- H(B) = —XTWX + XT{3Z(WI)}Hy — p).

10
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GENERALIZED LINEAR MODELS

Under what conditions —H () = I(8)? Take canonical link n; = b= (u;) = 6;, V(i) = 0" (6;) = %;j = g‘;j,wii =
1 — 1 dn _ 3; 1 _9_ dny _
VT = ey = Wi = diag(Gg) = ger (W) = 0.

P

Substituting back, 1) = B 4 (XTWOX) LXTWO Gh(y — ) = (XTWOX)XTW OB + Gy — )]
(XTWOX)LXTW O [n® + %|M(t) (y — u®)] (iteratively reweighted least squares).

Inference about f: 1(8)% (5 — B) = (0. 1), Var(B) = (X"W(3)X) ™", h(B) ~ N'(h(8), h'(8)" I(8)*1'(8)). 7 =
T3 & N (2T, 2T1(8) ).
CI for x that gives rise to a specified mean response pg: {x : &% < Zas2} (Fieller’s method).

Binary responses: g(m;) =n; = x{ 8,9 : (0,1) — R, link functions: g; = log(1%=), g2 = ®~!(n), g3 = log(—log(1—

7)) (complementary log-log), g4 = log(—logm) (log-log). These g;’s are from the inverse of the cdfs: f; = Ty
(logistic), fs = e~ ,i.e.log X, X ~ Exp(1), fs = e *T¢" i.e. —logX, X ~ Exp(1) (Gumbel).

[ ga(m
6k
i 91(m)
4 -
_ g2()
2+ g93(m)
logit scale i
-6 -4 -2 4 6
.l i 1 - 1 1 ll - l/ I ll 1 i . N | |1
0.001 0.01 0.1 -~ 0.8 0.9 0.99 0.999
log-log i probability scale
-21
Ji4 i
-4t
logit N
c-loglog -6

Application: Many epidemiological studies have the goal of comparing distinct groups, e.g., assessing risk factors
for some disease. Denote D = disease status, X = exposure status.
D D

oo  To1 | To.

>

X 710 11 .

T w1 |1

T
eotaTs

TteotaTh?

Sampling probabilities: P(D|x) = 7o = P(Z = 1|D),m = P(Z = 1|D) where Z is indicator of being

sampled. This is because | D| may be much smaller than |D| and we need more data on D (i.e. w9 >> 71). Then
P(D|Z = 1,2) = P(Z=1|D,z) P(Dlz) mgete S Vo VI LI

Bayes formula. Thus, the “biased” random sampling of D and D does not impact the value of 3, and only

P(Z=1|D,x)P(D|z)+P(Z=1/D,z)P(D|z) = moextzT84m (1—eatz?8) T 1qeatal Btlogro/m1) "~ 14ea*+zTp

translates o to a + log(my/m1). We can conduct logistic regression on the new dataset.

Binomial Regression

Y; ~ Binomial(m;, m;),i = 1,,--- ,n. For simplicity, m; = m,Vi. The log-likelihood I(m;y) = >, [y; log 15 +
mlog(l — m;)] + C(y). Under logistic link, log {7 = xFB, or m; = 15;;, so that I(B;y) = >0 [yixl B —

mlog(1 + e #)]. Exponential family has the form [(6;y) = ZLI[% + c(yi, 9)], so g = 0; = T B,b(6;) =

11



6.3

6.4

GENERALIZED LINEAR MODELS

mlog(14e* #), a;(¢) = 1. General likelihood equation u(3) = XTW%(y—/L) = 0 where Wd—” = diag(ﬁ) under
canonical link. Now a;(¢) = 1, so u(f) = XT(y—p) = 0. The weight matrix W = ‘; md77 = diag{mm;(1—m;)}.

The working response z; = 7; + d; (yi — i) =m + & TZ i d”l = + M Solve XTWX5 =XTwzZ.

du; mimi(1—m;

Theorem 6.1 (Wedderburn, 1976) If the link function is log concave and 0 < y; < m;, Vi, then 3 is finite and

the log-likelihood has a unique maximum at B

Theorem 6.2 (Shao, Ex 4.117) For logistic regression, if > | z;x] is positive definite, Vn > ng, then the log-

likelihood equation has at most one solution when n > ng and a solution exists with probability — 1.

