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REVIEW OF MARTINGALES
1 Review of Martingales

(X,)n>0 is L2-bounded martingale = X,, converges in L?.
(X)n>o0 is L*-bounded martingale = X,, converges a.s.
(1) + (2): If (X,))n>0 is LP-bounded martingale for p > 1, then X, converges in L*" for p’ € [1,p).

. o 2" wel0 )
Statement is false when p = 1. Example: Q = [0,1),.%, = o{[55, 5 }ico > Xn(w) == .
0  otherwise

Let p > 1 and (X,,)n>0 be L” bounded martingale w.r.t. .%,. Then 3X € LP(Q, #, P) s.t. X,, = X in L? and a.s.

and X, = E(X|.%,).

Let (Zy)n>0 be a nonnegative sub-martingale and Z} = supycj<, Zi, then P(Z; > \) < 1E(Z,1{z:5x) < sEZ,.
Corollary: P(Z > \) < 5 E(Z81z:55y) < E(Z2).

Doob’s maximal inequality: Let p > 1,3C = C, s.t. V martingale (X,,),>0, we have E|X/|? < C,E|X,, |’ where
| X = SUPg<k<n SUP | Xl

If (X)n>o0 is a martingale with sup,, E(] X,,|log(1 + | X,,|)) < 400, then X,, converges in L'.

Proof E|X;| = [FP(X;| > A)dA <1+ [ L( (ixzon 1 XnldP)dA =1+ [ \Xn\lx;;x(flxi AN AP = E|X;;| < 14 E(|Xn|log(X,; V
1)) =EX,vl) < < 2+ E(|Xn|log(X;; vV 1)). Since zlogy < 10'°(2 4 z)log(2 + z) + ¥ when z,y are large enough (insight: if y >> z*
then zlogy < ¥; else zlogy < 10'°(2 + ) log(2 + z)), EX; < 10'°[1 + E(|X,| + 2)log(|Xn| 4+ 2)]. Then use dominated convergence

theorem. O

Two probability measures P and Q on (£2,.%), Q << P on .%#, for every n and M, = i%l‘;z 2. (M,,)n>0 is a P-martingale

w.rt. (Fn)n>0. Q << Pon Fy if and only if M,, — M in L'. Q(A) = [, MdP + Q(AN{M = +o0}).

Proof Sufficiency. Q << P on .% = %, thus let Z = 3%';, we need to show M,, converges to Z in L'. VA € %, fA M,dP=Q(A) =
fA ZdP = M,, = E(Z|%#,). Thus M, is uniformly integrable, thus converges in L.

Necessity. Suppose M,, — M a.s. and in L1 We need to show M,, = E(M|%,) and M = <=. It suffices to show Q(A fA MdAP for
all A € U,.%,. Suppose A € Fn. Then Q(A fA MydP = fA My ,dP — fA MdP. By m — )\ theorem we can get the desired result.
Special situation: Suppose P 1L Q on (HE st. P(E) = 1,Q(E°) = 1) and P << Q on .%,. Then 1\%, converges Q-a.s. Let

R=1P+Q),PQ<<RonF T = 2 — 2M iy [Y(R), 92 = 2Ma in L'(R). Then Q(A) = Q(AN E°) =

#, W T+ M, 1I+M » dR 1+My,
fAmEf 12+AK4dR = fA 1?%4 1gdR ]P(E /=0
Similarly P(M =0) = Q(M = +o0) = 1.
General situation: Q =0Q14+Q2,Q1 << P,Q2 L Pon.#. Therefore we can decompose M, as M,, = Y;,+Z, where Y;, — Y in L* (P) and
Zn = 0P-as. Qu(A) = [,YdP = [, MdP. Q2(A) = Q2(AN{Z = +oc}). Since Z =0 P-a.s., M < 400 P-a.s. and Q2(M = +00) = 1,
we have Q2(A) = (AO{Z = +o0}) = Q2(AN{M = +00}) = QAN{M = +o0}). To sum up, Q(A4) = [, MdP+Q(AN{M = +o0}).00
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2R(ANE®) =2 [, 1gcdR = #Mlpe = 2-1ge = M = +oo on E° = Q(M = +o0) = 1.

Statement is false if M, /4 M in L'. Example: Q = {w = (wy, -+ ,wp, -+) € {1}, X,,(w) = w,. X,,’s are i.i.d.
under P and Q, but P(X,, = 1) = ,P(X,, = -1) = ;,Q(X,, = 1) = 1,Q(X,, = —-1) = 2. Z, = o(Xy, -, X,).
P(limp, o0 = >y X = 0) = 1,Q(limy o0 = >0, Xy = —3) = 1.

Monotone class theorem for functions: Suppose A us a m-system and H be a class of functions from 2 to R s.t. (1)

14 € H for every A € o, (2) if f,g € H then af +bg € H, (3) if f, € H and f, T f then f € H. Then all nonnegative

o(A)-measurable functions are in H.
Let (Y,)n>0 be i.i.d., nonnegative r.v’s with EY; = 1. Then M, = [[;_, Y} converges in L' iff ¥, = 1. Otherwise
M, — 0 a.s.

Proof Note that %logM = % >h_ilogYy — ElogY a.s. If ElogY = 0 then by Jensen’s inequality we have Y;, = 1 which means M,
converges in L*. If ElogY < 0 then M, — 0 a.s. O

Kakutani’s theorem: M, = [[,_, Y%, Y > 0 are independent, EY;, =1, A, = E/Y;. (1) If [], A, > 0, then M,, — M
in L'; (2) If [], A\ = 0, then M,, — 0 a.s.



MARKOV CHAINS

Proof Let Z, =[]_; —”Afk Then Z, is a martingale and has an a.s. limit Z, and M,, = ([[_, \x)?Z2. If [], Ax > 0, then Z,, is L?
bounded and then convergence in L?, which implies M, — M in L*. If I1. A= =0, it is obvious that M,, — 0 a.s. O

Martingale SLLN: Let (M,,),>0 be a martingale s.t. Z;::i E(Mi—Mi1)” +00. Then 2 — 0 a.s.

k2 n

Proof Let Y, = Zzzl % Then (Yn)n>0 is an L? bounded martingale, thus Y;, — Y a.s. Then use Kronecker’s lemma. O

Martingale CLT: Let (M, ),>0 be a martingale with My = 0,02 = 3", _ | EX? = E(M),. Assume -5 max;<,<,(EX}?) —
0, 5 S  E(X2Lx0 >eont | Fu1) 2 0 for all € > 0, 5 (M), = 1. Then = = A(0,1).

n

2 Markov Chains

Let (X,)n>0 be a homogeneous Markov chain on a discrete space S. P* : law of (X,,),>0 conditioned on X, = x.
P(X,41 € AlZ,) =PX (X, € A) =P(X; € A|Xo = X,,). E® : expectation under P*. P*(X; =y) = p(z,y).

