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REVIEW OF MARTINGALES
1 Review of Martingales

• (Xn)n≥0 is L2-bounded martingale ⇒ Xn converges in L2.

• (Xn)n≥0 is L1-bounded martingale ⇒ Xn converges a.s.

• (1) + (2): If (Xn)n≥0 is Lp-bounded martingale for p > 1, then Xn converges in Lp′ for p′ ∈ [1, p).

• Statement is false when p = 1. Example: Ω = [0, 1),Fn = σ{[ i
2n
, i+1

2n
)}2

n−1
i=0 , Xn(ω) :=

 2n ω ∈ [0, 1
2n
)

0 otherwise
.

• Let p > 1 and (Xn)n≥0 be Lp bounded martingale w.r.t. Fn. Then ∃X ∈ Lp(Ω,F∞, P ) s.t. Xn → X in Lp and a.s.
and Xn = E(X|Fn).

• Let (Zn)n≥0 be a nonnegative sub-martingale and Z∗
n = sup0≤k≤n Zk, then P(Z∗

n > λ) ≤ 1
λ
E(Zn1{Z∗

n>λ}) ≤ 1
λ
EZn.

Corollary: P(Z∗
n > λ) ≤ 1

λpE(Zp
n1{Z∗

n>λ}) ≤ 1
λpE(Zp

n).

• Doob’s maximal inequality: Let p > 1, ∃C = Cp s.t. ∀ martingale (Xn)n≥0, we have E|X∗
n|p ≤ CpE|Xn|p where

|X∗
n| = sup0≤k≤n sup |Xk|.

• If (Xn)n≥0 is a martingale with supn E(|Xn| log(1 + |Xn|)) < +∞, then Xn converges in L1.

Proof E|X∗
n| =

∫ +∞
0

P(|X∗
n| > λ)dλ ≤ 1 +

∫ +∞
1

1
λ
(
∫
|X∗

n>λ| |Xn|dP)dλ = 1+
∫
|Xn|1X∗

n>1(
∫ X∗

n
1

1
λ

dλ)dP ⇒ E|X∗
n| ≤ 1 + E(|Xn| log(X∗

n ∨
1)) ⇒ E(X∗

n ∨ 1) ≤ 2 + E(|Xn| log(X∗
n ∨ 1)). Since x log y ≤ 1010(2 + x) log(2 + x) + y

2
when x, y are large enough (insight: if y >> x2

then x log y ≤ y
2
; else x log y ≤ 1010(2 + x) log(2 + x)), EX∗

n ≤ 10100[1 + E(|Xn| + 2) log(|Xn| + 2)]. Then use dominated convergence
theorem. □

• Two probability measures P and Q on (Ω,F ), Q << P on Fn for every n and Mn =
dQ|Fn

dP|Fn
. (Mn)n≥0 is a P-martingale

w.r.t. (Fn)n≥0. Q << P on F∞ if and only if Mn → M in L1. Q(A) =
∫
A
MdP+Q(A ∩ {M = +∞}).

Proof Sufficiency. Q << P on F = F∞, thus let Z = dQ|F
dP|F

, we need to show Mn converges to Z in L1. ∀A ∈ Fn,
∫
A
MndP = Q(A) =∫

A
ZdP ⇒ Mn = E(Z|Fn). Thus Mn is uniformly integrable, thus converges in L1.

Necessity. Suppose Mn → M a.s. and in L1 We need to show Mn = E(M |Fn) and M = dQ
dP . It suffices to show Q(A) =

∫
A
MdP for

all A ∈ ∪nFn. Suppose A ∈ FN . Then Q(A) =
∫
A
MNdP =

∫
A
MN+kdP →

∫
A
MdP. By π − λ theorem we can get the desired result.

Special situation: Suppose P ⊥ Q on F (∃E s.t. P(E) = 1,Q(Ec) = 1) and P << Q on Fn. Then 1
Mn

converges Q-a.s. Let
R = 1

2
(P + Q), P,Q << R on F , dP|Fn

dR|Fn
= 2

1+Mn
→ 2M

1+M
in L1(R), dQ

dR = 2Mn
1+Mn

→ 2
1+M

in L1(R). Then Q(A) = Q(A ∩ Ec) =∫
A∩Ec

2M
1+M

dR =
∫
A

2M
1+M

1EcdR P(Ec)=0
= 2R(A ∩ Ec) = 2

∫
A
1EcdR ⇒ 2M

1+M
1Ec = 2 · 1Ec ⇒ M = +∞ on Ec ⇒ Q(M = +∞) = 1.

Similarly P(M = 0) = Q(M = +∞) = 1.
General situation: Q = Q1+Q2,Q1 << P,Q2 ⊥ P on F . Therefore we can decompose Mn as Mn = Yn+Zn where Yn → Y in L1(P) and
Zn → 0 P-a.s. Q1(A) =

∫
A
Y dP =

∫
A
MdP. Q2(A) = Q2(A∩{Z = +∞}). Since Z = 0 P-a.s., M < +∞ P-a.s. and Q2(M = +∞) = 1,

we have Q2(A) = Q(A∩{Z = +∞}) = Q2(A∩{M = +∞}) = Q(A∩{M = +∞}). To sum up, Q(A) =
∫
A
MdP+Q(A∩{M = +∞}).□

• Statement is false if Mn 6→ M in L1. Example: Ω = {ω = (ω1, · · · , ωn, · · · ) ∈ {±1}N}, Xn(ω) = ωn. Xn’s are i.i.d.
under P and Q, but P(Xn = 1) = 1

2
,P(Xn = −1) = 1

2
,Q(Xn = 1) = 1

3
,Q(Xn = −1) = 2

3
. Fn = σ(X1, · · · , Xn).

P(limn→∞
1
n

∑n
k=1 Xk = 0) = 1,Q(limn→∞

1
n

∑n
k=1 Xk = − 1

3
) = 1.

• Monotone class theorem for functions: Suppose A us a π-system and H be a class of functions from Ω to R s.t. (1)
1A ∈ H for every A ∈ A , (2) if f, g ∈ H then af + bg ∈ H, (3) if fn ∈ H and fn ↑ f then f ∈ H. Then all nonnegative
σ(A)-measurable functions are in H.

• Let (Yn)n≥0 be i.i.d., nonnegative r.v.’s with EYk = 1. Then Mn =
∏n

k=1 Yk converges in L1 iff Yn ≡ 1. Otherwise
Mn → 0 a.s.

Proof Note that 1
n

logMn = 1
n

∑n
k=1 logYk → E logY a.s. If E logY = 0 then by Jensen’s inequality we have Yn ≡ 1 which means Mn

converges in L1. If E logY < 0 then Mn → 0 a.s. □

• Kakutani’s theorem: Mn =
∏n

k=1 Yk, Yk ≥ 0 are independent, EYk = 1, λk = E
√
Yk. (1) If

∏
k λk > 0, then Mn → M

in L1; (2) If
∏

k λk = 0, then Mn → 0 a.s.
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MARKOV CHAINS
Proof Let Zn =

∏n
k=1

√
Yk

λk
. Then Zn is a martingale and has an a.s. limit Z, and Mn = (

∏n
k=1 λk)

2Z2
n. If

∏
k λk > 0, then Zn is L2

bounded and then convergence in L2, which implies Mn → M in L1. If
∏

k λk = 0, it is obvious that Mn → 0 a.s. □

• Martingale SLLN: Let (Mn)n≥0 be a martingale s.t.
∑+∞

k=1
E(Mk−Mk−1)

2

k2 < +∞. Then Mn

n
→ 0 a.s.

Proof Let Yn =
∑n

k=1
Xk
k

. Then (Yn)n≥0 is an L2 bounded martingale, thus Yn → Y a.s. Then use Kronecker’s lemma. □

• Martingale CLT: Let (Mn)n≥0 be a martingale with M0 = 0, σ2
n =

∑n
k=1 EX2

k = E〈M〉n. Assume 1
σ2
n

max1≤k≤n(EX2
k) →

0, 1
σ2
n

∑n
k=1 E(X2

k1{|Xk|>ϵσn}|Fk−1)
p→ 0 for all ϵ > 0, 1

σ2
n
〈M〉n

p→ 1. Then Mn

σn
⇒ N (0, 1).

2 Markov Chains

• Let (Xn)n≥0 be a homogeneous Markov chain on a discrete space S. Px : law of (Xn)n≥0 conditioned on X0 = x.
P(Xn+1 ∈ A|Fn) = PXn(X1 ∈ A) = P(X1 ∈ A|X0 = Xn). Ex : expectation under Px. Px(X1 = y) = p(x, y).

• For every f : S → R bounded, define (Pf)(x) =
∑

y∈S p(x, y)f(y) = Ex(f(X1)), (Lf)(x) =
∑

y∈S p(x, y)f(y) − f(x).
L = P − id, the generator.

• Let (Xn)n≥0 be a homogeneous Markov chain with generator L. Then for every bounded f : S → R, Mn = f(Xn) −
f(X0)−

∑n−1
k=0(Lf)(Xk) is a martingale. Conversely, let (Xn)n≥0 be a process and L be an operator on B(S) s.t. Mf

n

is a martingale for every f , then (Xn)n≥0 is a Markov chain with generator L.