Deviance: The fitted log-likelihood I(;y) = Y7 | [y; log(17% )—l—ml log(1—;)] = i, [yilog 7t + (m; — ;) log(1—

(y, ) = 2U(75y) —20(7;y) = 2307 [yi log () +
(m; — y;) log (=4 )] Asymptotic properties: D(y, @) ~ anp (assumptions: no overdispersion; m; — oo with n

T )] maximum achievable log-likelihood I(7;; y) where 7; =

ﬁxed). Note that 1f n — oo while m; fixed, D is not independent of 7 and large D # poor fit.

Extrapolation: predict zy corresponding to m. Using Fieller’s method, |%;O_)g(”0)| < Zoyo where V(29)? =
Var(@o) + QxOCOV(BO, 31) + x%Var(Bl).

Overdispersion: “nominal” variance: mm(1 — m). Var(y) > / < mn(1 — m): over/under dispersion. Mechanism:
clustering is the population. Assume m subjects from m/k clusters, each of size k. Z; ~ Binomial(k, ;) and
Y =Zi+ 4 Zpy. If Er; = 7 and Var(m;) = 727(1 — ), then EY = E(E(Y|n)) = E[k(m1 + -+ + Tnyi)] =
mm, Var(Y) = E[Var(Y|m)] + Var[E(Y|7)] = ma(1 — 7)(1 — 72) + m7?7(1 — 7) = mn(1 — 7)[1 4+ (k — 1)7?]. Since
0<72<1 (Var(m) =En? —m?> <Em; — 71 =7(l—m), 1 <o?:=1+ (k- 1)<k <m.

Estimation of 0 wth overdispersion: Case 1 (with replication)' For the same z-value, observe (y1,m1), -+, (y., M),
= % E_y W] = (r—1Do’*r(l—7),0%> = 5>, #1173) approximately unbiased for o2.

Case 2 (without replication): Using the fitted 7;, 62 = 2 S" Wimad)? Xa_p» Var(B 3) ~ 62(XTWX)~!

n—p i=1 m;#;(1—7;)

Poisson Regression

Y ~ counts of events that occur over a period of time or a region at a constant rate. log-link: log u; = n; = 21 3.

Nominal variance Var(y;) = p;. More generally, let Var(y;) = 0%u;. Over/Under dispersion: o2 > / < 1.
Mechanism for overdispersion: clustered Poisson process. Y = Z; + --- + Zy, Z; i.i.d., N ~ Poisson indepen-
dent of Z;. EY = ENEZ, Var(Y) = E[Var(Y|N)] + Var(E(Y|N)) = ENVar(Z) + Var(N)(EZ)? = ENEZ2(>
EY if EZ? > EZ). Estimation of 0%: 62 = L 3>"" | imp)®

n—p i

Gamma Regression

Motivation: Var(Y') = Const — linear; Var(Y) o< EY — Poisson; Var(Y) o (EY)? - Gamma. o := \g,(y) = const:

coefficient of variance.

Mechanism: (1) Multiplicative error: Y = pu(1 + €),Ee = 0, Var(e) = 0%, EY = pu,Var(Y) = p?c? (2) log-

transformed additive: logY = p + ¢, Ee = 0, Var(e) = 02,V = ete, EY = e#E(ef), Var(Y) = e**Var(e), Y20 —

) (EY)2
Var(e®) . Var(l4e) __ 2
Ee ) ™ (irEey = Var(e) = o°.

Parameterization of gamma: Gamma(k,0) pdf & 97~y “lev/0dyl(y > 0),EY = kO, Var(Y) = k#? 0% =
oy ()em/kd(logy) I (y > 0)-

1.
K

Gamma(p, v)

Choice of link function: (1) Canonical link g(u) = i Example: Plants density experiments: x density, yield per

plant o m, yield per unit area o< z—f—=, p1 = nl= Foip orn =P+ % (2) log link: n =logu = 27 3. (3)
identity link: n = u = 27 3.