For every f : § — R bounded, define (Pf)(z) = 3., cop(z,y)f(y) = E*(f(X1)), (Lf)(@) = X, esp(@,y)f(y) — f().
L =P —id, the generator.

Let (X,)n>0 be a homogeneous Markov chain with generator £. Then for every bounded f : S — R, M, = f(X,) —
F(Xo) = SrZa(Lf)(X) is a martingale. Conversely, let (X,,),>0 be a process and £ be an operator on B(S) s.t. M

is a martingale for every f, then (X,,),>0 is a Markov chain with generator L.

Given operator £ on B(S), we say f : S — R is (1) harmonic for £ if £f = 0; (2) sub-harmonic for £ if Lf > 0; (3)
super-harmonic for £ if Lf <0.

Let f be the generator of a Markov chain (X,,),>0. Then f is (sub-/super-)harmonic < f(X,,),>0 is a (sub-/super-)

martingale.

f is (sub-/super-)harmonic on D C S'if Lf > /< /=0on D. Let 7 = inf{k > 0 : X}, € D}, then (f(X,ar))n>0 is a

(sub-/super)martingale.

Maximum principle: Let (X,,),,>0 be a Markov chain and D C S s.t. the stopping time 7 = inf{k > 0, X}, € D°} is a.s.

finite. If f is bounded and sub-harmonic on D, then sup,.p f(z) < sup,cpe f(2).

Proof f is sub-harmonic implies (f(Xnar)) is a sub-martingale, hence for x € D we have f(z) < E°(f(Xnar)) — E°(f(X:)) <

sup,¢pe f (). O
Lu=0 on A°

A C S,;tqa =sup{fk >0: X, € A}, (1) u(x) = P*(14 < +00) = . (2) u(x) = P(ra < 78) =
u=1 onA

Lu=0 on (AU B)° - )
u=—1 on A°

u=1 on A . (3) 'LL(I‘) = EI[TA] = .
u=0 on A
u=0 on B.
Ly=0 on A°
Any nonnegative solution v to satisfies v > w. Furthermore, if ©w = 1, then 31 bounded solution to
v=1 onA
Ly=0 on A°

with v(z) = E*(f(X,,))-

v=f onA
Proof Let v(z) be a nonnegative solution. v(Xnar, ) is martingale = v(z) = E*v(Xnary ) = E*0(Xnary ) 1rs<oo FE O(Xnary ) 1r =00 >
Ev(Xnara)lry<oo. Let m — co and by Fatou’s lemma, we have v(z) > E*v(X7,)1lr <00 = P7(74 < 00) = u(z). If u(z) =1 and v(zx)
is bounded, then by bounded convergence theorem, v(z) = E*v(Xnnr, ) = E*0(X7,) = B f(X+,).

O

Doob’s h-transform: Let h be nonnegative, harmonic with h(zg) = 1 for some xy € S. Then (h(X,,))n>0 is a martingale
with E¥"(h(X,)) = 1. Then 31 measure Q" on .7, s.t. % = h(X,),Vn > 0. Q"(Xo = z9) = 1, (X,1)n>0 never

visits the set D = {x : h(z) = 0}. Under Q", (X,)n>0 is again a Markov chain on S\D with transition probability
g(z,y) = PELRD (or equivalently, (L" f)(z) = 755 (L(A))(x)).
3



ERGODIC THEOREM

Xy Xo— X0 1y X — o X0 —y M(Xn1)AETO
Proof The first two props are trivial. Q(X,4+1 = y|Fn) = Q<X”&}ny:’f:,m,’}0:'i)o) o — {X"J’fl{XJ’X - %o };’(}Xn)dpij =
! L \=n, e Xo=0
PP G v X =en s XoZe0)  hWp(eas) - Next we show M = f(X,) — f(Xo) — SpZa(L"f)(Xx) is a Q-martingale for any
bounded f. Let Zn = Ef(Xni1)|Fn. VA € Fn, [, Zuh(Xn)dP* = [, Zn dQ - fA Xni)dQ = [, f(Xps1)h(Xni1)dP7 =
EF [EP™ (f(Xnt1)2(Xnt1)1a|Z0)] = EF° [LAE™™ (f (Xns1)h(Xns1)| F0)] = [ P( n)dP*0. Thus Z, = 200G only depends
on Xy, i.e. (Xn)n>o is a MC on Q with generator Lh. O

An irreducible Markov chain (X,,),>0 (1) is transient if 3z and A C S s.t. P(74 < 00| Xy = x) < 1; (2) is recurrent if 3
a finite set A C S s.t. P(74 < o0) =1 for all z € S. (3) is positive recurrent if 3 a finite set A C S s.t. E(74) < oo for
allz € S.

Foster-Lyapunov criterion: An irreducible MC on a countable state space S (1) is transient iff Jv: S — Rt and A C S
non-empty s.t. Lo < 0 on A° and v(z) < inf,c4 v(y) for some z € A% (2) is recurrent iff Jv : S — R* s.t. Lo <0 on
A° where A is a finite set and {z : v(z) < N} is finite for every N; (3) is positive recurrent iff v : S — R*, A C S
finite, Je > 0 s.t. Lo < —eon A°and > ¢p(z,y)V (y) < +oo for all z € A.

Proof (1) v(Xnary)n>o0 is a super-martingale, hence v(z) > Ev(Xpar,) > Ev(Xpary)lri<oo. Let n — oo we know v(z) >
Ev(X:,1ry<00) > (infyea v(y))P¥ (14 < 00) = P*(14 < 00) < infyve(% < 1. (2) On {74 = oo}, limsup,, , o V(Xnrr,) = +0
a.s. Since (v(Xnar,))n>o0 IS a nonnegative super-martingale, hence converges a.s., therefore lim, o v(Xnar,) = +00 a.s. Note that
v(z) > Ev(Xnary )lry=oo. Since LHS is a finite number, we have P*(74 = co0) = 0. (3) Ev(Xnnry)|Fn1 < (X (n-1)ars) — €lr >n.
Taking expectation on the both sides, Ev(Xnary) < Ev(Xmo1)ar,) — €Elryon < oo < () —edopPP(1a > k) = E%7a =

e PP(ta > k) < @ < oo.
Conversely, (1) Let v(z) = P?(74 < 00). (2) Let u(z) = P*(r < 74). We have shown that if z € (AU B)° then Lu < 0. When z € B,
(Lu)(z) = 32, csP(@,y)u(y) — 1 < 0. Take By | 0 s.t. By is finite for every N. Via a diagonal argument = 3 subsequence {Nx} s.t.
v(x) 1= 35, PP (TBy, < 7a) < +oo for every z € S. (3) Let v(z) = E"(7a). O
e.g. h(z) = 27A<78) ig harmonic on (A U B)® with h(zo) = 1(zo € (AU B)®). Then Vz,y € (AU B),q(z,y) =

Mple) _ Praceniviny) _ PX )
yp(zy) _ PY(ra<tp)p(z,y v Y,7a<TB) _ _
h(z) o IP’;‘(‘miﬂa) ]PII(TA<¢B) = =P (Xl o y|TA < TB)'

e.g. [P is simple symmetric random walk on Z starting from X, = 0. Question' what is the law of (X,,),>¢ conditioned

on X, > 0 for all n? Let 7, = inf{n > 0,X, = k}. On {ry < 7_}, X h(m = % = % Thus gn(z,y) =
;Zi}alx_m:]-axe{oa”'aN_l}:>Q(x7y):éZiiax>0 |I'—y|_1

3 Ergodic Theorem

Basic setup: a measurable map 7T : (Q,.%) — (Q,.%). Examples: (1) circle rotations: Q = R/Z,T : x — x + «a; (2)
doubling map: Q = R/Z,x — 2x; (3) shift map: Q = SV, (Tw), = wni1.