• Given operator L on B(S), we say f : S → R is (1) harmonic for L if Lf = 0; (2) sub-harmonic for L if Lf ≥ 0; (3)
super-harmonic for L if Lf ≤ 0.

• Let f be the generator of a Markov chain (Xn)n≥0. Then f is (sub-/super-)harmonic ⇔ f(Xn)n≥0 is a (sub-/super-)
martingale.

• f is (sub-/super-)harmonic on D ⊂ S if Lf ≥ / ≤ / = 0 on D. Let τ = inf{k ≥ 0 : Xk ∈ Dc}, then (f(Xn∧τ ))n≥0 is a
(sub-/super)martingale.

• Maximum principle: Let (Xn)n≥0 be a Markov chain and D ⊂ S s.t. the stopping time τ = inf{k ≥ 0, Xk ∈ Dc} is a.s.
finite. If f is bounded and sub-harmonic on D, then supx∈D f(x) ≤ supx∈Dc f(x).

Proof f is sub-harmonic implies (f(Xn∧τ )) is a sub-martingale, hence for x ∈ D we have f(x) ≤ Ex(f(Xn∧τ )) → Ex(f(Xτ )) ≤
supx∈Dc f(x). □

• A ⊂ S, τA = sup{k ≥ 0 : Xk ∈ A}. (1) u(x) = Px(τA < +∞) ⇒

Lu = 0 on Ac

u = 1 on A
. (2) u(x) = P(τA < τB) ⇒

Lu = 0 on (A ∪B)c

u = 1 on A

u = 0 on B.

. (3) u(x) = Ex[τA] ⇒

Lu = −1 on Ac

u = 0 on A
.

• Any nonnegative solution v to

Lv = 0 on Ac

v = 1 on A
satisfies v ≥ u. Furthermore, if u ≡ 1, then ∃1 bounded solution toLv = 0 on Ac

v = f on A
with v(x) = Ex(f(XτA)).

Proof Let v(x) be a nonnegative solution. v(Xn∧τA) is martingale ⇒ v(x) = Exv(Xn∧τA) = Exv(Xn∧τA)1τA<∞+Exv(Xn∧τA)1τA=∞ ≥
Ev(Xn∧τA)1τA<∞. Let n → ∞ and by Fatou’s lemma, we have v(x) ≥ Exv(XτA)1τA<∞ = Px(τA < ∞) = u(x). If u(x) ≡ 1 and v(x)

is bounded, then by bounded convergence theorem, v(x) = Exv(Xn∧τA) → Exv(XτA) = Exf(XτA). □

• Doob’s h-transform: Let h be nonnegative, harmonic with h(x0) = 1 for some x0 ∈ S. Then (h(Xn))n≥0 is a martingale
with EPx0

(h(Xn)) = 1. Then ∃1 measure Qh on F∞ s.t. dQh

dPx0 |Fn
= h(Xn), ∀n ≥ 0. Qh(X0 = x0) = 1, (Xn)n≥0 never

visits the set D = {x : h(x) = 0}. Under Qh, (Xn)n≥0 is again a Markov chain on S\D with transition probability
q(x, y) = p(x,y)h(y)

h(x)
(or equivalently, (Lhf)(x) = 1

h(x)
(L(hf))(x)).
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ERGODIC THEOREM
Proof The first two props are trivial. Q(Xn+1 = y|Fn) =

Q(Xn+1=y,Xn=xn,··· ,X0=x0)

Q(Xn=xn,··· ,X0=x0)
=

∫
{Xn+1=y,Xn=xn,··· ,X0=x0} h(Xn+1)dPx0∫

{Xn=xn,··· ,X0=x0} h(Xn)dPx0
=

h(y)Px0 (Xn+1=y,Xn=xn,··· ,X0=x0)

h(xn)Px0 (Xn=xn,··· ,X0=x0)
= h(y)p(xn,y)

h(xn)
. Next we show Mf

n := f(Xn) − f(X0) −
∑n−1

k=0 (L
hf)(Xk) is a Q-martingale for any

bounded f . Let Zn = EQf(Xn+1)|Fn. ∀A ∈ Fn,
∫
A
Znh(Xn)dPx0 =

∫
A
ZndQ =

∫
A
f(Xn+1)dQ =

∫
A
f(Xn+1)h(Xn+1)dPx0 =

EPx0
[EPx0

(f(Xn+1)h(Xn+1)1A|Fn)] = EPx0
[1AEPx0

(f(Xn+1)h(Xn+1)|Fn)] =
∫
A
P(hf)(Xn)dPx0 . Thus Zn = P(hf)(Xn)

h(Xn)
only depends

on Xn, i.e. (Xn)n≥0 is a MC on Q with generator Lh. □

• An irreducible Markov chain (Xn)n≥0 (1) is transient if ∃x and A ⊂ S s.t. P(τA < ∞|X0 = x) < 1; (2) is recurrent if ∃
a finite set A ⊂ S s.t. P(τA < ∞) = 1 for all x ∈ S. (3) is positive recurrent if ∃ a finite set A ⊂ S s.t. E(τA) < ∞ for
all x ∈ S.

• Foster-Lyapunov criterion: An irreducible MC on a countable state space S (1) is transient iff ∃v : S → R+ and A ⊂ S

non-empty s.t. Lv ≤ 0 on Ac and v(x) < infy∈A v(y) for some x ∈ Ac; (2) is recurrent iff ∃v : S → R+ s.t. Lv ≤ 0 on
Ac where A is a finite set and {x : v(x) ≤ N} is finite for every N ; (3) is positive recurrent iff ∃v : S → R+, A ⊂ S

finite, ∃ϵ > 0 s.t. Lv ≤ −ϵ on Ac and
∑

y∈S p(x, y)V (y) < +∞ for all x ∈ A.

Proof (1) v(Xn∧τA)n≥0 is a super-martingale, hence v(x) ≥ Ev(Xn∧τA) ≥ Ev(Xn∧τA)1τA<∞. Let n → ∞ we know v(x) ≥
Ev(XτA1τA<∞) ≥ (infy∈A v(y))Px(τA < ∞) ⇒ Px(τA < ∞) < v(x)

infy∈A v(y)
< 1. (2) On {τA = ∞}, lim supn→∞ v(Xn∧τA) = +∞

a.s. Since (v(Xn∧τA))n≥0 is a nonnegative super-martingale, hence converges a.s., therefore limn→∞ v(Xn∧τA) = +∞ a.s. Note that
v(x) ≥ Ev(Xn∧τA)1τA=∞. Since LHS is a finite number, we have Px(τA = ∞) = 0. (3) Ev(Xn∧τA)|Fn−1 ≤ v(X(n−1)∧τA) − ϵ1τA≥n.
Taking expectation on the both sides, Ev(Xn∧τA) ≤ Ev(X(n−1)∧τA) − ϵEx1τA≥n ≤ · · · ≤ v(x) − ϵ

∑n
k=1 P

x(τA ≥ k) ⇒ ExτA =∑∞
k=1 P

x(τA ≥ k) ≤ v(x)
ϵ

< ∞.

Conversely, (1) Let v(x) = Px(τA < ∞). (2) Let u(x) = Px(τB < τA). We have shown that if x ∈ (A ∪B)c then Lu ≤ 0. When x ∈ B,
(Lu)(x) =

∑
y∈S p(x, y)u(y)− 1 ≤ 0. Take BN ↓ ∅ s.t. Bc

N is finite for every N . Via a diagonal argument ⇒ ∃ subsequence {Nk} s.t.
v(x) :=

∑
k≥1 P

x(τBNk
< τA) < +∞ for every x ∈ S. (3) Let v(x) = Ex(τA). □

• e.g. h(x) = Px(τA<τB)
Px0 (τA<τB)

is harmonic on (A ∪ B)c with h(x0) = 1(x0 ∈ (A ∪ B)c). Then ∀x, y ∈ (A ∪ B)c, q(x, y) =
h(y)p(x,y)

h(x)
= Py(τA<τB)p(x,y)

Px(τA<τB)
= Px(X1=y,τA<τB)

Px(τA<τB)
= Px(X1 = y|τA < τB).

• e.g. P is simple symmetric random walk on Z starting from X0 = 0. Question: what is the law of (Xn)n≥0 conditioned
on Xn ≥ 0 for all n? Let τk = inf{n ≥ 0, Xn = k}. On {τN < τ−1}, h(y)

h(x)
= Py(τN<τ−1)

Px(τN<τ−1)
= y+1

x+1
. Thus qN (x, y) =

1
2
y+1
x+1

, |x− y| = 1, x ∈ {0, · · · , N − 1} ⇒ q(x, y) = 1
2
y+1
x+1

, x ≥ 0, |x− y| = 1.

3 Ergodic Theorem

• Basic setup: a measurable map T : (Ω,F ) → (Ω,F ). Examples: (1) circle rotations: Ω = R/Z, T : x 7→ x + α; (2)
doubling map: Ω = R/Z, x 7→ 2x; (3) shift map: Ω = SN, (Tω)n = ωn+1.

• Let T : (Ω,F ) → (Ω,F ) measurable and P be a probability measure on (Ω,F ). We say T is measure-preserving if
P(T−1(A)) = P(A) for every A ∈ F (or P ◦ T−1 = P).