12
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F’(ﬁ)]
@)

« Estimation of 0% v = %, D(y, i) = 2n[log D —

o Example (Rainfall data): Daily rainfall skewed to the right with a spike around 0. Two stages: (1) wet/dry day:
Markove chain and logistic; (2) rainfall on wet days: gamma/log-normal. Stage 1: my(t) = P(day ¢ is wet|day ¢ —
1 is wet), m (t) = P(day t is wet|day ¢ — 1 is dry). logistic model: logit(m;(t)) = c; 4 a1 sin(35E) + 3;1 cos(22L).
Stage 2: log(u(t)) = const + harmonic terms where p(t) is mean rainfall on day t|wet day.

6.5 Categorical Data and Multinomial Regression

nominal: exchangeable

ordinal: ordered but no measure of distance
e Types of measurement scales:
interval: numerical scores

cardinal: counts

o Ordinal: Response probabilities: ,-- - ,m;; cumulative probabilities: v; = Zle m, =12, k=17 =1.
Principle: Inferences should not essentially change by combinining adjacent categories. Proportional odds model:
log( ”(1() )=0; — BTz, =1,2,--- ,k — 1 (parallel regressions), %ﬁﬂg = e (m—22)  Why “—"? Latent
variable interpretation: Z ~ logistic(87z,1), Z — 8Tz ~ logistic(0,1). Let Y = j whenever 6;_; < Z < ;. Then

PY <j)=P(Z <;) =P(Z—-p"z<6;,—pTz) = Lﬂ: Extensions: (1) Nonparallel: logit(vy;(x)) =

._gT
14e% =P

0; — B] ; (2) Scale modeling: logit(v;(z)) = ijf%.

et ®

o Interval: Features: (1) The categories are of interest in themselves and are not chosen arbitrarily; (2) It does not
normally make sense to form a new category by amalgamating adjacent categories; (3) difference between scores s;
is a measure of distance. Modeling strategies: (1) Extend proportional odds model: 6; = &+ &;( and re-

place 8Tz by BT a+£Tx(c;—¢), ¢; = sﬁ% or loglt(m) (2) Model log-probabilities: n;; = logm;(x;), m;(z;) =
elij

Z <7, m;(@i) = n; + g or m;(w;) = n; + (BTa;)s; + i, == 7 by a factor €%~ with a unit change in 7z; (3)
J
Model the scores E(S|z;) = Z?:l mi(z;)s; = Bl ;.

o Nominal: model 7; or n;: e.g. n;(z;) = n;(xo) + BJT(:Uz — Tp) + .

o Multinomial: Data (y1, - ,yn), ¥ = (Yir, -+, Yir), D_; ¥ij = m; fixed, parameters m;,i = 1,-+- ,n,m = (T, -+, )
s.t. >, my; = 1. Log-likelihood: I(7,y) = >, ; yi; logm;;. Use the method of Lagrange multiplies = Z)\(m,y) =
Zi,j yijlogmi; — 32, /\i(Zj mi — 1), 3;?] = 7‘% —Xi=0=>m; =X\ = m; =2 Let ¥; = m{diag(m;) — mm} }

(rank k — 1) and X; = diag(m;ij). In matrix form, %% = MY (y—pu) = 0 where ¥ = diag(X,---,%,) of
rank n(k — 1) and M = diag(my, -+ ,mq, -+ ,mp, -+ ,my,). Full score equation w.r.t. §,: il 607;3” = 0. GLMs:
——— N——o— ij OBr
k times k times

(1) log-linear: logm;; = a:;*jT *; (2) prop odds: logit(v;;) = z}] B* (7i;: cumulative probability). Overdispersion:

2
EY = mn,Var(Y) = 0°%,6% = — X where X 3 is Pearson’s statistic.
) 0 residual d.f.=n(k—1)—p

6.6 Quasi-Likelihood Estimation

e For a GLM, the inference depends on the assumed distribution for y; only through the mean p; and the variance

function V(-). In addition, a GLM specifies the independence of observations, which is not indispensable.

