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STATISTICAL DECISION THEORY

1 Introduction

Outline 1.1 (Main tasks in machine learning) Generation, prediction, decision. Generation: X1, · · · , Xn ∼ F , infer
and analyse F , unsupervised learning, e.g. GAN, GPT, · · · . Prediction: data pairs (X(1), Y (1)), · · · , (X(n), Y (n)),
input variables X(i) ∈ Rd, f : X → Y , x ∈ X , y ∈ Y , ascribe, supervised learning. Decision: Reinforcement learning,
Agent ← action, state, reward → environment.

Outline 1.2 (Methods for solving tasks) Parameterized/Non-parameterized, frequency(MLE)/Bayesian.

Outline 1.3 (Modeling error) Supervised: Fix X = (X1, · · · , Xd)
T ∈ Rd, for regression Y ∈ R, for classificataion Y ∈

{0, 1}(also {−1, 1}, {1, · · · ,M}, {0, 1}M ). Random design for X(known as generative models): Y (i) = g(X(i), Z(i)).
Fixed design for X(known as discriminative models): Y (i) = g(x(i), Z(i)). Unsupervised: X = g(Z)(e.g. factor model:
X = AZ + ε, Z ∈ N (0, 1), ε ∼ N (0,Σ)).

2 Statistical Decision Theory

Definition 2.1 (Basic concepts) Consider a state space Ω, data space D, model P = {p(θ, x)}, action space A .
Loss function: L : Ω × A → [−∞,+∞], measurable, nonnegative. A measurable function δ : D → A is called a
nonrandomized decision rule. Risk function is defined as R(θ, δ) =

∫
L(θ, δ(x))dPθ(x) = EθL(θ, δ(X)). Randomized

decision: for each X = x, δ(x) is a probability distribution: [A|X = x] ∼ δx. Risk function for δ: R(θ, δ) = EθL(θ,A) =
EθEaL(θ,A|X) =

∫∫
L(θ, a)dδx(a)dPθ(x).

Example 2.1 (Parameter estimation) θ ∈ Ω,A = Ω,L(θ, a) = ‖θ − a‖pp(p ≥ 1)
or
=
∫

log Pθ(x)
Pa(x)

Pθ(x)dm(x)(KL diver-
gence). R = Var(a) + bias2(a). Bregmass loss: ϕ : Rd → R describe any strictly convex differentiable function. Then
Lϕ(θ, a) = ϕ(a)− ϕ(θ)− (ϕ− a)T∇ϕ(a).

Example 2.2 (Testing) A = {0, 1} with action “0” associated with accepting H0 : θ ∈ Ω0 and “1”: H1 : θ ∈ Ω1. δx is a
Bernolli distribution. L(θ, a) = I{a = 1, θ ∈ Ω0}+I{a = 0, θ ∈ Ω1}. Risk R(θ, δ) = Pθ(A = 1)1θ∈Ω0

+Pθ(A = 0)1θ∈Ω1
.

Definition 2.2 (Admissibility) A decision rule δ is called inadmissible if a competing rule δ∗ such that R(θ, δ∗) ≤
R(θ, δ) for all θ ∈ Ω and R(θ, δ∗) < R(θ, δ) for at least one θ ∈ Ω. Otherwise, δ is admissible.

Definition 2.3 (Bayes rule) The maximum risk R̄(δ) = supθ∈ΩR(θ, δ) and the Bayes risk r(Λ, δ) =
∫
R(θ, δ)dΛ(θ) =∫

L(θ, δ)dP(x, θ) (Λ(θ) is a prior). A decision rule that minimizes the Bayes risk is called a Bayes rule, that is,
δ̂ : r(Λ, δ̂) = infδ r(Λ, δ). Minimax rule δ∗ : supθ∈ΩR(θ, δ∗) = infδ supθ∈ΩR(θ, δ).

Theorem 2.1 If risk functions for all decision rules are continuous in θ, if δ is Bayesian for Λ and has finite integrated
risk r(Λ, δ) <∞, and if the support of Λ is the whole state space Ω, then δ is admissible.

Property 2.1 p(θ|x) = pθ(x)λ(θ)∫
pθ(x)λ(θ)dθ

:=
pθ(x)λ(θ)

m(x)
. Define the posterior risk of δ: r(δ|X = x) =

∫
L(θ, δ(x))dP(θ|x).