• Question: what if we define by P(T (A)) = P(A) for every A ∈ F instead? P ◦T = P ⇒ P ◦T−1 = P while the converse
proposition is false.

• (Xn)n≥0 be i.i.d. ∼ µ. We can build (Ω,F ,P) and Xn : Ω → R measurable s.t. (Xn)n≥0 i.i.d. ∼ µ under P: (1)
Ω = RN = {ω : ω = (ω0, ω1, · · · )}; (2) Xn(ω) = ωn; (3) F = σ(X0, X1, · · · , Xn, · · · ); (4) P = µ⊗N. It is easy to
show that the shift map is measure-preserving: F is generated by sets of the form A = {ωk1

∈ I1, · · · , ωkN
∈ IN},

T−1(A) = {ω : (Tω)k1
∈ I1, · · · , (Tω)kN

∈ IN} = {ω : ωk1+1 ∈ I1, · · · , ωkN+1 ∈ IN}. Key: the only thing used is that
(Xk1

, · · · , XkN
)

law
= (Xk1+1, · · · , XkN+1) for every N and every k1, · · · , kN .

• A sequence of random variables is stationary if (Xn)n∈J
law
= (Xn+k)n∈J for all k and finite set J .

• Let T : (Ω,F ,P) → (Ω,F ,P) be measure-preserving and X : Ω → R be measurable. Then Xn(ω) := X(Tnω) defines
a stationary sequence.

Proof It suffices to show that for every N , every I1, · · · , IN ⊂ R and every k1 < k2 < · · · < kN , we have P(Xk1 ∈ I1, · · · , XkN ∈ IN ) =

P(Xk1+1 ∈ I1, · · · , XkN+1 ∈ IN ). P({ω : Xk1(ω) ∈ I1, · · · , XkN (ω) ∈ IN}) = P(T−1{ω : Xk1(ω) ∈ I1, · · · , XkN (ω) ∈ IN}) = P({ω :

Xk1(Tω) ∈ I1, · · · , XkN (Tω) ∈ IN}) = P({ω : Xk1+1(ω) ∈ I1, · · · , XkN+1(ω) ∈ IN}). □
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ERGODIC THEOREM
• Let (Ω,F ,P, T ) be a measure-preserving system. (1) A set A ∈ F is invariant if P(A4T−1(A)) = 0. (2) A random

variable X : Ω → R is invariant if X = X ◦ T P-a.e.

• The collection of invariant sets I = {A ∈ F : A is invariant} is a σ-algebra and X : Ω → R is invariant iff it is
I-measurable.

• We say T : (Ω,F ,P) → (Ω,F ,P) measurable-preserving is ergodic if P(A) = 0 or 1 for all A ∈ I.

• Let T : (Ω,F ,P) → (Ω,F ,P) be measure preserving and f ∈ Lp(p ≥ 1). Then 1
N

∑N−1
k=0 f ◦ TK → E(f |I) a.s. and in

Lp. In particular, E(f |I) = Ef if T is ergodic.

Proof We first show convergence in Lp.

Lemma 1 If (Ω,F ,P, T ) is a measure-preserving system and X ∈ L1(Ω,F ,P). Then
∫
Ω
XdP =

∫
Ω
X ◦ TdP. In fact, ||X||Lp =

||X ◦ T ||Lp , p ∈ [1,+∞].

Proof Take X = 1A. LHS = P(A) = P(T−1(A)) =
∫
Ω
1A(Tω)dP. □

Let UT : Lp(Ω,F ,P) → Lp(Ω,F ,P) be defined by (UT f)(ω) := f(Tω) (or UT f = f ◦ T ).

For p = 2, UT : L2 → L2 is an isometry in the sense that ⟨f, g⟩ = ⟨UT f,UT g⟩. LHS = 1
N

∑N
k=0 U

k
T f , f = E(f |I) + (f −E(f |I)) ⇒ LHS

= E(f |I)︸ ︷︷ ︸
Ker(UT−Id) ?

=Ker(U∗
T
−Id)

+ 1
N

∑N
k=0 U

k
T (f − E(f |I)). Since H = Ker(A)⊕ Im(A∗), ∃g ∈ H s.t. ||f − E(f |I)− (U∗

T − Id)g︸ ︷︷ ︸
?
=(UT−Id)g

|| < ϵ.

Lemma 2 Let A : H → H be an isometry. If Af = f , then A∗f = f .

Proof ⟨A∗f, g⟩ = ⟨f,Ag⟩ = ⟨Af,Ag⟩ = ⟨f, g⟩. □

Proposition 1 H = Ker(A∗)⊕ Im(A).

Proof We show that Ker(A∗) = (Im(A))⊥. (i) f ∈ Ker(A∗) ⇒ A∗f = 0 ⇒ ⟨f,Ag⟩ = ⟨A∗f, g⟩ = 0. (ii) f ∈ (Im(A))⊥ ⇒ ⟨f,Ag⟩ = 0 for
all g ∈ H ⇒ ⟨A ∗ f, g⟩ = 0 for all g ∈ H ⇒ A∗f = 0. □

H = L2(ω,F ,P) = Ker(U∗
T − Id) + Im(UT − Id) ⇒ ∀f ∈ H , ∀ϵ > 0, ∃g, h ∈ H s.t. ||h||L2 < ϵ and f = E(f |I) + (UT − Id)g + h ⇒

1
N

∑N−1
k=0 Uk

T f = E(f |I) + 1

N
(UN

T g − g)︸ ︷︷ ︸
||·||

L2≤ 2
N

||g||
L2→0

+
1

N

N−1∑
k=0

Uk
Th︸ ︷︷ ︸

||·||
L2<ϵ

⇒ lim supN→∞ || 1
N

∑N−1
k=0 UT f − E(f |I)||L2 < ϵ.

For p ̸= 2, let SNf =
∑N−1

k=0 f ◦ T k and ANf = 1
N
SNf .

(1) If f ∈ L∞, then ||ANf ||L∞ ≤ ||f ||L∞ , ||ANf − E(f |I)||L2 → 0 ⇒ ANf → E(f |I) in Lp for every p ∈ [1,+∞) (for p ≥ 2,
||ANf − E(f |I)||pLp ≤ ||f ||p−2

L∞ ||ANf − E(f |I)||2L2 ; for 1 ≤ p < 2, ||ANf − E(f |I)||pLp ≤ ||ANf − E(f |I)||p
L2 ||1||2−p

L2 ).

(2) If f ∈ Lp(p ≥ 1), then ∀ϵ > 0, ∃g ∈ L∞ s.t ||f − g||Lp < ϵ,

||ANf − E(f |I)||Lp ≤ ||AN (f − g)||Lp︸ ︷︷ ︸
<ϵ

+ ||ANg − E(g|I)||Lp︸ ︷︷ ︸
→0 as N→+∞

+ ||E(g − f |I)||Lp︸ ︷︷ ︸
<ϵ

⇒ ∀ϵ > 0, lim supN→∞ ||ANf − E(f |I)||Lp < 2ϵ.

We next show convergence a.s.

Maximum ergodic theorem f ∈ L1(Ω,F ,P), Sn =
∑n−1

k=0 f ◦ T k,Mn = max{S1, · · · , Sn}. Then
∫
{Mn≥0} f(ω)P(dω) ≥ 0.

Proof Mn−1(Tω) = max{S1(Tω), · · · , Sn−1(Tω)} = max{S2(ω), · · · , Sn(ω)}−f(ω) ⇒ max{0,Mn−1(Tω)} = Mn(ω)−f(ω) ⇒ f(ω) =

Mn(ω)− max{0,Mn−1(Tω)}.
∫
{Mn>0} fdP =

∫
{Mn>0} MndP−

∫
{Mn>0} max{0,Mn−1(Tω)}dP =

∫
{Mn>0} MndP −∫

{Mn>0}∩{Mn−1◦T>0} Mn−1 ◦ TdP ⇒
∫
{Mn>0} fdP ≥

∫
{Mn≥0} MndP−

∫
{··· } Mn ◦ TdP =

∫
{Mn≥0} MndP−

∫
T{··· } MndP ≥ 0. □

Corollary 1 P(ω : supn≥1(Anf)(ω) > λ) ≤ E|f |
λ

.

Proof Let EN = {ω : sup1≤n≤N (Anf)(ω) > λ} = {ω : sup1≤n≤N (An(f − λ))(ω) > 0} = {ω : sup1≤n≤N (Sn(f − λ))(ω) > 0}.
EN ↑ E = {ω : supn≥1(Anf)(ω) > λ}.

∫
En

(f − λ)dP ≥ 0 ⇒ P(En) ≤
∫
En

fdP
λ

≤ E|f |
λ

⇒ P(E) ≤ E|f |
λ

. □

Goal: f ∈ L1 (for finite measure P, Lp ⊂ L1), need to show 1
N

∑N−1
k=0 f ◦ T k → E(f |I) a.s.

(1) If f ∈ L2 is I-measurable, then ANf = f = E(f |I) a.s.

(2) If f = (UT − Id)g for some g ∈ L∞, then (ANf)(ω) = 1
N
(g(TNω) − g(ω)) ≤ 2||g||L∞

N
→ 0. Check E((UT − Id)g|I) = 0 : ∀A ∈

I,
∫
A
(g ◦ T − g)dP =

∫
T−1(A)

g ◦ TdP−
∫
A
gdP =

∫
A
gdP−

∫
A
gdP = 0.