¢ More generally, suppose Var(y) = 02V (u). Independent: V (u) = diag{Vi (1), -+, Va(p)} = {Vi(p1), -+, Va(ttn) }-
Dependent: V (u) nondiagnal. Quasi-score function: u(8) = DTV =1 (y—u)/o? where D = Q%*T = (ggi)nxp- Facts:
Eu(B) = 0, Var(8) = D"V ='D/0?, 5%u(B) = L35 (D"V ") (y—p) = D'V ' D], E[55-u(8)] = —D"V~'D /o>

Quasi-information matrix: I(3) = Var(u(8)) = EagT u(B) = DTV-1D/o2.
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6.7

GENERALIZED LINEAR MODELS

Independent: 2% dlagnal Dependent: BUT(B ;é in general. Thm: symmetric 9uB) « the line integral

3ﬁT oBT
(quasi-log-likelihood) Q(;y,7(s)) = 2 :01 (y ’y)TV( )~ tdy(s) along a path v : [sg,s1] = R™ from y(sg) = y
to v(s1) = p is path-independent. Independent: Q(u,y) = > i, Qi(ki, vi) = >y f: %dt, quasi-deviance:

D(y,m) = 2[Q(y,y) — Qu.y)lo® =231, [ ¥55dt. Dependent: Solve o?u(8) = DTV~ (y — u) = 0 (GEE).

pi Vi(t)

Fisher-scoring: 4+ = B0+1(30)1u(81) = BO-+[D(S)V (50) 1 D(5))*D(EO)TV (8) " (y—n(5")) =
(XTWOX) L XTWOZO where 20 = XBO+82], 50 (y—4(3)) and WO = (52,5000 V(O) 7 (5] a0) ™

Asymptotics: Under regularity conditions, [ is consistent and asymptotic normal with variance Var(B) =
1(5)71 — UZ(DvalD)fl

Optimality: Estimating function G(3;y) if EG(8;y) = 0,V3. Linear estimating function h(8) = HT (y — u(B)).
Let 3 solve h(8) = 0. Taylor expansion = 0 = h(j3) = h(83) + [dHT (y — w(B)) — HT D](B — f3). Take expectations
=0=h(pB)-H'D(B-B) = B~ B+ (HTD)'h(B). Thus, E3 ~ B, Var(8) ~ (H'D)"*HTVH(D"H)~". Since
Var(f) = 02(DTV D)"Y, Var(8) ' = Var(8) ' ~ ¢ 2DTV D —62DTH(HTVH) *HTD = 0= 2DTV~1/2(] —
Pyij2g)V=12D = 0 = Var(f) is minimal.

Longitudinal Data and GLMMs
Longitudinal study: individuals (subjects) are measured repeatedly over time.

Questions: (1) average time course of response change; (2) degree of heterogeneity across individuals; (3) factors

that predict response change.

Two perspectives: (1) Marginal/population-averaged: linear, normal, EY;; = By + Sit;;; (2) Subject-specific:
Yi; = Boi + Buiti; + €5, Bi = B4 by, Eb; = 0 = E(Y;|b;) = Bo + bos + (81 + bii)tis, EY;; = Bo + Batij.

GLMMs: Yijlbi = fy, ., (yijlbi) = exp{Z2%2205) ¢ c(y;;,0)} iid., E(Yilb) = mi; = ¢/(0), Var(Ylb:) =
oY (0:5), (i) = mij = B + z; b Typically b; ~ N (0, D).

Mean of Y;;: EY;; = E[E(Y;;]b;)] = Epij = Elg~ (#} 8+ 2];b;)]. Example: g(u) = log p, h(p) = g7 (p) = €, 255 =
1,b; ~N(0,07). Then EY;; = eTiiBeth /2,

Variance of Y;;: Var(Y;;) = Var[E(Y;;]b;)] + E[Var(Y;;|b;)] = Var(ui;) + E[@V (ui;)] = Varlg~'(z8 + 2]b:)] +
E[¢V (g~ (x];8 + 2b:))]. Example (cont’d): Y;|b; ~ Poisson(u;), so that E(Y;;|b;) = Var(Y;|b;) = p;. Then
Var(Y;;) = Var(ui;)+Epu;. Still assume b; ~ A'(0,02). Then Var(Y;;) = Var(e®if+0) 4 E(e%0+0) = €240 (207 —
€7 4 e¥iil et /2 = PP toi/2[eviiP et /2 (70 1) + 1] > EY;; (overdispersed).