The Bayes risk r(Λ, δ) satisfies that r(Λ, δ) =
∫
r(δ|x)dM(x). Let δ̂(x) be the value of δ that minimizes r(δ|x). Then

δ̂ is the Bayes rule.

Example 2.3 (Application to supervised learning: regression) (X,Y ) ∈ X × Y , f : X → Y,A = Ω = Y,D = X , δ =

f,L(Y, f(X)) = ‖Y − f(X)‖pp, p ≥ 1, risk Rf =
∫∫
L(y, f(x))dP(x, y) = E[L(Y, f(X))] = E[EL(Y, f(X))|X]. When

p = 2, r(f |X = x) =
∫
L(y, f(x))dP(y|x) =

∫
|y − f(x)|2dP(y|x). Regression function is g(x) :=

∫
ydP(y|x) ⇒ Rf =

E|Y − f(X)|2 = E|Y − g(X) + g(X)− f(X)|2 = E|Y − g(X)|2 + E|g(X)− f(X)|2 ≥ E|Y − g(X)|2.

Example 2.4 (Application to supervised learning: pattern classification) Y ∈ {0, 1}, p0 = P (Y = 0), p1 = P(Y =

1) = 1−p0,E[L(Y, f(X))] = P(Y 6= f(X)). The Bayesian predictor is given by f(x) = 1{P(Y=1|X=x)≥L(1,0)−L(0,0)
L(0,1)−L(1,1)

P(Y=0|X=x)}.

Proof E[L(Y, f(X))|X = x] =

E[L(Y, 0)|X = x] = L(0, 0)P(Y = 0|X = x) + L(1, 0)P(Y = 1|X = x)

E[L(Y, 1)|X = x] = L(0, 1)P(Y = 0|X = x) + L(1, 1)P(Y = 1|X = x)
, compare

the sizes of the two. □
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MARKOV DECISION PROCESS

Property 2.2 (Continuation) P(Y = 1|X = x) = E(Y |X = x) := g(x), f(x) = 1{g(x)≥ 1
2}. Then 0 ≤ P(f̂(X) 6= Y ) −

P(f(X) 6= Y ) ≤ 2
∫
X |ĝ(x)−g(x)|µ(dx) ≤ 2(

∫
X |ĝ(x)−g(x)|

2µ(dx))
1
2 . In Example 2.4, f(x) = 1{ p(x|y=1)

p(x|y=0)
≥ p0(L(0,1)−L(0,0))

p1(L(1,0)−L(1,1))
},

which takes the same form as the likelihood ratio test (LRT): Likelihood L(X) := p(X|Y=1)
p(X|Y=0)

and f(x) = 1{L(x)≥η}.

Definition 2.4 (Confusion table) Ture Positive Rate: TPR = P(Ŷ = 1|Y = 1); False Negative Rate: FNR = 1 −
TPR, type II error; False Positive Rate: FPR = P(Ŷ = 1|Y = 0), type I error; True Negative Rate: TNR = 1 − FPR.
Precision: P(Y = 1|Ŷ = 1) = p1TPR

p0FPR+p1TPR . F1-score: F1 is the harmonic mean of precision and recall, which can be
written as F1 =

2TPR
1+TPR+

p0
p1

FPR .

Y = 0 Y = 1

Ŷ = 0 true negative false negative
Ŷ = 1 false positive true positive

Theorem 2.2 (N-P lemma) Optimization: maximize TPR subject to FPR ≤ α, α ∈ [0, 1]. Randomized rule: Q return
1 with probability Q(x) and 0 with probability 1 − Q(x). Maximize E[Q(x)|Y = 1] subject to E[Q(x)|Y = 0] ≤ α.
Suppose the likelihood functions p(x|y) are continuous. Then the optimal predictor is a deterministic LRT.

Proof Let η be the threshold for an LRT such that the predictor Qη(x) = 1{α(x) ≥ η} has FPR = α. Such an
LRT exists because likelihood functions are continuous. Let β denote the TPR of Qη. Prove that Qη is optimal for
risk minimization problem corresponding to the loss functions L(0, 1) = η p1

p0
,L(1, 0) = 1,L(1, 1) = L(0, 0) = 0 since

p0(L(0,1)−L(0,0))
p1(L(1,0)−L(1,1))

= p0L(0,1)
p1L(1,0)

= η. Under these loss functions, the risk of Bayes predictor for Q is RQ = p0FPR(Q)L(0, 1)+
p1(1 − TPR(Q))L(1, 0) = p1ηFPR(Q) + p1(1 − TPR(Q)). Now let Q be any other rule with FPR(Q) ≤ α, RQη

=

p1ηα+ p1(1− β) ≤ p1ηFPR(Q) + p1(1− TPR(Q)) ≤ p1ηα+ p1(1− TPR(Q))⇒ TPR(Q) ≤ β. □

Definition 2.5 (ROC (Receiver operating character) curve) y-axis is TPR and x-axis is FPR.