Let T : (2,.%#) — (,.%) measurable and P be a probability measure on (2,.%#). We say T is measure-preserving if
P(T-*(A)) =P(A) for every A€ .F (or PoT~! =P).

Question: what if we define by P(T'(A)) = P(A) for every A € .Z instead? PoT =P = PoT~! = P while the converse

proposition is false.

(Xn)n>o be iid. ~ p. We can build (©,.#,P) and X,, : @ — R measurable s.t. (X,),>0 i.i.d. ~ p under P: (1)
Q=RY={w:w=(wyws )} (2) Xplw) = wy; B) F = 0(Xo, X1, ,Xn, ); (4) P = p®. Tt is easy to
show that the shift map is measure-preserving: .# is generated by sets of the form A = {wy, € I, -+ ,wky € In},

A ={w: Tw)k, € L, ,(Tw)gy € IN} ={w : w41 € I, ,wiy+1 € In}. Key: the only thing used is that
(Xkyy o s Xiw) fa (Xky+1, -+ s Xgn+1) for every N and every ky,-- -, ky.

A sequence of random variables is stationary if (X, )nes law (Xyik)nes for all k and finite set J.

Let T: (Q,.7,P) — (Q,.%#,P) be measure-preserving and X : Q — R be measurable. Then X, (w) := X(T"w) defines

a stationary sequence.

Proof 1t suffices to show that for every N, every I1,--- ,In C R and every k1 < ko < -+ < kn, we have P(Xy, € I,--+ , Xk € IN) =
P(Xkl-!—l €, ,XkN-‘rl € IN). P({w : Xkl(w) el ,XkN(w) € IN}) = P(Tﬁl{w : Xkl(w) €, ,XkN(w) S IN}) = P({w :
Xkl(Tw) c ]1,--- ,XkN(Tw) S IN}) = ]P’({w : Xk1+1(w) c ]1,--- ,XkN+1(w) c IN}). O
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ERGODIC THEOREM
Let (Q,.%,P,T) be a measure-preserving system. (1) A set A € % is invariant if P(AAT'(A)) = 0. (2) A random
variable X :  — R is invariant if X = X o T P-a.e.

o The collection of invariant sets Z = {A € .# : Ais invariant} is a o-algebra and X : Q — R is invariant iff it is

Z-measurable.
e Wesay T': (Q,.7,P) — (Q,.#,P) measurable-preserving is ergodic if P(A) =0 or 1 for all A € Z.

o Let T: (Q,.Z,P) — (Q,.%,P) be measure preserving and f € LP(p > 1). Then + ZIICV o foTX - E(f|T) as. and in
LP. In particular, E(f|Z) = Ef if T is ergodic.

Proof We first show convergence in L.

Lemma 1 If (Q,.%#,P,T) is a measure-preserving system and X € L'(Q,.%#,P). Then Jo XdP = [, X o TdP. In fact, |[X||L»
1X 0 Tllz0p € [1, +od].

Proof Take X = 14. LHS = P(A) = P(T"(A)) = Jo 1a(Tw)dP. O
Let Up : LP(Q, 7 ,P) — LP(Q, %, P) be defined by (Urf)(w) := f(Tw) (or Upf = foT).

For p = 2, Ur : L* — L? is an isometry in the sense that (f, g) = (Ur f,Urg). LHS = % Zivzolxl{ﬁf, f=E(fIZ)+ (f —E(f|Z)) = LHS
= E(f|T) +% S p o Us(f — E(f|Z)). Since H = Ker(A) @ Im(A*), 3g € H s.t. ||f — E(f|T) — Us — 1d)g|| < e.
SN—— S——

Ker(Up —1d)£Ker (U —1d) LW —1d)g
Lemma 2 Let A:H — H be an isometry. If Af = f, then A*f = f.
Proof (A"f,g) = (f, Ag) = (Af, Ag) = (f,). O

Proposition 1 H = Ker(A™) @ Im(A).

Proof We show that Ker(A*) = (Im(A))*. (i) f € Ker(A*) = A*f =0 = (f, Ag) = (A" f,g) = 0. (ii) f € (Im(A))* = (f, Ag) = 0 for
alge H= (Axf,gy=0forallge H= A"f=0. O
H = L*(w, F,P) = Ker(Uy — 1d) + Im(Ur —Id) = Vf € H#,Ve > 0,3g,h € A s.t. ||h||;2 < e and f = E(f|T) + (Ur —Id)g + h =

N-1

EENUEF =R+ g —g) + o D bR = tmsupy |1k SN U~ BT 2 < e
[l 2 <& lgll 2 =0 Hjl_L02<é

For p#2,let Syf =N foT* and Anf = ~SNf.

(1) If f € L°°, then ||[Anflle < [|flle=,||ANf — E(f|Z)|lz2 — 0 = Anf — E(f|Z) in LP for every p € [1,400) (for p > 2,

IANf = E(|D)IZ0 < IFIIEL11ANf = E(fID)|[72; for 1 < p < 2, [|Anf = E(fID)IZ0 < |[ANF —E(FID)I151111172")-

(2) If f € LP(p > 1), then Ve > 0,3g € L= s.t ||f — gl|ler <,

AN f = E(f[Dller <[|AN(f = 9)llzr +]|Ang — E(9|T)]|2r +|[E(g — fIT)||zr = Ve > 0,limsupy_, o [|Anf = E(f[T)[|r < 2e.

<e —0 as N—+o0 <e

We next show convergence a.s.

Maximum ergodic theorem f € L'(Q,.7,P), S, =325 f o T%, My = max{S1,---,Sa}. Then [, - f(w)P(dw) > 0.

Proof Mp-1(Tw) = max{S1(Tw),- -, Sp-1(Tw)} = max{Sa(w),-- -, Sn(w)} = f(w) = max{0, Mp—1(Tw)} = My (w) = f(w) = f(w) =
My () = max{0, Mn 1 (Tw)}. [iar ooy FAP = [(3 oy MadP — [, o max{0, M1 (Tw)}dP = [, MndP —

Jort oyt sorsoy Mot 0 TdP = [ fdP > [ MydP— [ Mu o TdP = [, o MadP — [/ MndP > 0. O
Corollary 1 P(w : suanI(Anf)(w) >\ < %.