Estimation of GLMMs: (1) Maximum likelihood: log-likelihood I(8, D) = log Hf\;l Jo(bi;0, D) 152, f(yij|bi)dbi,
or more generally, log [ T, ; fy.;6: (510i) fo. (bi)dbi. Let b; = Qui, where v; ~ Ny(0,1,) and D = QQ" (Cholesky
decomposition), then I(8, D) = log ], [ ¢(vig) - - [5 d(vi1) H f(yij|vi)dv;. Approximate 1-D integral by Gauss-
Hermite quadrature: [p e flu)du ~ Zk:l wy, f (ug,) where uy are roots of Hermite polynomials Hy(u) and wy, =
% Back to our integral, [ ¢(vir) [1; f(yislvi)dvin ~ Dok H.f(yij|(fuk,vi2,~-~ viq)). Adaptive
GH: For simplicity, [, ¢(v;) ) I1; f(yij|vi)dv; o posterior density of vl|ym Approximate f(v;|yi;) by ¢(vi; i, 77) and
write fR O(vg; s, T; )[%]dvZ R Wik Hj J(yijluir). wi, and w;y, are subject-specific, w;, = p;+Tiug, wi, =
V2rTie" 2 (pi+Tiu )wy.. (2) Quasi-likelihood: Similar to IRLS, use current estimates (8%, D*, V¥, bF) to linearize
the model for y;: yi; = h(ng;) + x5 (8 — BX)W (nf;) + 25 (bs — bF)W (n);) + €;; where Var(e;;) = ¢V (uy;). Let the
offset 0;; = h(n};) — I/ (n5;)xl, 8% — W' (nf;)250F, total residual &; = b/ (nf) 2] bi + €5 = yi; = 04 + 1 (n)xL6 + &
(just an OLS).

Prediction of random effects b; ~ N (0, D): posterior f(b;|y;, 8, D, ¢) = f}f(?jllgquf)));(?l‘é)))db , estimate b; by MAP.
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NONPARAMETRIC STATISTICS

Marginal/Population-average models: Idea: specify only the mean and variance structure of Y;; rather than the
full likelihood.

Generalized Estimating Eqs (GEE): (1) Mean response: p;; = EY;; = h(z];); (2) Variance: Var(Yj;) =
oV (pi5); (3) Within subject correlation structure, I'; € R™*™ correlation matrix for subject i, 3; = Var(Y;;) =
¢ﬂl/2FiTi1/2 where T; = diag(V (i1),--, V(thin,)). “Working correlation structure”: G; = G;(«) so that
working covariance S; = ¢T1/ ’G; T /2 Choice of G; may effect efficiency but not consistency. Solve u(f8) =
Zf\il DT (y; — ui(B)) = 0 where D = 24 ¢ R™*P, Possible choices of G;: (1) Unsturctured: G; = (pi),

BT
1 p DR p
nl(ni_l) p ]_ PR p
# parameters ““5—=; (2) Independence: G; = I,,; (3) Exchangeable: G; = A E (4) AR(1):
p P 1
1 n;—1
P P . 1 “ e p‘tjftkl
1 e :
G;, = P ; (5) Continuous AR(1) (spatial): G; =
: Do X
pn_l “e p 1

Estimation of 3, Var(3), ¢, a,%;: Find ¢ and a: Let r;; = % then ¢ = —1- - LSy Sy and pi =
1

3 ZN:1 Ti;Tik OT N%;s o m—l Zj | TijTij+1 (corresponds to G;’s in the above (1) and (3)).

Iterative procedure: Step 1: Initialize £y (acquired by assuming complete independence). Repeat until conver-
gence: Step 2: Given [, estimate ¢ and « for the working correlation structure; Step 3: Use current estimates of
B8,¢ and & to form f],- and solve GEE for a new B

Inference: 3 ~ N,(B,V (3)) for n large where V() = o>, DFS7'D;).

Robust covariance estimation: In general, G; are misspeciﬁed7 then

N N
Vet = o> DS Di)” ZD?S{@@D DS 'Di)”
i=1 i=1 i=1

where C; = (y; — 11 (8))(yi — ps(8))T. (“sandwich estimator”)

7 Nonparametric Statistics

Nonparametric models: (1) Kernel smoothing (local polynomial regression); (2) Splines (e.g. B-splines): smooth-
ing splines (+penalty), # knots = n; regression splines, # knots << n; (3) Orthogonal series expansion; (4)

Wavelets; (5) Sharp-constrained: isotonic, log-concavity.