(3) Λ = {f = E(f0|I) + (UT − Id)g : f0 ∈ L2, g ∈ L∞} is dense in L1. If f ∈ L1, then ∃fj ∈ Λ s.t. fj → f in L1. We need to show
P(lim supN→∞ |ANf − E(f |I)| > ϵ) = 0. |ANf − E(f |I)| ≤ |AN (f − fj)|+ |ANfj − E(fj |I)|︸ ︷︷ ︸

→0 a.s.

+|E(fj − f |I)| ⇒ P(lim supN→∞ |ANf −

E(f |I)| > ϵ) ≤ P(lim supN→+∞ |AN (f − fj)| > ϵ
2
) + P(|E(fj − f |I)| > ϵ

2
) ≤ 2E|fj−f |

ϵ
+

2E|fj−f |
ϵ

→ 0. □
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BROWNIAN MOTION
• Kingman’s subadditive ergodic theorem: Let (Ω,F ,P, T ) be a measure-preserving space and {gn} ∈ L1 subadditive

in the sense that gn+m ≤ gn + gm ◦ Tn for every n,m. Then (1) limn→∞
E(gn)

n
→ infk≥1

E(gk)
k

(possibly −∞); (2) gn
n

convergence a.s. to F where F is I-measurable and EF = infk≥1
E(gk)

k
; (3) If EF > −∞, then the convergence is also

in L1.

Proof Recall an elementary version. If {an} ∈ R s.t. an+m ≤ an + am, ∀n,m, then an
n

→ infk≥1
ak
k

as n → ∞.

We assume gn ≤ 0.

(1) H(ω) := lim infn→∞
gn(ω)

n
. Claim H = H ◦ T . gn+1(ω) ≤ g1(ω) + gn(Tω) ⇒ H ≤ H ◦ T . T measure-preserving ⇒ H

law
= H ◦ T .

Then we must have H = H ◦ T P-a.s.

(2) Now need to show for every ϵ > 0, we have lim supn→∞
gn
n

< H + ϵ P-a.s. Let ni =
∑i

j=1 kj and nM = n. Then gn(ω) ≤ gk1(ω) +

gn−k1(T
k1ω) ≤ gk1(ω) + gk2(T

k1(ω)) + gn−k1−k2(T
n2ω) ≤ · · · ⇒ gn(ω) ≤

∑M−1
j=0 gkj+1(T

njω) (hope gkj+1(T
njω) ≤ kj+1(H(ω) + ϵ)).

Fix k > 0, define Ak = {ω : gl(ω)
l

< H(ω) + ϵ for some 1 ≤ l ≤ k}, Bk = {ω : gl(ω)
l

≥ H(ω) + ϵ for every 1 ≤ l ≤ k}. If
∃1 ≤ l ≤ k ∧ (n − 1) s.t. gl(ω)

l
< H(ω) + ϵ, then let k1 := inf{l : gl(ω)

l
< H(ω) + ϵ}, otherwise let k1 = 1. If ∃1 ≤ l ≤

k ∧ (n − np) s.t. gl(T
npω)
l

< H(ω) + ϵ, then kp+1 := inf{l : gl(T
npω)
l

< H(ω) + ϵ}, otherwise let kp+1 = 1. Let Λ(ω) = {0 ≤
j ≤ M(ω) − 1 : gkj+1(T

njω) < kj+1(ω)(H(ω) + ϵ)} ⇒ gn(ω) ≤
∑

j∈Λ(ω) gkm(Tnj (ω)) ≤
∑

j∈Λ(ω) kj+1(H(ω) + ϵ) ⇒ gn(ω) < nϵ +

H(ω)
∑

j∈Λ(ω) kj+1 ⇒ lim supn→∞
gn(ω)

n
< ϵ+H(ω) lim infn→∞

∑
j∈Λ(ω) kj+1

n
.
∑

j∈Λ kj+1 ≥ n− k −
∑M−1

j=0 1Bk(T
njω) ⇒

∑
j∈Λ kj+1

n
≥

1 − k
n
− 1

n

∑n−1
j=0 1Bk (T

jω) ⇒ lim infn→∞

∑
j∈Λ kj+1

n
≥ 1 − E(1Bk |I) ⇒ lim supn→∞

gn(ω)
n

< ϵ + H(ω)(1 − E(1Bk |I)). Let k → ∞,
Bk ↓ ∅ ⇒ E(1Bk |I) → 0 a.s., thus RHS → ϵ+H(ω).

(3) Let g
(λ)
n = max{−λn, gn}. Then {g(λ)n } is subadditive and we have g

(λ)
n
n

→ F (λ) a.s. and in L1 (by uniform boundedness).

EF (λ) = infk≥1
Egλk
k

and F (λ) = max{F,−λ}. Then EF = infλ>0 EFλ = infλ>0 infk≥1
Eg(λ)

k
k

= infk≥1 infλ>0
Eg(λ)

k
k

= infk≥1
Egk
k

.

For general subadditive {gn}, define g̃n = gn −
∑n−1

k=0 g1 ◦ T k which is negative and subadditive, and gn
n

= g̃n
n

+ 1
n

∑n−1
k=0 g1 ◦ T k.

Convergence of the first term has been proved and convergence of the next term is by the standard ergodic theorem. □

4 Brownian Motion

• A one-dimensional B.M. (on [0, T ]) is a real-valued process (Bt)t∈[0,T ] s.t. (1) For every 0 < t1 < · · · < tn = T , the
r.v.’s Bt1 − B0, Bt2 − Bt−1, · · · , Btn − Btn−1

are independent N (0, ti − ti−1); (2) With probability 1, the sample path
t 7→ Bt is continuous.

• A real-valued stochastic process (Xt)t∈I is a map X : I×Ω → R s.t. (i) For every ω ∈ Ω, X(ω) is a real-valued function
on I; (ii) For every t ∈ I, Xt is a random variable.

• Construction of stochastic processes: F is the smallest σ-algebra s.t. Xt : Ω → R is measurable for every t ∈ I. Finite
dimensional distributions (f.d.d.) are laws of (Xt1 , · · · , Xtn). Natural to take Ω = RI . F is generated by cylinder
sets {ω : ω|J ∈ A, J finite, A ⊂ R|J|}. For every finite index set J = (t1, · · · , tn) ∈ In, need to specify the f.d.d.
QJ := Law(Xt1 , · · · , Xtn). We are given {QJ}J finite. We say the family of f.d.d. {QJ}J finite is consistent if for every
J ′ ⊂ J , we have QJ ◦ π−1

J,J′ = QJ ′ where πJ,J′ : RJ → RJ ′ is the canonical projection.

• Kolmogorov’s extension theorem: If the family of f.d.d. is consistent, then ∃1 probability measure P on (RI ,F ) s.t.
P ◦ π−1

J = QJ for every J finite.

Proof Let C = {ω : ω|J ∈ A, J finite, A ⊂ R|J|}. It suffices to construct P on C and prove uniqueness. (1) If E ∈ C, then
E = {ω : ω|J ∈ A} for some I and A ⊂ R|J|, and define P(E) = QJ(A). Uniqueness follows immediately (if it is well defined).
Suppose ∃J ′ and A′ ⊂ R|J′| s.t. E = {ω : ω|J ∈ A} = {ω : ωJ′ ∈ A′}. Let J∗ = J ∪ J ′, then {ω : ω|J∗ ∈ A × RJ∗\J} = {ω :

ω|J ∈ A} = {ω : ω|J′ ∈ A′} = {ω : ω|J∗ ∈ A′ × RJ∗\J′
}. By consistency, QJ(A) = QJ∗(A × RJ∗\J) = QJ∗(A′ × RJ∗\J′

) = QJ′(A′).
(2) We first show finite additivity. Let E,E′ ⊂ C be disjoint. Then there exist J and A,A′ ⊂ R|J| disjoint s.t. E = {ω : ω|J ∈ A}
and E′ = {ω : ω|J ∈ A′}. P(E ∪ E′) = QJ(A ∪ A′) = QJ(A) + QJ(A

′) = P(E) + P(E′). (3) For countable additivity, it suffices
to show that if En ↓ ∅, then P(En) ↓ 0. Need to show that if {En} is a sequence of decreasing sets in C s.t. P(En) ↓ δ > 0, then
∩n≥1En is non-empty. We can find J1 ⊂ · · · ⊂ Jn ⊂ · · · and sets An ∈ Jn with An+1 ⊂ π−1

Jn+1,Jn
(An) s.t. En = {ω : ω|Jn ∈ An}.