Proof Let Ex = {w ¢ supy<en (Anf)@) > A} = o 1 supcpen(Anl(f = D)) > 0} = {w ¢ supycpcn(Sa(f = N)(@) > 0},
En 1 E = {w:sup,oy(Anf)@) > A [ (f = NP > 0= P(B,) < Lot < 201 - p(p) < B4, 0
Goal: f € L* (for finite measure P, L” C L"), need to show + Z,ICVZ_OI foT* 5 E(f|T) a.s

(1) If f € L? is Z-measurable, then Ay f = f = E(f|Z) a.s.

(2) If f = (Ur — 1d)g for some g € L™, then (Ayf)(w) = £ (9(T"w) — g(w)) < QHQ‘% — 0. Check E((Ur —1d)g|Z) = 0: VA €
L [\(goT — )P = [, 14 g o TdP — [, gdP = [, gdP— [, gdP = 0.

(3) A = {f =E(fo|Z) + Ur —1Id)g : fo € L?,g € L*} is dense in L'. If f € L', then 3f; € A s.t. f; — f in L*. We need to show
P(limsupy_, o [Anf — E(f|IT)] > €) = 0. [Anf = E(f|D)] < [An(f — £i)| + [Anf5 — E(f51D)| +E(S; — fIT)] = P(limsupy o |[Anf —

—0 a.s.
E(f|Z)| > €) < P(imsupy_, o [AN(f — ;)] > §) + P(E(f; — fIT)| > §) < ZW=ly LT g 0

5




BROWNIAN MOTION
o Kingman’s subadditive ergodic theorem: Let (2,.%,P,T) be a measure-preserving space and {g,} € L' subadditive

in the sense that g, 1m < gn + gm o T™ for every n,m. Then (1) lim,, ]E(Z") — infy>y E(g’“) (possibly —o0); (2) %
E(Qk)

convergence a.s. to F' where F' is Z-measurable and EF' = inf;>q

in L.

() U EF > —oo, then the convergence is also

2k as n — 00.

Proof Recall an elementary version. If {an} € R s.t. antm < an + am,¥n,m, then %= — infy>, 3

‘We assume g,, < 0.

(1) Hw) := liminf, Q"T(w). Claim H=HoT. gny1(w) < g1(w) + gn(Tw) = H < H o T. T measure-preserving = H Y HoT.
Then we must have H = H o T P-a.s.

(2) Now need to show for every € > 0, we have limsup,,_,,, 2 < H + € P-a.s. Let n; = Z; k; and nar = n. Then gn(w) < gk, (w) +
Gt (TH10) < g1y (@) + G (TH (@) + Gnobr e (T"0) < -+ = gu(w) < 25 gy, (T90) (hope g, (T™9w) < kg (H @)
Fix k > 0, define Ay = {w : w < Hw)+ eforsomel <1 < k},Br = {w : M > H(w) + eforeveryl < 1 < k}. If
g1 <1l < kA(n-—1)st. M < H(w) + ¢, then let k1 := inf{l : M < H(w) + €}, otherwise let k1 = 1. If 31 < [ <
kA (n—np) st. w < H(w) + ¢, then kyppq := inf{l : w < H(w) + €}, otherwise let kp11 = 1. Let Aw) = {0 <
S M)~ L gty (T0) < R () + ) = 51(0) S Eieng I (T0) £ Tpeni b () + 9 = 90(0) < e +
H(w) ZjeA(w) /€j+1 = limsup,,_, ., g"fzw) < €+ H(w)liminf,— oo 7Zj€“:) AR deA kjiy1>n—k— Z 1Bk (T w) = 723.6/;]%“ >

L— & - 25l (Tw) = limingyee S > 1~ E(1p,|7) = limsup, ., ) < ¢ + H(w )( — E(15,|7)). Let k — oo,

Byl 0= IE(IBk |Z) — 0 a.s., thus RHS — €+ H(w).

(N)
(3) Let gV = max{ A, gn}. Then {gV} is subadditive and we have o — F™ as. and in L' (by uniform boundedness).

(A) ( )

EF® = infys; % and F® = max{F, A}. Then EF = infy>o EF* = infys0 infis =

Qk
k

Eg
= infg>1 infaso = inf>

;
For general subadditive {gn}, define §n = gn — > p_4 91 © T* which is negative and subadditive, and 2= = = 4 L S™0~ 1 g o Tk,

Convergence of the first term has been proved and convergence of the next term is by the standard ergodic theorem. (|

4 Brownian Motion

+ A one-dimensional B.M. (on [0,77]) is a real-valued process (B;)icjo,r] s-t. (1) For every 0 < t; < --- < t, =T, the
r.v’s By, — Bo, By, — B;_1,-++ , By, — By, _, are independent N (0,¢; — t;_1); (2) With probability 1, the sample path

t — B, is continuous.

o A real-valued stochastic process (X;)ies isamap X : I xQ — R s.t. (i) For every w € Q, X (w) is a real-valued function

on I; (ii) For every t € I, X, is a random variable.

o Construction of stochastic processes: . is the smallest o-algebra s.t. X; : Q@ — R is measurable for every ¢ € I. Finite
dimensional distributions (f.d.d.) are laws of (X;,,---,X; ). Natural to take Q = R!. .Z is generated by cylinder
sets {w : w|; € A, J finite, A C RVI}. For every finite index set J = (t,---,t,) € I", need to specify the f.d.d.
Q= Law(Xy,, -+, Xy, ). We are given {Q;}; finite- We say the family of f.d.d. {Q,} finite i consistent if for every

p— / . . . .
J' C J, we have Q;om;}, = Qy where 75 : RY — R is the canonical projection.

o Kolmogorov’s extension theorem: If the family of f.d.d. is consistent, then 31 probability measure P on (R!,.%) s.t.

Por;' = Q, for every J finite.