Model: Y = 7(X) + ¢, r(z) = E(Y|X = z). Linear smoothers: 7,(x) = > 1" Li(@)yi, (Fn(z1), -+, Pn(,))T =
7 = LY,L = (Ij(x;));, effective d.f. v = rank(L),Y ", l;(z) = 1. Example: (1) Histogram regression: 7, (z) =
k%- D iien, Yi = S Li(x)y;, where I(z) = (0,---,0,1/kj,--- ,1/k;,0,---,0)%; (2) Local average: Let B, = {i :
|mi - SU| < h}vfn(x) = %ZieBm Yi-

Leave-one-out CV: R(h) = L 3" (y; — #(2;))%, R(h) = E[L 320" (#,(2:) — 7(2;))?]. Linear smoother: R =
Ly 1(M) Generalized CV: Replace l;; by v/n.

1—1,,

T—x,;

Kernel Smoothing: N-W estimator: 7, (z) = Y., l;(x)y; where [;(x) = K(i”,ﬂ]) f(z) is pdf of z, and MSE

=1 n
j=1

R(7p, 1) = % (f $2K($)d$)2 Ik (r”(x) + 27”(1)?;((5))) dx + M / f(l jdz + -+ as hy, — 0 and nh, — oo,
—4/5.

optimal h* ~ n='/5 R(f,,7) ~n
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SURVIVAL ANALYSIS

Local Polynomial /Linear Regression: min. y:", w;(x)(y; —c)? or min Y 77", w;(2)(ys — P (245 ¢))*. N-W boundary
bias: O(h,); LLR: O(h2).

Smoothing Splines: min M(A\) = Y7, (y; — 7o (24))* + AJ (r) where J(r) = [ (z)?dz or min ||Y — BA||? +A8TQS
where B;; = B;(x;), Ui = [ B} (x) By (x)dx.

Equivalence between kernel and spline estimators: spline estimator can be expressed by 7,(z) = >0 | li(z)y;

with 1i(2) ~ iy K Gos) (e K(1) = e sin( 7 + 1))

Regression splines: Regress Y; directly (w/o penalty) on B: # = LY, L = B(BTB)"'B”. Tuning parameter: #
knots of B.

Variance estimation: 6% = -——=>""" | (y; —7(2;))* with v = tr(L) and © = tr(L"L) = 371 [|I(%s)||* (quadratic
form: 62 = X (f\y and A = (I-L)T(I-L)=1-L-L"+L"L). E6* = % = 2+r Ar . If r is sufficiently

smooth, v = o(n) and © = o(n), 62 is consistent for 2. Another estimator: 5% = ﬁ Z¢:1 (Yiv1 — yi)*

Heteroscedastic case: y; = r(z;)+o(z;)e; = (yi —r(x))? = o?(x;)€? = Z; :=log(y; —r(x;))? = logo?(x;) +log €2.

Regress Z; on z; using a nonparametric method, denoted as §(x;). Then 62(z) = (@),

o o o bias(i
Confidence bands: #,(x) £ ¢s,(x). 7, (z) = Er,(x), T”(Zj(;)(’) = T"(il(;;(w)+T"(:3(;)(”) = Z,(z) + 71%(107}(%)) .
—— Var (7, (z))
A N(0,1) N—————

smoothing bias

Remedy: (1) CB for 7,,(z) rather than r(z); (2) undersmooth. To find ¢, consider I(z) = (7, (z)—co||l(z)||, 7. (x)+

col||ll(x)]]), z € [a,b]. Assume o is known, then P(7,(z) € I(x) for some x € [a,b]) = P(sup, W > ) =
P(sup, | 327, Hll (5))||2 > ¢) := P(sup, |Wa(z)| > c).

Lemma 7.1 P(sup, |[W,(z)| > ¢) = 2(1 — ®(c)) + £2e~<"/2 where xg = f: [|T"(z)||dx and T;(z) = \l((::c))l\'

Choose ¢ to solve 2(1 — ®(c)) + %6_62/2 = a. If o is unknown, then P(sup, |W,(z)| > ¢) = P(|T),| > ¢) + "2 (1 +

%)_m/Q,Tm ~ tm,m =n —tr(L). Average coverage: C' = ;- fab P(7,(z) € I(z))dz.