For every n, ∃ compact Kn ⊂ An s.t. QJn(Kn) > QJn(An) − δ
2n+1 . Let Gn = π−1

Jn
(Kn). Consider the set ∩N

k=1Gk in Ω = RI .
P(∩N

k=1Gk) ≥ P(∩N
k=1Ek) −

∑N
k=1 P(Ek\Gk) > δ − δ

2
= δ

2
⇒ For every N , ∃ω(N) ∈ ∩N

k=1Gk ⇒ ω(N)|Jm ∈ Km for every m ≤ N ⇒ ∃
subsequence of {ω(N)|J1}N convergent in K1 and denote the limit by Z1 ∈ K1 ⇒ ∃ further subsequence {ω(N)} s.t. ω(N)|J2 → Z2 ∈ K2

and Z2|J1 = Z1 ⇒ ∃ subsequence {ω(ml)}k≥1 s.t. ω
(ml)
Jn

→ Zn ∈ Kn and Zn|Jn−1 = Zn−1 ⇒ ∃Z ∈ RN s.t. Z|Jn = Zn. Let ω ∈ RI be
the sample point s.t. ω|Jn = Zn ⇒ ω ∈ ∩k≥1Gk. □
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BROWNIAN MOTION
• We say two processes (Xt)t∈I and (Yt)t∈I (1) have the same f.d.d. if LawP(Xt1 , · · · , Xtn) = LawP(Yt1 , · · · , Ytn) for every

t1, · · · , tn ∈ I; (2) are modifications of each other if for every t ∈ I we have P(Xt = Yt) = 1; (3) are indistinguishable if
X(ω) = Y (ω) for P a.e. ω. In the following text we set I = [0, 1].

• Kolmogorov’s continuity criterion: Let (Xt)t∈[0,1] be a process s.t. (E|Xt − Xs|p)
1
p ≤ C|t − s|α where αp > 1, C

independent of s and t. Then for every β < α− 1
p
, ∃ modification ‹X of X s.t. E(sups ̸=t

|X̃t−X̃s|
|t−s|β )p < +∞.

Proof Step 1: Choose a conutable dense subset D ⊂ [0, 1] and show that E[sups,t∈D,s ̸=t
|Xt−Xs|
|t−s|β ]p < +∞.

Step 2: X|D is β-Holder continuous ⇒ can extend to ‹X on [0, 1] by ‹Xt(ω) =

Xt(ω) if t ∈ D

limn→∞ Xtn(ω) if tn → t
and ||‹X||β ≤ ||X||β .

Step 3: Show that ‹X is a modification of X.

Proof of Step 1: Let Dn = { j
2n

, j = 0, 1, · · · , 2n} and D = ∪nDn. For s, t ∈ DN , ∃1 m s.t. 1
2m+1 < |t− s| ≤ 1

2m
. For every n, let sn, tn

be the points in Dn with smallest distance to s and t. Then (1) |sn+1 − sn| ≤ 1
2n+1 , |tn+1 − tn| ≤ 1

2n+1 ; (2) |sm − tm| ≤ 1
2m

.
Note that Xt = XtN =

∑N−1
n=m(Xtn+1 − Xtn) + Xtm , Xs = XsN =

∑N−1
n=m(Xsn+1 − Xsn) + Xsm ⇒ |Xt − Xs| ≤ |Xtm − Xsm | +∑

n≥m(|Xtn+1 −Xtn |+ |Xsn+1 −Xsn |). Then we have

|Xtn+1 −Xtn | ≤ sup
0≤j≤2n+1−1

|X j+1

2n+1
−X j

2n+1
| and |Xsn+1 −Xsn | ≤ sup

0≤j≤2n+1−1

|X j+1

2n+1
−X j

2n+1
|

⇒ |Xt −Xs| ≲ 2
∑
n≥m

sup
0≤j≤2n−1

|X j+1
2n

−X j
2n

|

⇒ |Xt −Xs|
|t− s|β ≲ 2mβ

∑
n≥m

sup
0≤j≤2n−1

|X j+1
2n

−X j
2n

| ≤
∑
n≥0

2nβ sup
0≤j≤2n−1

|X j+1
2n

−X j
2n

|

⇒
∣∣∣∣∣
∣∣∣∣∣ sup
s,t∈D,s ̸=t

|Xt −Xs|
|t− s|β

∣∣∣∣∣
∣∣∣∣∣
p

≲
∑
n≥0

2nβ

(
2n−1∑
j=0

E|X j+1
2n

−X j
2n

|p
) 1

p

≲
∑
n≥0

2
−(α− 1

p
−β)n

The remaining details are left for exercise. □

• In case of B.M., the condition is satisfied for every p ≥ 1 and α = 1
2
.

• Almost none Brownian path is Hölder- 1
2

continuous, i.e. P({ω : sups,t∈[0,1]
||Bt(ω)−Bs(ω)||√

t−s
< +∞}) = 0.

Proof sups,t∈[0,1]
|Bt−Bs|√

t−s
≥ supn sup0≤j≤n−1

√
n|B j+1

n
−B j

n
| ⇒ P(sups,t∈[0,1]

|Bt−Bs|√
t−s

≤ λ) ≤ P(sup0≤j≤n−1 |Zj | ≤ λ) for every n. Let
n → ∞ and then RHS → 0. □

• For every t, almost none Brownian path is Hölder- 1
2

continuous at t, i.e. P({ω : sup|h|≤1
|Bt+h−Bt|√

|h|
< ∞}) = 0.

• Almost every Brownian path is Hölder- 1
2

continuous at some t, i.e. P({ω : ∃t ∈ [0, 1] s.t. sup|h|≤1
|Bt+h−Bt|√

|h|
< ∞}) = 1.

• α > 1
2
, almost none Brownian path is Hölder-α continuous at any t, i.e. P({ω : ∃t ∈ [0, 1] s.t. sup|h|≤1

|Bt+h−Bt|
hα <

∞}) = 0.

• Let Ft = σ(Bs, 0 ≤ s ≤ t) and W
(s)
t = Bs+t − Bs. For every s ≥ 0, define F+

s = ∩ϵ>0Fs+ϵ. Then (F+
s )s≥0 is

right-continuous in the sense that F+
s = ∩ϵ>0F

+
s+ϵ.

• Markov property 1 of B.M.: (W
(s)
t )t≥0 is a B.M. inpendent of Fs.

• Markov property 2 of B.M.: For every s ≥ 0, (W s
t )t≥0 is a B.M. independent of F+

s .

Proof We need to show that E(Φ(W (s))1A) = E(Φ(B))P(A) for every bounded measurable function Φ : C(R+,R) → R and every
A ∈ F+

s . By monotone class theorem, it suffices to prove it for Φ = 1E , where E ranges over all cylinder sets. Then it suffices to con-
sisder Φ that depends on finitely many values (W

(s)
t1

, · · · ,W (s)
tn

) and is bounded and continuous. Suppose Φ(g) = Φ(gt1 , · · · , gtn), then
E(Φ(W (s)

t1
, · · · ,W (s)

tn
)1A) = E(lim

ϵ→0
Φ(W

(s+ϵ)
t1

, · · · ,W (s+ϵ)
tn

)1A) = lim
ϵ→0

E(Φ(W (s+ϵ)
t1

, · · · ,W (s+ϵ)
tn

)1A) = lim
ϵ→0

E(Φ(W (s+ϵ)
t1

, · · · ,W (s+ϵ)
tn

))P(A) =

E(Φ(Bt1 , · · · , Btn))P(A). □

• Blumenthal’s 0-1 law: If A ∈ F+
0 , then P(A) = 0 or 1.

Proof If A ∈ F+
0 , then (Bt)t≥0 ⊥⊥ A. On the other hand, A ∈ σ(Bt, t ≥ 0) ⇒ A is independent of A. □

• Let τ1 = inf{t ≥ 0 : Bt > 0}, then τ1 = 0 a.s.

Proof {τ1 = 0} = ∩n≥1{sups∈[0, 1
n
] Bs > 0} ∈ F+

0 ⇒ P(τ1 = 0) = 0 or 1. P(τ1 = 0) = limϵ→0 P(τ1 ≤ ϵ) ≥ 1
2
. □
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BROWNIAN MOTION
• Let τ2 = inf{t > 0 : Bt = 0}. Then τ2 = 0 a.s.

Proof The prior proposition + symmetry + continuity of B.M. □

• Strong Markov property: Let τ be a stopping time w.r.t. (Ft)t≥0. The process (1τ<+∞W
(τ)
t )t≥0 is a B.M. independent

of Fτ under the measure P(·|τ < +∞).

Proof We only prove the case when P(τ < +∞) = 1. It suffices to show E(Φ(W (τ)
t1

, · · · ,W (τ)
tn

)1A) = E(Φ(Bt1 , · · · , Btn))P(A) for
every continuous and bounded Φ : Rn → R and A ∈ Fτ . Let τk(ω) := j

k
if τ(ω) ∈ ( j−1

k
, j
k
], τk → τ a.s. Bounded convergence

⇒ E(Φ(W (τk)
t1

, · · · ,W (τk)
tn

)1A) → E(Φ(W (τ)
t1

, · · · ,W (τ)
tn

)1A). Then

E(Φ(W (τ)
t1

, · · · ,W (τ)
tn

)1A) = lim
k→∞

E(Φ(W (τk)
t1

, · · · ,W (τk)
tn

)1A)

= lim
k→∞

E(
∑
j≥0

Φ(W
(τk)
t1

, · · · ,W (τk)
tn

)1
A∩{ j−1

k
<τ≤ j

k
})

= lim
k→∞

E(
∑
j≥0

Φ(W
( j
k
)

t1
, · · · ,W ( j

k
)

tn
)1

A∩{ j−1
k

<τ≤ j
k
})

= lim
k→∞

∑
j≥0

E(Φ(Bt1 , · · · , Btn))P(A ∩ { j − 1

k
< τ ≤ j

k
})

= E(Φ(Bt1 , · · · , Btn))P(A) □

• Maximum principle: Let Mt = sups∈[0,t] Bs. Then P(MT ≥ a) = 2P(BT ≥ a) for a > 0.