Proof Let C = {w : w|s € A,J finite, A C RI’I}. Tt suffices to construct P on C and prove uniqueness. (1) If E € C, then
E = {w: w|ly € A} for some I and A C RI’!, and define P(E) = Q(A). Uniqueness follows immediately (if it is well defined).
Suppose 3J" and A’ € RVl st. E = {w:wly € A} = {w:wy € A'}. Let J* = JUJ', then {w : w|y- € Ax RV} = {w:
wlye A} ={w:wly €A} ={w:wl € A xRV} By consistency, Q(A) = Qu-(Ax RTV) = Q - (A x R7\V') = Qi (A).
(2) We first show finite additivity. Let E, E’ C C be disjoint. Then there exist J and A, A’ C RI/! disjoint s.t. E = {w : w|; € A}
and F' = {w : w|y € A'}. P(EUE') = Q;(AUA") = Qs(4) 4+ Qs(A) = P(E) + P(E’). (3) For countable additivity, it suffices
to show that if F, | (), then P(E,) | 0. Need to show that if {F,} is a sequence of decreasing sets in C s.t. P(E,) | § > 0, then
Nn>1Fy is non-empty. We can find J; C --- C J, C --- and sets A, € J, with A,11 C 7T;n1+1”]n (Ap) s.t. En = {w:wls, € An}.
For every m, 3 compact K, C Ay, s.t. Qu, (Kn) > Q, (An) — Q,L%. Let G, = ’/T;’}(Kn). Consider the set Ny_,Gx in Q = R'.
P(NAZ,Gr) > P(OR_1 Ex) — Sony P(Ex\Gr) > 6 — & = & = For every N, 3™ € ni_ Gy, = w™|;,, € K for every m < N = 3
subsequence of {w®™)|;, }x convergent in K and denote the limit by Z; € K1 = 3 further subsequence {w™} s.t. W™, — Z € K
and Za|j, = Z1 = 3 subsequence {w ml)}k>1 s.t. w(m’) —Zn € Ky and Zyly, , = Zn-1 = 3Z € RN s.t. Z\3, = Zn. Let w € R’ be
the sample point s.t. w|y, = Zpn = w € Ng>1Gk. O
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o We say two processes (X;)ier and (Y;)ies (1) have the same f.d.d. if Lawp(X,,, -, X;, ) = Lawp(Yy,, -, Y;, ) for every
ti, -+ ,ty € I; (2) are modifications of each other if for every t € I we have P(X; =Y;) = 1; (3) are indistinguishable if
X(w) =Y (w) for P a.e. w. In the following text we set I = [0, 1].

Kolmogorov’s continuity criterion: Let (X;)¢c[o1] be a process s.t. (E|X; — Xs|p)% < C|t — s|* where ap > 1, C
independent of s and ¢. Then for every 8 < a — %, 3 modification X of X s.t. E(supsﬁ W}p < +00.

t—Xs|1p

Proof Step 1: Choose a conutable dense subset D C [0, 1] and show that E[sup; ;cp s X sl

P < +o0.

Step 2: X|p is S-Holder continuous = can extend to X on [0,1] by X;(w) = and || X||g < || X]|s-
limp oo X4, (w) if tn, —

Step 3: Show that X is a modification of X.

Proof of Step 1: Let D,, = {2%,]' =0,1,---,2"}and D = U, D,. For s,t € Dy, 31 m s.t. T < \t— s| <
be the points in D,, with smallest distance to s and t. Then (1) [sni1 — sa| < 527, [tnt1 — tn] < 5515 (2) [Sm — tm| < 7.

NOte that Xt = XtN = Zf:_ri(xtn«#l - th) + Xtm’XS = XSN = 27]:]:_7‘}1()(371«{»1 - Xsn) + X37n = |Xt - Xsl S |Xtm - Xsrnl +
D onsm (Xt — Xt | + (X, 1, — X, ). Then we have

2m+ 2," . For every n, let s, t,

| X+ - X, < sup | X 41 Xﬁ‘ and | X, ., — X, < sup X 0 — X 5 |

1
nt 0<j<2ntl_1 an+T 2 0<j<2n+l_1 an+1 on+1
=X — X[ 32 E sup [ X1 — X |
~ 0<j<2n—1 2" 2™
‘Xt - Xs‘ np
T S sup Xy —X 5 [< ) 2" sup Xy - X |
|t - S| n>m0§j§2n71 2™ 2™ >0 0<j<2n—1 2™ 27
1
|X 2" —1 P .
t — (=1 _
= sup W < E 2 E E|XJ+1 _ L|P 5 E 2 (o P B)n
— s oM PIg
s,t€D,s#t n>0 j=0 n>0
The remaining details are left for exercise. O

In case of B.M., the condition is satisfied for every p > 1 and o = %

Almost none Brownian path is Holder-£ continuous, i.e. P({w : SUP; ¢e(0,1] W < 4o00}) =0.
Proof sup, ;01 |B\}£S‘ > SUp,, SUPp< j<n_1 \/ﬁ|B% — B%| = P(SUPs,te[o,u ‘Bf/%sl <))< P(suPo<jcn_1 |Z;| <) for every n. Let
n — oo and then RHS — 0. O

For every ¢, almost none Brownian path is Holder-% continuous at ¢, i.e. P({w : Sup|p <1 [Been_Bi| oo}) =

Vinl

Almost every Brownian path is Hélder-3 continuous at some ¢, i.e. P({w: 3t € [0,1] s.t. sup,<; BrenBel o 501) = 1.

Vil

L almost none Brownian path is Holder-a continuous at any ¢, i.e. P({w : 3t € [0,1] s.t. SUP |, <1

o > bR
oo}) = 0.

|Bi4n—Bi¢|
ho <

Let %, = 0(B,0 < s < t) and Wt(s) = Byi+ — Bs. For every s > 0, define .# = Nexo-Fsye. Then (F )0 is

S S

right-continuous in the sense that .# = N F. .
Markov property 1 of B.M.: (Wt(s))tzo is a B.M. inpendent of .%,

Markov property 2 of B.M.: For every s > 0, (W}?):>¢ is a B.M. independent of .

Proof We need to show that E(®(W)14) = E(®(B))P(A) for every bounded measurable function ® : C(RT,R) — R and every

A € Z; . By monotone class theorem, it suffices to prove it for ® = 1z, where E ranges over all cylinder sets. Then it suffices to con-

sisder ® that depends on finitely many values (Wt(ls), e ,Wt(:)) and is bounded and continuous. Suppose ®(g) = ®(g¢;, - , gt ), then

E((I)(Wt<15>7 Tty Wt(j))lA) = E(lirr(l) CI)(Wt(lerE)» t »Wt(i+6))1A) = lirr(l)E(@(Wt(erE)’ t 7Wt(§+6>)114) = ]ir%E((I)(Wt(ls+E>7 Tty Wt(jJrE)))P(A) =
e— e— —

E((b(Btlf o 7Btn))]P>(A)‘ U

Blumenthal’s 0-1 law: If A € %", then P(A) =0 or 1.
Proof If A € Z", then (B:)i>0 LL A. On the other hand, A € o(Bs,t > 0) = A is independent of A. O
Let 7 = inf{t > 0: B, > 0}, then 74 =0 a.s.

Proof {m1 =0} = ﬂn21{supse[07%] B, >0} € %* = P(r1 =0)=0or 1. P(r1 =0) =limeoP(11 <€) > % O
7
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o Let m, =inf{t > 0: B, =0}. Then 7, =0 a.s.
Proof The prior proposition + symmetry 4+ continuity of B.M. O
« Strong Markov property: Let 7 be a stopping time w.r.t. (%;);>0. The process (1T<+00Wt(7))t20 is a B.M. independent
of .#, under the measure P(-|7 < 400).