Proposition 2.1 (1) The points (0, 0) and (1, 1) are on the ROC curve; (2) The ROC must lie above the main diagnal;
(3) The ROC curve is concave.

Proof We only prove (2). Fix α ∈ (0, 1) and consider a randomized rate TPR = FPR = α, Q(x) ≡ α; (3): Consider two
rules (FPR(η1), TPR(η1)) and (FPR(η2), TPR(η2)). Flip a biased coin and use the first rule with probability t and the
second rule with probability 1−t. Then this yields a randomized rule with (FPR, TPR) = (tFPR(η1)+(1−t)FPR(η2),
tTPR(η1) + (1− t)FPR(η2)). Fixing FPR ≤ tFPR(η1) + (1− t)FPR(η2), TPR ≥ tTPR(η1) + (1− t)TPR(η2). □

3 Markov Decision Process

Definition 3.1 (Basic concepts) Five elements: decision epoches, states, actions, transition probabilities and rewards.
(1) Decision epoches: Let T denote the set of decision epoches, discrete: {1, 2, · · · , N}; continuous: [0, N ]; N < / =∞:
finite or infinite. (2) State and action sets: decision epoch t ∈ T , the system occupies a state St ∈ S, the decision
maker a ∈ A. (3) Reward and transition probabilities: t, in state s, choose action a, (i) the decision maker receives a
reward rt(s, a), (ii) the system state at the next decision epoch is determined by the probability distribution pt(·|st, a).

Definition 3.2 (Decision rules) Prescribe a procedure for action selection in each state at a specified decision epoch.
Four cases: (1) Markovian and Deterministic (MD): δt : S → A; (2) M and Randomized (MR): δt : S → ∆(A)(qδt(s)(a));
(3) History-dependent and D (HD): ht = (s1, a1, · · · , st−1, at−1, st) = (ht−1, at−1, st),H1 = S,H2 = S ×A×S, · · · , δt :
Ht → A; (4) HR: δt : Ht ×∆(A). A policy π = (δ1, δ2, · · · , δN−1) is stationary if δ1 = δ2 = · · · = δ for t ∈ T .

Definition 3.3 Let π = (δ1, · · · , δN−1) in HR and Rt := rt(Xt, Yt) denote the random reward, RN := rN (XN ), R :=

(R1, · · · , RN ). The expected total reward Uπ
N (s) := Eπ{

N−1∑
t=1

rt(Xt, Yt)+ rN (XN )|X1 = s}. Assume |rt(s, a)| ≤M <∞

for all (s, a) ∈ S ×A. Optimal policy: Uπ∗

N (s) ≥ Uπ
N (s), s ∈ S. ε-optimal policy: Uπ∗

ε

N (s)+ ε > Uπ
N (s), s ∈ S. The value

of the MDP: U∗
N (s) = supπ∈DHR Uπ

N (s), s ∈ S.
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MARKOV DECISION PROCESS

Property 3.1 (Finite-Horizon Policy Evaluation) V π
t (ht) = Eπ{

N−1∑
k=t

rk(Xk, Yk) + rN (XN )|ht}, V π
N (hN ) = rN (s), π ∈

DHD. By the formula of total expectation,

V π
t (ht) = rt(st, δt(ht)) + Eπ

ht
V π
t+1(ht, δt(ht), Xt+1) = rt(st, δt(ht)) +

∑
j∈S

V π
t+1(ht, δt(ht), j)p(j|st, δt(ht)).

Consider randomness, i.e. π ∈ DHR,

V π
t (ht) =

∑
a∈A

qδt(ht)(a){rt(st, a) +
∑
j∈S

V π
t+1(ht, a, j)p(j|st, a)}.

Computational complexity: let K = |S|, L = |A|, at decision epoch t, Kt+1Lt histories, K2
N−1∑
i=0

(KL)i multiplications.