Proof Let τa = inf{t > 0 : Bt = a}. Then {MT ≥ a} = τa ≤ T . {W (τa)
t }t≥0 is a B.M. independent of Fτa . P(MT ≥ a) = P(MT ≥

a,BT ≥ a) + P(MT ≥ a,BT ≤ a) = P(BT ≥ a) + P(MT ≥ a,BT ≤ a),P(MT ≥ a,BT ≤ a) = P(τa ≤ T,BT − Bτa ≤ 0) = P(τa ≤
T,BT −Bτa ≥ 0) = P(BT ≥ a). □

• Let (X , d) be a complete, separable metric space with Borel σ-algebra. Let (Pn)n≥0 and Q be probability measure
on it. We say Pn convergences weakly to Q (Pn ⇒ Q) if for every bounded and continuous f : X → R, we have∫
X fdPn →

∫
X fdP.

• Pn ⇒ Q (weakly on C([0, 1],R)) iff (1) Pn|J ⇒ Q|J for every finite J ⊂ [0, 1]; (2) {Pn}n is relatively compact, i.e.,
every subsequence has a further subsequence that is weakly convergent.

• Let M = M(X ) be the set of all probability measure on (X , d,B(X )). We say Γ ⊂ M is tight if for every ϵ > 0, ∃
compact Kϵ ⊂ X s.t. supµ∈Γ µ(X\Kϵ) < ϵ.

• Prokhorov’s theorem: Let (X , d) be a complete, separable metric space. Then, Γ ⊂ M(X ) is tight if and only if it is
relatively compact.

• Arzela-Ascoli: A set A ⊂ C([0, 1],R) is relatively compact iff (1) supf∈A |f(0)| < +∞; (2) supf∈A Oscf (δ) → 0 as δ → 0

where Oscf (δ) = sup|s−t|<δ |f(s)− f(t)|.

• A set Γ ⊂ M(C[0, 1],R) is tight iff (i) limλ→∞ supµ∈Γ µ({ω : |ω(0)| ≥ λ}) = 0; (ii) ∀ϵ > 0, limδ→0 supµ∈Γ µ({ω :

Oscω(δ) > ϵ}) = 0.

Proof “⇒”: Suppose Γ ⊂ M is tight. Then ∀η > 0, ∃ compact K ⊂ C([0, 1],R) s.t. µ(Kc) < η for every µ ∈ Γ. By Arzela-
Ascoli, (a) supω∈K |ω(0)| < +∞; (b) supω∈K Oscω(δ) → 0 as δ → 0. (a) ⇒ {ω : |ω(0)| > λ} ⊂ Kc for sufficient large λ. (b)
⇒ ∀ϵ > 0, {ω : Oscω(δ) > ϵ} ⊂ Kc for sufficient small δ. ⇒ supµ∈Γ µ({ω : |ω(0)| > λ}) < η, supµ∈Γ µ({ω : Oscω(δ) > ϵ}) < η. “⇐”:
Suppose Γ ⊂ C([0, 1],R) satisfies (i) and (ii). For every η > 0, we need find compact K ⊂ C([0, 1],R) s.t. supµ∈Γ µ(Kc) < η. By
(i), choose λ > 0 s.t. supµ∈Γ µ({ω : |ω(0)| > λ}) < η

2
and define A0 = {ω : |ω(0)| ≤ λ}. By (ii), ∀k ≥ 1, ∃δk(↓ 0 as k → ∞) s.t.

supµ∈Γ µ({ω : Oscω(δk) > 1
k
}) ≤ η

2k+1 and define Ak = {ω : Oscω(δk) ≤ 1
k
}. E := ∩k≥0Ak is a compact subset of C([0, 1],R) and

supµ∈Γ µ(Ec) ≤ 1− η. □

• Donsker’s invariance principle: Xi, i = 1, 2, · · · are i.i.d. r.v.’s with EXi = 0 and EX2
i = 1. Define W (n)(t) :=

S⌊nt⌋ + {nt}(S⌊nt⌋+1 − S⌊nt⌋) and Pn := P ◦ (Wn√
n
)−1. Then Pn ⇒ B.M.

Proof We need to show Pn({ω : Oscω(δ) > ϵ}) → 0 as δ → 0.

Step 1. Pn({ω : Oscω(δ) > ϵ}) = P(OscW (n)(δ) > ϵ
√
n). It suffices to show ∀ϵ > 0, lim supn→∞ P(OscW (n)(δ) > ϵ

√
n) → 0 as δ → 0.

Step 2. P(OscW (n)(δ) > ϵ
√
n) = P(sup|s−t|≤δ |W (n)(s)−W (n)(t)| > ϵ

√
n) = P(supt∈[0,1−δ] suph∈[0,δ] |W (n)(t+ h)−W (n)(t)| > ϵ

√
n) ≤

P(supk suph∈[0,2δ] |W (n)(kδ + h)−W (n)(kδ)| > ϵ
√
n

2
) ≤ ( 1

δ
+ 1) supk≤ 1

δ
+1 P(supk∈[0,2δ] |W (n)(kδ + h)−W (n)(kδ)|) > ϵ

√
n

2
.

8
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Step 3. We need to show ∀ϵ > 0, 1

δ
lim supn→∞ supt∈[0,1] P(suph∈[0,δ] |W (n)(t + h) − W (n)(t)| > ϵ

√
n) → 0. W (n)(t + h) − W (n)(t) =

S⌊n(t+h)⌋ + {n(t + h)}X⌊n(t+h)⌋ − S⌊nt⌋ − {nt}X⌊nt⌋ ⇒ |W (n)(t + h) − W (n)(t)| ≤ |S⌊n(t+h)⌋ − S⌊nt⌋| + |X⌊n(t+h)⌋| + |X⌊nt⌋| ⇒
P(suph∈[0,δ] |W (n)(t+ h)−W (n)(t)| > ϵ

√
n) ≤ P(suph∈[0,δ] |S⌊n(t+h)⌋ − S⌊nt⌋| > ϵ

√
n

3
) +On(1). P(sup0≤k≤nδ |S⌊nt⌋+k − S⌊nt⌋| > ϵ

√
n

3
) ≲

E(S⌊nt⌋+⌊nδ⌋−S⌊nt⌋)
2

ϵ2n
∼ δ

ϵ2
, which means that the maximal inequality is not enough if we only have finite second moment.

Step 4. We need to show 1
δ

lim supn→∞ P(sup0≤k≤nδ |Sk| > ϵ
√
n) = 0. Let τ = inf{k ≥ 1, |Sk| > ϵ

√
n}. P(max1≤k≤⌊nδ⌋ |Sk| > ϵ

√
n) =

P(max1≤k≤⌊nδ⌋ |Sk| > ϵ
√
n, |S⌊nδ⌋| > ϵ

√
n

2
) + P(max1≤k≤⌊nδ⌋ |Sk| > ϵ

√
n, |S⌊nδ⌋| ≤ ϵ

√
n

2
). The first term ≤ P(|S⌊nδ⌋| > ϵ

√
n

2
) ≲ e

− 1√
δ

(by CLT). The second term =
∑⌊nδ⌋

k=1 P(|S⌊nδ⌋| ≤ ϵ
√
n

2
|τ = k)P(τ = k) ≤

∑⌊nδ⌋
k=1 P(|S⌊nδ⌋−k| > ϵ

√
n

2
)P(τ = k) ≤

∑⌊nδ⌋
k=1

4(⌊nδ⌋−k)

ϵ2n
P(τ =

k) ≤ 4δ
ϵ2
P(max1≤k≤⌊nδ⌋ |Sk| > ϵ

√
n). If δ < ϵ2

8
⇒ P(max1≤k≤⌊nδ⌋ |Sk| > ϵ

√
n) ≤ 2P(|S⌊nδ⌋| > ϵ

√
n

2
). □

• (Ptf)(x) = Ex(f(Xt)), (Lf)(x) = limh↓0
(Phf)(x)−f(x)

h
, Pt+s = Pt ◦ Ps,Pt ◦ L = L ◦ Pt. For B.M., pt(y) = 1√

2πt
e−

|y|2
2t ,

therefore (Lf)(x) = limt↓0
1
t
(Ex(f(Bt)) − f(x)) = limt↓0

1
t

∫
R pt(y)[f(x − y) − f(x)]dy = limt↓0

1
t

∫
R pt(y)(−f ′(x)y +

1
2
f ′′(x)y2 +O(|y|)3) ∼ limt↓0(

1
t

∫
R pt(y)y

2dy) · 1
2
f ′′(x) = 1

2
f ′′(x) ⇒ L = 1

2
4.

• Feynman-Kac formula: Suppose v : Rd → R is bounded and continuous and let u(t, x) = Ex[f(Bt)e
∫ t
0
v(Bs)ds] where B

is d-dim B.M. Then u satisfies the PDE

 ∂tu = 1
2
4u+ vu

u(0, ·) = f(·)
.

Proof e
∫ t
0 v(Bs)ds =

∑
n≥0

1
n!
(
∫ t

0
v(Bs)ds)

n

1

n!