Local likelihood for nonparametric EM regression: Data (x;,y;),i = 1,--- ,n,y; € {0,1}. Y; ~ Bernolli(r(z;)).
log-likelihood: I(r) = 327, log{r(w:)* (1 —r(x:))' 7} = 37, {y: log 17?(92)“0%(1 r(@i)} =300 Ui €(:))

r(x;)
1—r(x;) .
lo(a) = Y0 K(52)(ys, a0 + a1(x — 20)). MLE: a(z) = (ao(x), a1(x)) = #n(z) = <% Leave-one-out CV:

N 1+ea0(z)
CV =30 Uyis E—iy ().
2/3

Multiple nonparametric regression: y; = 7(x;) + €;, x; = (1, -+ ,7;q)7 . Optimal rate of convergence: n~ 25+4.

where &(x;) = log . Local linear regression: approximate &(x) around xo by ag + a1 (z — ). Local loglik

Method 1: Local regression: multivariate kernel Ky (z) = WK(H’VQX) where H is dxd bandwidth metrix.
Univariate kernel: A~2K (121, Minimise S0 | K (12=2ly(y, — ay — 2?21 aj(zy; — ;)% at x = (@1, ,xq)7.

o= (XTW,X,) ' XTW,Y.

Method 2: Splines: d = 2 thin-plate: min, Y7 | (y; —7(2;))? +AJ (1), J(r) = [[2 (5 (&r z) +2 gmfé?z + ar )Yday dxs.

Method 3: Additive model: y; = a + Z?zl ri(@i;) + €, with Y, 7;j(x;;) = 0. Backfitting algorithm: Set & =g
and initialize 71, -- ,74; Repeat for j = 1,--- ,d,1,--- ,d,--- until convergence: §; = y; — & — Zk# ri(Tix), Vi,

Regress §; on z; by a 1-d smoother to set 7;; 7;(x) « 7;(x) — £ 3. 75 (a).

8 Survival Analysis

Survival data: Survival/failure time/time-to-event, binary data subject to censoring.
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SURVIVAL ANALYSIS

o Examples: (1) Heart transplant. Response: survival time from date of admission. Covariates (might be time-
varying): surgery, age, donor/receipient variable. Censoring: drop-out (e.g. withdrawal, loss to follow up, death

due to irrelevant reasons). Goal: effect of heart transplant (prediction) on survival. (2) Accelerated life test:

Temp Hours to Failure
150°C 0 until 8064h
170°C 7 failures + 3 successes
190°C 5+ 5

220°C 5

Question: Failure time distribution at 130°C?
o Censoring type: (1) predetermined time; (2) # failures reached; (3) right/left/interval censoring.

e Survival function for continuous T: S(t) = P(T > t) = 1—F(t). Hazard function: A(¢) = limy,_,o, w =

limp, 0+ % = % = —4logS(t) = S(t) = exp(— fo (5)ds) := e ") where A(t) is defined as cumula-
tive hazard function. f(t) = )\(t) —AM), Assumptlon = fo A(s)ds < 0o and [;° A(s)ds =
1, at risk
» Independent censoring: censoring time C, at-risk indicator y(t) = , covariates x. Then

0, failed or censored

P(Te[t,t+h) |z, T>t,y(t)=1) __ lim P(T€[tt+h)|x,T>t,C>t)
h - h—0+ h .

A(t) = limy, o4 P(Te[t’tt,h)‘m’TZt) = limp 04

o Nonparameteric estimation of survival function: w/o censoring: F, (t) = w How to deal with censoring?
At-risk set R(t) = {i : yi(t) = 1}. to = 0,tp41 = 00,1 < --- < 5 from n = ng subjects. d; failed at ¢;, m;
censored in [t;,t;41), nj = # at risk just prior to ¢; and n; = Zf:j(dl +my). P(T =t;) =S(t;—)—S(t;), P(T >
tj)) = S(tj). Assume independent censoring, the likelihood L = Hf oAS(t—) = S(t;) % 1%, S(tj). NPMLE:
S = argmaxg L(S). Facts: (1) discontinuous at all ¢;; (2) S(ty) = S( i), Vj, S(t) with hazard components