Proof We only prove the case when P(r < 400) = 1. It suffices to show E(@(Wt(:), - ,Wt(:))lA) = E(®(By,, -, Bt,))P(A) for
every continuous and bounded ® : R* — R and A € Z,. Let m(w) := £ if 7(w) € (£, 4],7 — 7 a.s. Bounded convergence
= E@W, - W) 1) = E(@WS, - W 7)14). Then

E(@(Wt(;), . 7[/Vt(;'))lA) _ kli_g)loE(q)(Wt(;k)’ . ,Wt(:k))lA)

_ () (Tk) ) )
= Jim B Wi, Wi )

ji=>0
. £ £
= Jim B e W i ey
V-

— tim STE@®(Biy,--- B, )PAN{I L <7<y
k—>ooj>0 k) k‘

—E(®(By,, - Bi,))E(4) H

o Maximum principle: Let M; = sup (g 4 Bs. Then P(Mr > a) = 2P(Br > a) for a > 0.
Proof Let 7, = inf{t > 0 : B, = a}. Then {My > a} = 7, <T. {W*},50 is a B.M. independent of .Z,,. P(My > a) = P(Mr
a,BT > a) -i-P(MT > a,BT < a) = ]P)(BT > a) -‘r-IP(MT > a,BT < a),IP’(MT > a,BT < a) = P(Tu < T,BT — BTa < 0) = P(Ta
T,Br — B,, > 0) = P(Br > a).

O IN IV

o Let (X,d) be a complete, separable metric space with Borel o-algebra. Let (P,),>0 and Q be probability measure
on it. We say P, convergences weakly to Q (P, = Q) if for every bounded and continuous f : X — R, we have

[y fAP, — [, fdP.

o P, = Q (weakly on C([0,1],R)) iff (1) P,|J = Q|; for every finite J C [0,1]; (2) {P,}, is relatively compact, i.e.,

every subsequence has a further subsequence that is weakly convergent.

o Let M = M(X) be the set of all probability measure on (X,d, Z(X)). We say I' C M is tight if for every ¢ > 0, 3
compact K. C X s.t. sup,cp p(X\K,) < e

o Prokhorov’s theorem: Let (X, d) be a complete, separable metric space. Then, I' C M (X) is tight if and only if it is

relatively compact.

o Arzela-Ascoli: A set A C C([0,1],R) is relatively compact iff (1) sup ;e 4 [f(0)] < 4005 (2) supse 4 Oscy(6) = 0asd — 0
where Osc(8) = supj, <5 [f(s) — f(t)]-

e Aset I' C M(C[0,1],R) is tight iff (i) limy e sup,ep p({w :
Osc,,(0) > €}) = 0.

w(0)] > A}) = 0; (ii) Ve > 0, lims o sup,ep p({w :

Proof “=": Suppose I' C M is tight. Then Vn > 0, 3 compact K C C([0,1],R) s.t. u(K°) < n for every p € I'. By Arzela-
Ascoli, (a) sup,cx [w(0)] < 400; (b) sup,cx Osc,(0) — 0as § — 0. (a) = {w : |w(0)] > A} C K¢ for sufficient large X. (b)
= Ve > 0,{w : Oscu(d) > €} C K* for sufficient small 6. = sup,cp p({w : [w(0)] > A}) < n,sup,cp u({w : Oscu(d) > €}) <n. “&=™
Suppose I' C C([0, 1], R) satisfies (i) and (ii). For every n > 0, we need find compact K C C([0,1],R) s.t. sup,cp p(K°) < n. By
(i), choose A > 0 s.t. sup,cp pu({w : |w(0)| > A}) < 3 and define Ap = {w : |w(0)] < A}. By (ii), Vk > 1, 30k} 0 as k — o0) s.t.
sup,er #({w : Oscu (k) > h < seer and define Ay = {w : Osce,(0k) < +}. E = Nk>0Ax is a compact subset of C([0,1],R) and
sup er #(ES) < 11, u

o Donsker’s invariance principle: X;,i = 1,2,--- are i.i.d. r.v’s with EX; = 0 and EX? = 1. Define WM (t) =
Stnt) + {nt}(S{ntj+1 = Siney) and P, :=Po (J2)7". Then P, = B.M.
Proof We need to show P, ({w : Oscy,(6) > €}) — 0as d — 0.
Step 1. Pp({w : Oscw(8) > €}) = P(Oscyyn) (8) > ey/n). It suffices to show Ve > 0, limsup,,_, ., P(Oscyy, ) (§) > ey/n) — 0 as § — 0.

Step 2. P(Oscyy (8) > ey/m) = B(sup|,_y <5 [W) () = W ()] > ey/m) = P(supyefo.1_s) Subneio s W (E -+ h) = WD ()] > eym) <
P(supy, SUPpre(0,26] |W(n>(k5 +h)— W(n)(k5)| > #) < (% +1) SUPr<1ia P(SUPke[o,za] |W(n)(k5 +h) - W(n)(k5)|) > #
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Step 3. We need to show Ve > 0, § limsup,,_, SUP;eo,1] P(SUPrepo,s) (W™ (t 4 ) — WM ()] > ey/n) = 0. W (t+h) — WM (t) =
S\_n(t+h)] + {n(t + h)}XLn(t+h)j — SLntJ - {nt}X\_mJ = |W<n>(t + h) — W(n)(t)‘ < |SLn(t+h)j — Sl_ntjl + |XLn(t+h)j| + |X\_'ﬂtl‘ =
P(suppepo,s) W™ (E+h) =W (1) > ey/n) < P(suppeios) [Sinetn) — Sine| > 42) +On(1). P(sUPg<ycps [Sine) 1k — Siney| > 4%) S

E(S | nt|+(ns] —Snt))? o9
€

6277.
Step 4. We need to show  limsup,, . P(supg<i<ns [Sk| > €y/n) = 0. Let 7 = inf{k > 1,[Sk| > ey/n}. P(maxi<p<ns) |
P(maxi<p<|ns) |Sk| > ev/n, [S|ns)| > 6‘/E) + P(maxi<i<|ns| |Sk| > €/, |Sinsj| < “2/5) The first term < P(|S|,s)] >

=%, which means that the maximal inequality is not enough if we only have finite second moment.

Sk| > ey/n) =

NG P
€2n)§e v

(by CLT). The second term = S L") P(|S|ns)| < S| = K)P(r = k) < 2L P(1S|ns) k| > LO)P(r = k) < ko) 2ndl=Rp(r —

k‘) S ‘:—gP(maxlngLnﬂ |Sk;| > E\/>) If 6 < % = P(maXlngLnﬂ |Sk| > E\/ﬁ) S 2P(|S[n5J| > 6\2/5)

(Pef) (@) = E*(£(X.)), (L) (x) = limy o PeLO=LE p o= Py o Py, ProL = LoPy. For BM., pily) =

therefore (Lf)(z) = limyg t(]E””(f(Bt)) — f(x)) = limyo ¢ [ro@)[f(@ —y) — f(2)|dy = limgo ; [ pi(y)
317(@)y? +O(|yl)?) ~ limyyo (7 [ (y)y?dy) - 5 f"(x) = 3" (2) = L = 3.