∫
· · ·
∫
[0,1]n

v(Bs1) · · · v(Bsn)ds1 · · · dsn =

∫
· · ·
∫
0<s1<···<sn<t

v(Bs1) · · · v(Bsn)ds1 · · · dsn

=

∫
· · ·
∫
0<s1<···<sn<t

v(Bt−s1) · · · v(Bt−sn)ds1 · · · dsn

Denote the region ∆n(t) = {0 < s1 < · · · < sn < t}, then u(t, x) =
∑

n≥0

∫
· · ·
∫
∆n(t)

Ex(f(Bt)v(Bt−s1) · · · v(Bt−sn))ds1 · · · dsn :=

∑
n≥0 In(t, x). I0(t, x) = Ex(f(Bt)) = (Ptf)(x) ⇒

 ∂tI0 = 1
2
△I0

I0(0, ·) = f
.

I1(t, x) =

∫ t

0

Ex(f(Bt)v(Bt−s))ds =

∫ t

0

Ex(v(Bt−s)Ex(f(Bt)|Ft−s))ds =

∫ t

0

Ex(v(Bt−s)(P∫{)(Bt−s))ds =

∫ t

0

(Pt−svPsf)(x)ds

⇒ ∂tI1 = vPtf +
1

2
△I1 =

1

2
△I1 + vI0, I1(0, ·) = 0.

In(t, x) =

∫
· · ·
∫
0<s1<···<sn<t

Ex(f(Bt)v(Bt−s1) · · · v(Bt−sn))ds1 · · · dsn =

∫ t

0

Ex(v(Bt−s)Ex(f(Bt)|Ft−s))ds

=

∫ t

0

(∫
· · ·
∫
∆n−1(sn)

(Pt−snvPsn−sn−1v · · · vPs2−s1vPs1f)(x)ds1 · · · dsn−1

)
dsn

⇒ ∂tIn = vIn−1 +
1

2
△In, In(0, ·) = 0. □

• Let ξt =
1
t

∫ t

0
1R+(Bs)ds, then P(ξt ≤ x) =

∫ x

0
1

π
√

y(1−y)
dy = 2

π
arcsin(

√
x).

Proof ξt =
1
t

∫ t

0
1R+(Bs)ds =

∫ t

0
1R+(Bt· s

t
)d s

t
=
∫ 1

0
1R+(

√
tBst√

t
)ds =

∫ 1

0
1R+(Bst√

t
)ds Law

=
∫ 1

0
1R+(Bs)ds := ξ.

Let u(t, x) = Ex(e−σtξ) ⇒

 ∂tu = 1
2
∂2
xu− σ1R+u

u(0, ·) = 1
. Define g(x) =

∫ +∞
0

e−λtu(t, x)dt ⇒ 1
2
g′′ = (λ + σ1R+)g − 1 ⇒ g′′(x) = 2(λ+ σ)g(x)− 2, x ≥ 0

2λg(x)− 2, x ≤ 0
⇒ g(x) =

Be−
√

2(λ+σ)x + 1
λ+σ

, x ≥ 0

Ce
√

2λx + 1
λ
, x ≤ 0

. g(0) and g′(0) well-defined ⇒ B =
√
λ+σ−

√
λ√

λ(λ+σ)
, C = −

√
λ+σ−

√
λ

λ
√
λ+σ

.

g(0) = 1√
λ(λ+σ)

= E( 1
λ+σξ

), ∀λ > 0, σ > 0 (take λ = 1) ⇒ E( 1
1+σξ

) = 1√
1+σ

for every σ > 0. Power expansion ⇒
∑

n≥0(−1)nE(ξn)σn =∑
n≥0(−σ)n

∫ 1

0
xn

π
√

x(1−x)
dx □

• Law of iterated logarithm: lim suph→0
Bh√

2h log log( 1
h )

= 1 a.s., lim infh→0
Bh√

2h log log( 1
h )

= −1 a.s.

Proof Since Wt = tB1/t is again a standard B.M., it is equivalent to prove lim supt→∞
Bt√

2t log log t
= 1 a.s.

Step 1. Let Ψ(t) =
√
2t log log t and tn = γn(γ > 1). We want to show lim supn→∞

Btn
Ψ(tn)

≤ 1 a.s.

P( Btn
Ψ(tn)

> α) = P(Btn√
tn

>
√
2α

√
log log tn) ∼ (C + on(1))

1√
log n

( 1
n
)α

2

⇒
∑

n P( Btn
Ψ(tn)

> α) =

< +∞, if α > 1

= +∞, if α ≤ 1
. Borel-Cantelli

⇒ P( Btn
Ψ(tn)

> 1 + ϵ i.o.) = 0.
9
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For arbitrary t, assume rn < t < rn+1. Then Bt

Ψ(t)
= Ψ(rn)

Ψ(t)
Brn

Ψ(rn)
+ Ψ(rn)

Ψ(t)
Bt−Brn

Ψ(rn)
. The first term ≤ 1 a.s. Then need to show

lim supn→+∞ supt∈[rn,rn+1]
Bt−Brn

Ψ(rn)
= ϵ a.s. for every ϵ > 0. P(supt∈[rn,rn+1]

Bt−Brn

Ψ(rn)
≥ ϵ) = P(supt∈[rn,rn+1](Bt − Brn) ≥ ϵΨ(rn)) =

2P(Brn+1 −Brn ≥ ϵΨ(rn)) = 2P(Brn+1−Brn√
rn(r−1)

≥ ϵ Ψ(rn)√
rn(r−1)

) ∼ (log(rn(r − 1)))−
ϵ2

r−1 ∼ n− ϵ2

r−1 . Take r close enough to 1 s.t. ϵ2

r−1
> 1.

Step 2. We want to show lim supt→+∞
Bt
Ψ(t)

≥ 1 a.s. Take tn = γn. Need to show for every ϵ > 0, ∃r > 1 s.t. lim supn→+∞
Brn

Ψ(rn)
> 1−ϵ

a.s. P(Brn+1−Brn

Ψ(rn(r−1))
) = P(Brn+1−Brn√

rn(r−1)
> α

√
2 log log(rn(r − 1))) ∼ e−α2 log log(rn(r−1)) 1√

log log(rn(r−1))
∼ 1√

log n
n−α2

⇒ P(Brn+1 −Brn >

Ψ(rn(r − 1)) i.o.) = 1. B
rn+1

Ψ(rn+1)
= Ψ(rn)

Ψ(rn+1)

Brn

Ψ(rn)
+ Ψ(rn(r−1))

Ψ(rn+1)

B
rn+1−Brn

Ψ(rn(r−1))
⇒ lim supn→+∞

B
rn+1

Ψ(rn+1)
≥ − 1√

r
+
»

r−1
r

arbitrary close to 1

for sufficient large r. □

• Lévy’s construction of B.M. (based on Gaussianity): Let {Zt, t dyadic} be i.i.d. N (0, 1) on a common probability
space (Ω,F ,P). Let B0(t) = tZ1, B1(

1
2
) = 1

2
(B0(0) + B0(1)) +

1
2
Z 1

2
, B2(

1
4
) = 1

2
(B1(0) + B1(

1
2
)) + 1

4
Z 1

4
, B2(

3
4
) =

1
2
(B1(

1
2
) +B1(1)) +

1
4
Z 3

4
. We will show that for every p > 1 and α < 1

2
, {BN} is Cauchy on Lp

w(C
α[0, 1],R).

Proof We define the functions {h(k)
n , n ≥ 0, 0 ≤ k ≤ 2n−1, even}. h

(0)
0 = 1 on [0, 1], h

(k)
n = 2

n−1
2 (1

[ 2k
2n

, 2k+1
2n

)
− 1

( 2k+1
2n

, 2k+2
2n

]
). The

collection {h(k)
n } is an orthogonal basis of L2([0, 1],R). Let {Z(k)

n , k ≤ 2n − 1, even, n ≥ 0} be i.i.d. N (0, 1) and define BN (t) =∑N
n=0

∑2n−1
k=0 Z

(k)
n

∫ t

0
h
(k)
n (r)dr. {BN} has the same law as the piecewise linear construction metioned above. We will show now for

p > 1, α < 1
2
, {BN} is Cauchy in Lp

w(C
α[0, 1],R). In other words, we need to show (E||BN − BN−1||pCα)

1
p decays fast enough as

N → +∞ where ||BN − BN−1||Cα = supt∈[0,1] |BN (t) − BN−1(t)| + sups,t∈[0,1]
|(BN (t)−BN (s))−(BN−1(t)−BN−1(s))|

|t−s|α . The first term is
dominated by the second term. |(BN (t) − BN (s)) − (BN−1(t) − BN−1(s))| = |

∑2N−1
k=0 Z

(k)
N

∫ t

s
h
(k)
N (r)dr| := (∗). If |t − s| ≤ 1

2N
,

(∗) ≲ 2
N
2 |t − s| sup0≤t≤2N−1 |Z

(k)
N | (at most one integral is nonzero); otherwise, (∗) ≲ 2−

N
2 sup0≤t≤2N−1 |Z

(k)
n | (at most two integrals

are nonzero). Thus ||BN −BN−1||Cα ≲

 2
N
2 |t− s|1−α sup0≤k≤2N−1 |Z(k)

N | ≲E 2−N(1−α)2
N
2 = 2−( 1

2
−α)N , |t− s| ≤ 1

2N

2−
N
2 |t− s|−α sup0≤t≤2N−1 |Z

(k)
N | ≲E 2−

N
2 2αN ≲ 2−( 1

2
−α)N , otherwise

. □

5 Reading Materials

Stochastic Analysis

What is stochastic analysis?
Itô’s goal: describing diffusions as continuous-time Markov process.
(1) Kolmogorov’s way via PDEs.
(2) Itô’s: stochastic calculus and SDEs.
(3) Malliavin: stochastic calculus of variations.
Discrete space-time Markov chains: (Xn)n≥0 Markov chain on countable S. p(x, y) := P(Xn+1 = y|Xn = x) → can

calculate p(n)(x, y). {p(n)(x, ·)} is an evolution of probability densities on S.
More probabilistic view: naturally induces ONE probability measure on the path space: SN := {ω = (ω0, ω1, · · · ), ωk ∈

S}.
Moving to continuous setting: (1) describing Markov process (Xt)t≥0 on Rd; (2) want to specify the transition probability

{pt(x, ·)}t≥0 s.t. P(Xt ∈ A|X0 = x) =
∫
A
pt(x, y)dy.