A1, A at by, -+, g, respectively: S(t;) = z (A=), S(t;) = H [ (1= \). To determine the values of \;,
maximize L(\) = HJ 1)\ I (= 2)% T (= M) :Hf 1)\ (1= X)), %logL(A) 0=\ =%
NPMLE of S(t) : S(t) =] jity<t "];_d (Kplan-Meier product limit estimator).

o Inference: @(;\) = N0-X) dj("é';d"). For log S(t) = D <t log(1—A,), by the delta method, @(log S(t))

’ . S A t o
> 4 TR, )zVar()\ ) = Zj:tjgt m and V: (S( ) = (S(t))? > <t W Hence A(t) = Jo Als)ds =
Dy <t ), (Nelson-Aalen estimator).

o Counting process: N;(t) = # failures in [0, ], y;(¢) is at-risk process, and N.(t) = >0, N;(¢),y.(t) = >, vi(t).

Nelson-Aalen: A(t) = ft WdN(u)

PE<T<t+h|T>t,2) _ /\O(t)ez(t)TB

o Cox’s proportional hazards model: Conditional hazard function A(¢|z) = lim .

Xo(t)r(t, z). Other forms: (1) additive hazards A(t|z) = \o(t) + 2(t)T B; (2) NP/SP Cox: r(t,2) = E?Zl gi(z;(1)).

e Estimation of g: Partial likelihood: Suppose the information of y is constrained in Ay, By, -, A, By, The
joint density [0, f(b;[09=",a=1;0, B) [T}, f(a;|b9),al=; 8). In our case, B; = censoring information in
[tj—1,t;] + information that 1 individual fails in [t;,¢; + dt;) and A; = individual j fails in [t;,t; + dt;). The
i i i () = 1p0) qU-D. gy — Altylz;)dt Cox model %178 _
Jj-th failure contributes L;(8) = f(a;|b"),a i B) = Zzem;) N = SRNEIOIE = L(B) =
I

=1
J ZlER(t

OlogL & e=1(t)TB
0=u()=—55= =2 st - X Al e (¢ Z{z] B,t)}

Jj=1 lER(t;)

023 ()78 . .
& TR B = arg maxg L(3). Partial score equation:




SURVIVAL ANALYSIS

Furthermore, the observed information matrix

Inw):—‘g?;’;f >N alt) {alt) - 26,1 p(st) Z Z {z(t; )} pi(B, ;)

J=11€R(t;) j=11cR(t

where p(5,t;) = ZkeR((tt )Iiz()tdizk) - and b®% = bb”. Asymptotics: \/E(B — Bo) —a Ny(0,1(By)~"). Using counting

process notation,
_ Z / b lzi(w ~log (; yi(t)ezl(tj)T’/’))] dN; (t)
Z / 2i(t) — Z(B, D]AN;(t)
Z/ ) — 28, 0] O a1

e Breaking the ties: average partial likelihood over all possible permutations:
~1

ﬁesj(tj) Z ﬁ Z e21(t)7 B

Jj=1 PeQ;r=1 \ leR(t;,Pr)
where Q; is the set of d;! permutations and s; = 2% z; (¢;).

o Approximations: (1) Breslow’s:
k esi(t)TB

L= H ea(E)7 B d;

j=1 (ZIGR(tj)

(2) Efron’s:
esi(t)TB

k
=11
dj— 2z T 1

j=1 Hr:ol (ZkeR ex1(t)"8 — (B7tj))

where A(, 8,t;) = 7 Yicpq,) e=(t)" 8 and D; is the set of failures at ;.

o Estimation of Ay(-): NPMLE: L = Hf ILiep, {5(t-121) = S(t;120)} [L1ec, S(t;]z1) where Cj is the set of censor-

ing at t;. Let Ao(t) = 325, <,(1—a;), maximise Hg 1 Liep,(1-a Zl(t a ) [liec, @ zl“ " overa = (o1, o)t
N o2 tTB i (ts A
e {1_ ZzeR(v)ezl(‘j)Tﬁ}e " ﬂjAO(t) :Zjitjft(l_aj)'
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