€2n
g
Ll
7\@6
(=" (=)y +

Feynman-Kac formula: Suppose v : R? — R is bounded and continuous and let u(t, z) = E*[f(B;)e/o *B)9] where B

Ou = %Au + vu
u(0,) = f(-)

is d-dim B.M. Then u satisfies the PDE

Proof lovPts =53 ([, v(B)ds)"

%// v(le)~~~v(Bsn)d81~~-dsn:/~--/ v(Bs,) - v(Bs, )dsy - - - dsn
: [0,1]™ 0<s1 < <sp <t

:// 0(Bi—s,) - v(Bi_s,)ds1 - dsn
0<s1 <" <sp <t

Denote the region A, (t) = {0 < s1 < -+ < sp < t}, then u(t,z) = anof”'fAn(t) E*(f(By)v(Bi—s,) - v(Bi—s,))ds1 - - -dsp :=

oclo = $ Ao

2onso In(t,2). To(t,x) = E*(f(Bt)) = (Puf)(z) =
10(07 ) = f

ne) = [ EG@Bs = [ B BB GBF)s = [ BB POBD)s = [ (PP

0

= 0, = vP.f + %All = %Ah +vlo, 11(0,-) = 0.

Lo(t,z) = / / L EUBB ) v(Be s ))dsr s = / E* (0(Bu_o)E* (f(B)|.Fr_s))ds

t
- / </ .. / (Pi—s,UPs, s, 10 Psy—s;0Ps; f)()dsy - - dsn—l) dsn
0 Ap—1(sn)

= O, = vln_1 + %AIn,In(O, )=o. O
1 t o x 1 2 .
Let & = ¢ [, 1r+(Bs)ds, then P(&, < z) = [, mdy = 2 arcsin(y/z).
s s _ s Law —
Proof & =1 [y la+ (Bs)ds = [y le+ (Br2)ds = [ 1p+ (VE2s:)ds = [) Tg+ (238)ds 2" [ 15+ (Bs)ds = €.
Ou = 202u — olgru
Let u(t,z) = E*(e™7%) = { t(() ) 2 ) #% . Define glz) = 0+°° Mut,z)dt = 19" = A+ olgr)g—1 = ¢'(z) =
u(0,-) =
2A+0o)g(x) —2, >0 Be V2 to)e L = 4>
( Jo() T =g = Ao ~ . g(0) and ¢'(0) well-defined = B = 70;(‘;;;?,0 = —7%‘%5‘.
2Mg(z) — 2, z <0 C’emz—t—i, z <0
g(0) = \/A(1A+ ;= E( )\Jraé.) VA > 0,0 >0 (take A = 1) = E( 1er,;.) ﬁ for every o > 0. Power expansion = 3, - (—1)"E(§")o™ =
O

Sso(=0)" Jo ﬂ\/ﬁ dz

Law of iterated logarithm: lim su ——Bn___ —1as., liminf —Bn___ — _1as.
& Pr—0 7 og los(2) ’ h=0" ahloglog(L)
Proof Since W = tB,,, is again a standard B.M., it is equivalent to prove limsup,_, —Bt___ —1as.
’ oo\/Qfloglogt

Step 1. Let ¥(t) = y/2tloglogt and t, =™ (y > 1). We want to show limsup,,_, . ‘I'<t 5 < 1a.s.

<400, ifa>1

P(giis > a) = P(Z2 > V2ay/Ioglogln) ~ (C + 0a(1)—A=(1)"" = 3, P(ges > a) =
Tt Tt N Y(tn) =400, ifa<l
Btn

:>IP>(\I,(t 5

>1+4+e€i0.)=0.

Borel-Cantelli
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T(r™) Byn

For arbitrary ¢, assume r" < t < r"*'. Then W;) = Jm eem ‘I’\IE’(“;;) B&,zﬁ)". The first term < 1 a.s. Then need to show
lim sup,,_, | o SUPsepn pn+1] B&,?ﬁ,’")" = e a.s. for every € > 0. P(supyeppn pn+1] B\‘I,(ﬁ 5= > €) = P(supseppn pnt1)(Br — Ben) 2 €¥(r")) =
2 2

2P(Byn+1 — Byn > €U (r™)) = 2P( B(;LJ:(_,BT >e \/q'rf; ) ) ~ (log(r"(r —1))) "7 1 ~n~71. Take r close enough to 1 s.t. r%Zl > 1.

Step 2. We want to show limsup,_, | \I,(t) > 1a.s. Take t,, = ™. Need to show for every e > 0, Ir > 1s.t. hmsupnH+C>O \I,PZTZ) >1—e¢
B nt1—Bpn B, n41—Brn Nl e @ 2 loglog(r™(r—1)) 1 —a? n

a.s. P( T (r=D)) ) =P( oy > a\/2 loglog(r™(r — 1))) ~ \/loglog(r”(rfl)) \/@n = P(Bnt1 — Byn >

B.n v B,n U(r™(r—1)) B.nt1—Brn L B.n
U(r*(r—1))io.) = 1. \p(Tnfl) q}(r(;r)l) Ty T flf(rfﬁrl))) By = lmsup, o ‘IJ(Till) > f + 4/ == arbitrary close to 1
for sufficient large r. O

o Lévy’s construction of B.M. (based on Gaussianity): Let {Z;,¢ dyadic} be i.i.d. A(0,1) on a common probability
space (0, ,B). Let Bot) = 120, Ba(3) = H0) + Bo) + 173, Ba(h) = HB0) + B3 + 37, Bl =
2(B1(3) + Bi(1)) + & Zs We will show that for every p > 1 and a < &, {By} is Cauchy on LE (C*[0,1],R).

Proof We define the functions {h%),n > 0,0 < k < 2" even}. h(()) =1 on [0,1], R = 2%(1[% akp1y — Lozin 2k+2]). The
o, Tom S g

collection {h(k)} is an orthogonal basis of L?([0,1],R). Let {Z{" k < 2" — 1,even,n > 0} be iid. N(0,1) and define By(t) =

Zn —0 Zin Lz fo h(k) )dr. {Bn} has the same law as the piecewise linear construction metioned above We will show now for

p > 1l,a < i, {Bn} is Cauchy in LE(C*[0,1],R). In other words, we need to show (E||By — BN_1||pa) decays fast enough as

|<BN(t>fBN<s>>|ft<iz‘vafl<t>fBN71<s>>\. The first term is

dominated by the second term. |(Bw(t) — Bn(s)) — (Bn-1(t) — Bno1(s)| = | 2051 28 [L A8 (r)dr| i= (#). If |t — o] < 5k,

(%) < 2%# — 5| SUpPg<;<an 1 |Z](§)| (at most one integral is nonzero); otherwise, (%) < 27 B SUPg<;<aN _1 |Z,<L )| (at most two integrals

25 |t — s|' " supyjcon—1 [Z9)| SE 27N —2-GmaN g < L

N — +oo where ||[Bn — By-1l|ce = supc(o,1) |Bn(t) — Bn-1(t)] + sup, 401

are nonzero). Thus ||Bn — Byn—1]|ce S { O

27%|t — 8|7 ¥ supg<icon 4 \Z](\If)| <Eo- 20N <27 (77°‘>N otherwise
5 Reading Materials

Stochastic Analysis

What is stochastic analysis?