(Wiener, Levy) construct B.M. in Rd: pt(x, y) = (2πt)−
d
2 e−

|x−y|2
2t → can be realised as ONE probability measure on

Cα([0, 1],Rd) for every α < 1
2

(but NOT α = 1
2
).

Assumptions on infinitesimal behavior (of mean and variance): (1) E(X(i)
t+h −X

(i)
t |Xt) = b(i)(Xt)h+ o(t); (2) E((X(i)

t+h −
X

(i)
t )(X

(j)
t+h −X

(j)
t )|Xt) = ai,j(Xt)h+ o(h); (3) E(product of ≥ 3 terms|Xt) = o(h).

(1) + (2) + (3) ⇒ E(f(Xt+h)|Xt) = f(Xt) + (Lf)(Xt) · h + o(h) where L = 1
2

∑
i,j a

i,j∂i∂j +
∑

j b
j∂j and (Lf)(x) =

1
2

∑
i,j a

i,j(x)(∂i∂jf)(x) +
∑

j b
(j)(x)(∂jf)(x) = limh→0

1
h
(E(f(Xh)|X0 = x)− f(x)).

pt+h(x, y) =
∫
ph(x, z)pt(z, y)dz = Ex(pt(Xh, y)) ⇒ 1

h
[pt+h(x, y)− pt(x, y)] =

1
h
[Ex(pt(Xh, y)) − pt(x, y)] ⇒ ∂tpt = Lxpt

(backward equation).
pt+h(x, y) =

∫
pt(x, z)ph(z, y)dz. ∀l ∈ L2, 〈pt(x, ·), l〉 :=

∫
pt(x, z)l(z)dz. 〈pt+h(x, ·), l〉 =

∫
pt(x, z)

∫
ph(z, y)l(y)dydz ⇒

1
h
〈pt+h(x, ·)− pt(x, ·), l〉 =

∫
pt(x, z)

1
h
(Ez(l(Xh))− l(z))dz → 〈pt(x, ·),Ll〉 = 〈L∗

ypt(x, ·), l〉 ⇒ ∂tpt = L∗
ypt (forward equation).

A key observation: (Xt)t≥0 has the same law as (Yt)t≥0: Yt+h = Yt + b(Yt)h + σ(Yt)︸ ︷︷ ︸
Rd×m

(Bt+h −Bt︸ ︷︷ ︸
m-dim B.M.

). And dYt = b(Yt)dt +

σ(Yt)dBt, Yt = Y0 +
∫ t

0
b(Ys)ds+

∫ t

0
σ(Ys)dBs.

Problem: the map B 7→ Y initially defined on smooth functions B is NOT continuous on Cα([0, 1];Rm).

10
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A classical thm from harmonic analysis: The product (defined on smooth functions) (f, g) 7→ fg extends continuously

as a bilinear map Cα × Cβ → Cα∧β if and only if α+ β > 0.
Recall Yt = Y0 +

∫ t

0
b(Ys)ds +

∫ t

0
σ(Ys)dBs. (1) The input “B” is usually equipped with a probability measure that

gives good cancellations. (2) The integrand σ(Yt) has a special structure (or relationship with B) in the sense that Y is the
solution to the equation.

Itô’s stochastic calculus: (Bt)t≥0 is standard B.M., (Zt)t≥0 adapted to the filtration generated by B. Then
∑

j Zsj (Bsj+1
−

Bsj ) converges a.s. (with the partition fixed) and define the limit to be
∫
ZSdBs.

Itô’s lemma: f(Bt)− f(B0) =
∫ t

0
f ′(Bs)dBs +

1
2

∫ t

0
f ′′(Bs)ds.

Wang-Zakai: ρ(x) ∈ C∞
c (Rd), ρϵ(x) := ϵ−dρ(x

ϵ
), f (ϵ)(x) = (f ∗ ρϵ)(x), Y (ϵ)

t = Y
(ϵ)
0 +

∫ t

0
b(ϵ)(Ys)ds+

∫ t

0
σ(ϵ)(Ys)dB(ϵ)

s . Then
Y (ϵ) → Y a.s., where Y solves the equation Yt = Y0 +

∫ t

0
[b(Ys) +

1
2
Dσ(Ys)σ(Ys)]ds+

∫ t

0
σ(Ys)dBs.

The notion of Stratonivich: (Bt)t≥0 Brownian motion, (Zt)t≥0 adapted,
∑

j

Zsj
+Zsj+1

2
(Bsj+1

− Bsj ) converges a.s. →
gives a def of

∫ t

0
Zs ◦ dBs =

∫ t

0
ZsdBs +

1
2
[Z,B]t (second-order variation).

f(Bt) = f(B0) +
∫ t

0
f(Bs) ◦ dBs and Y (ϵ) → Y , where Y satisifies Yt = Y0 +

∫ t

0
b(Ys)ds+

∫ t

0
σ(Ys) ◦ dBs.

Derivative of Brownian Motion and White Noise

Ω ⊂ Rd open and bounded. A distribution on Ω is a continuous linear functional T on C∞
c (Ω). Any f ∈ L1(Ω) is a

distribution. Tf (l) =
∫
Ω
fldω. δ(l) := l(0).

∫
(Dαf)ldω = (−1)α

∫
f(Dαl)dω, thus define DαT is the distribution such that

(DαT )(l) := (−1)αT (Dαl).
Let ξ := B′ and Ω = (0,+∞). Thus ξ(l) := −

∫∞
0

B(t)l′(t)dt. E(ξ(l)ξ(ϕ)) =
∫∫

(0,+∞)2
E(B(s)B(t))l′(s)ϕ′(t)dsdt =∫ +∞

0
l(t)ϕ(t)dt = 〈l, ϕ〉L2 =

∫ +∞
0

(
∫ +∞
0

E(ξ(s)ξ(t))l(s)ds)ϕ(t)dt ⇒ E(ξ(s)ξ(t)) = δ(s− t).
Let {ek(x) = e2kπik·x} be an orthonormal basis of L2(Td = [0, 1)d). For k ∈ Z, let gk = Xk + iYk, Xk, Yk i.i.d. ∼ N (0, 1

2
).

Xk = X−k, Yk = −Y−k. Define ξ :=
∑

k∈Zd gkek. Claim ξ is white noise on Td. Recall ξ is white noise if E〈ξ, u〉〈ξ, v〉 = 〈u, v〉
for u, v ∈ L2. Take u, v ∈ L2(Td) ⇒ y =

∑
k û(k)ek, v =

∑
k v̂(k)ek, 〈ξ, u〉 =

∑
k gkû(k), 〈ξ, v〉 =

∑
l glv̂(l).E(〈ξ, u〉〈ξ, v〉) =∑

k,l E(gkgl)û(k)v̂(l) =
∑

k û(k)v̂(k) = 〈u, v〉.
ϕ =

∑
k∈Zd

gk
⟨k⟩ek is Gaussian Free Field (GFF) (on Td) where 〈k〉 =

√
1 + 4π|k|2. Theorem: GFF is NOT function

valued when d ≥ 2 since E|ϕ(x)|2 = E
∑

k
gk
⟨k⟩ek(x)

∑
l

gl
⟨l⟩el(x) =

∑
k,l

E(gkgl)
⟨k⟩⟨l⟩ ek(x)el(x) =

∑
k∈Zd

1
1+4π|k|2 = +∞ iff k ≥ 2.

〈ϕ, u〉 =
∑

k∈Zd
gk
⟨k⟩ û(k), 〈ϕ, v〉 =

∑
l∈Zd

gl
⟨l⟩ v̂(l),E(〈ϕ, u〉〈ϕ, v〉) =

∑
k

û(k)v̂(k)
1+4π2|k|2 = 〈(1−4)−1u, v〉.

Wick’s theorem: Let (X1, X2, · · · , X2n) be centered multivariant normal and P denote the set of all pairs in {1, 2, · · · , n}.
Then E(X1X2, · · · , X2n−1X2n) =

∑
P

∏
(i,j)∈P E(XiXj).
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