It6’s goal: describing diffusions as continuous-time Markov process.

(1) Kolmogorov’s way via PDEs.

(2) Ito’s: stochastic calculus and SDEs.

(3) Malliavin: stochastic calculus of variations.

Discrete space-time Markov chains: (X,,),>o Markov chain on countable S. p(z,y) = P(X,+; = y|X,, = ) — can
calculate p(™ (z,y). {p™ (x,-)} is an evolution of probability densities on S.

More probabilistic view: naturally induces ONE probability measure on the path space: SN := {w = (wo, w1, ), wy €
St

Moving to continuous setting: (1) describing Markov process (X;):>0 on R%; (2) want to specify the transition probability
{pe(@, ) hizo st P(X, € AlXo = 2) = [, pi(z,y)dy.

(Wiener, Levy) construct B.M. in R%: p;(z,y) = (27?15)‘%7% — can be realised as ONE probability measure on
C*([0,1],R?) for every a < & (but NOT a = 3).

Assumptions on infinitesimal behavior (of mean and variance): (1) E(X t+h —X1X,) = bD(X)h+o(t); (2) E((Xt(ﬁh
Xt(i))(Xt(ih — X)X, = a9 (X)h + o(h); (3) E(product of > 3 terms|X,) = o(h).

(1) + () + (8) = E(/(Xew) [ X0) = FX) + (LAX) -+ ofh) where £ = 1Y, a90,0, + ¥, b0, and (£f)(x) =
5220, 0 (2)(9:0; ) () + 32,69 (2)(8; f) () = limy, 0 3 (B(f(Xn)| Xo = @) — f(2)).

Pern(®,y) = [ pa(, 2)pi(2,y)dz = E (pi(Xn, ) = 5 [Pern(,y) — pe(,y)] = 3B (0(Xns y) — pe(2, )] = Oipe = Lopy
(backward equation).

pean(z,y) = fpt(a: 2)pn(z,y)dz. VI € L? (pi(z,-),1) := [ pe(z, 2)l(2)dz. (pein(z, = [pi(z,2) [ pu(z,y)l(y)dydz =
P (@, ) = pe(@, ), 1) = [ e, 2) 5 (B (U(Xn)) — U(2))dz = (pe(w, ), L1) = (Lype(w, ), l) = Owpe = Lypy (forward equation).

A key observatlon: (X¢)e>0 has the same law as (Y3)i>0: Yipn = Yy +0(Y2)h + 0(Y2)(Bitn, — By). And dY; = b(Y;)dt +

—— ——

Rdxm  m-dim B.M.

o(Y)dBy, Y, = Yo + [y b(Y,)ds + [; o(Y,)dB,.
Problem: the map B +— Y initially defined on smooth functions B is NOT continuous on C*([0, 1]; R™).
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READING MATERIALS

A classical thm from harmonic analysis: The product (defined on smooth functions) (f,g) — fg extends continuously
as a bilinear map C® x C# — C*"8 if and only if a + 8 > 0.

Recall YV; = Yy + fo (Yy)ds + fo Y;)dB;. (1) The input “B” is usually equipped with a probability measure that
gives good cancellations. (2) The 1ntegrand o(Y;) has a special structure (or relationship with B) in the sense that Y is the
solution to the equation.

It6’s stochastic calculus: (B);>o is standard B.M., (Z;);>0 adapted to the filtration generated by B. Then } _; Z, (B
By,) converges a.s. (With the partition ﬁxed) and define the limit to be [ ZgdB;.

Sj+1

Ito’s lemma: f(B;) — fo s)dB, + & fo 1" (B

Wang-Zakai: p(z) EO‘X’(Rd) pelz ) = edp(2), f(e)( ) (f* pe)(m),Yt(E) =Y+ [0 (Yy)ds + [ 09 (Y,)dBL. Then
Y Y a.s., where Y solves the equation Y; = Y + fo + £ Do (Y,)o(Yy)]ds + fot o(Y,)dBs;.

The notion of Stratonivich: (B;):;>o Brownian motion, (Zt)tzo adapted, Zj %(st+1 — B,,) converges a.s. —
gives a def of fo Z,0dB, = fo Z,dB, + 1[Z, B]; (second-order variation).

f(B) = f(Bo) + fo YyodB, and Y9 — Y, where Y satisifies Y; = Y, + f(f (Yy)ds + fo ) o dBs.

Derivative of Brownian Motion and White Noise

Q) C R? open and bounded. A distribution on 2 is a continuous linear functional T on C°(Q). Any f € L*(Q) is a
distribution. T¢(I) = [, fldw. 6(1) := 1(0). [(D*f)ldw = (=1)* [ f(D*l)dw, thus define D*T is the distribution such that
(DT)(1) == (=1)*T(D*1).

Let £ := B’ and Q = (0 +oo) Thus (1) == — [[° B t)dt. E(&( = [Ji0, 400 E(B(s)B(1))U'(5)¢' (t)dsdt =
S U060 = 1 d)s = U0 EEEe@ ) ds)at >dt N E(é( et >> - 6<s )

Let {ey(z) = €2*™**} be an orthonormal basis of L*(T? = [0,1)%). For k € Z, let gy = X, + 1Y}, Xy, Yy i.i.d. ~ N(0, 3).
Xp=X_4, Y, ==Y . Define € := >, ;4 grey. Claim ¢ is white noise on T?. Recall ¢ is white noise if E(¢, u)(&,v) = (u,v)
for u,v € 7. Take u,v € LA(TY) = y = 3, alkensv = 55, 0(k)ens (€,1) = 55, 9u8(B), (€)= X5, aid (D E((E, u)(E, ) =
> ks Egegn)a(k)o(l) = 32, a(k)o(k) = (u, v).

¢ = ZkeZ’i G5en is Gaussian Free Field (GFF) (on T?) where (k) = /1 + 4x|k|2. Theorem: GFF is NOT function
valued when d > 2 since E|¢(z)]? = E>", Ien(@) 32 % el(z) = Zkl ]E(g’“gl ek(:r:)el( ) = D kezd m = +oo iff £ > 2.
(6,0) = g B58(R), (6,0) = ¥yega $0(0), E((6,u) (¢, 0)) = Ty J—H = (1= 2)"tu,0).

Wick’s theorem: Let (X7, Xa, -+, Xa,) be centered multivariant normal and P denote the set of all pairs in {1,2,--- ,n}.
Then E(X, Xz, , Xzn-1X2n) = Xp Iy ep B(XX).
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