If π ∈ DMD,
V π
t (st) = rt(st, δt(st)) +

∑
j∈S

V π
t+1(j)p(j|st, δt(st)),

only (N − 1)K2 multiplications. On the other hand, given π, this yields a valid and accurate calculation method for
Uπ

N (s).

Theorem 3.1 (The Bellman Equations) Let V ∗
t (ht) = supπ∈DHR V π

t (ht). The optimality equations:

Vt(ht) = sup
a∈A
{rt(st, a) +

∑
j∈S

Vt+1(ht, a, j)pt(j|st, a)} for t = 1, 2, · · · , N − 1 and ht = (ht−1, at−1, st) ∈ Ht.

For t = N,VN (hN ) = rN (sN ). Suppose Vt is a solution and VN satisfies VN (hN ) = rN (sN ). Then Vt(ht) = V ∗
t (ht) for

all ht ∈ Ht, t = 1, · · · , N and V1(s1) = V ∗
1 (s1) = U∗

N (s1) for all s1 ∈ S.

Proof We divide the proof into two parts.
Step 1: Prove Vn(hn) ≥ V ∗

n (hn) for all hn ∈ Hn. By induction: For t = N , VN (hN ) = rN (sN ) = V ∗
N (hN ) for all

ht, π. Now assume that Vt(ht) ≥ V ∗
t (ht) for all ht ∈ Ht for t = n+ 1, · · · , N . Let π′ = (δ′1, · · · , δ′N−1) be an arbitrary

policy in DHR. On the one hand, for t = n, it is trivial that

Vn(hn) = sup
a∈A
{rn(st, at) +

∑
j∈S

p(j|sn, a)Vn+1(hn, a, j)} ≥ sup
a∈A
{rn(sn, a) +

∑
j∈S

pn(j|sn, a)V ∗
n+1(hn, a, j)}

≥ sup
a∈A
{rn(sn, a) +

∑
j∈S

pn(j|sn, a)V π′

n+1(hn, a, j)} ≥ V π′

n (hn).

Step 2: Prove that for any ε > 0, there exists a π ∈ DHD such that

V π′

n (hn) + (N − n)ε ≥ Vn(hn)⇒ V ∗
n (hn) + (N − n)ε ≥ V π′

n (hn) + (N − n)ε ≥ Vn(hn) ≥ V ∗
n (hn).

Construct a policy π′ = (δ′1, · · · , δ′N−1) by choosing δ′n(hn) to satisfy

rn(sn, δ
′
n(hn)) +

∑
j∈S

pn(j|sn, δ′n(hn))Vn+1(hn, δ
′
n(hn)) + ε ≥ Vn(hn).

By induction: For t = N , V π′

N (hN ) = VN (hN ). Assume V π′

t (ht) + (N − t)ε ≥ Vt(ht) for t = n+ 1, · · · , N . For t = n,

V π′

n (hn) = rn(sn, π
′
n(hn)) +

∑
j∈S

pn(j|sn, δπ
′

n (hn))V
π′

n+1(hn, δ
π′

n (hn), j) ≥ Vn(hn)− (N − n)ε. □

Remark 3.1 The equations yield that δ∗t (ht) ∈ arg maxa∈A{rt(st, a)+
∑
j∈S

pt(st, a)V
∗
t+1(ht, a, j)}, which means it is HD,

i.e. U∗
N (s) = supπ∈DHR Uπ

N (s) = supπ∈DHD Uπ
N (s)

?
= supπ∈DMD Uπ

N (s). We will answer “?” in the following theorem.

Theorem 3.2 Let V ∗
t , t = 1, · · · , N be solutions of Bellman Equations. Then (a) For each t = 1, · · · , N, V ∗

t (ht)

depends on ht only through st; (b) For any ε > 0, there exists an ε-optimal policy which is D and M; (c) Maximum
can be achieved, it is optimal, which is MD.
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MARKOV DECISION PROCESS

Proof We only prove (a). By induction, V ∗
N (hN ) = V ∗

N (hN−1, aN−1, s) = rN (s) for all hN−1 ∈ HN−1. Assume (a) is
valid for t = n+ 1, · · · , N . Then V ∗

n (hn) = supa∈A{rt(st, a) +
∑
j∈S

pt(j|st, a)V ∗
t+1(j)} = V ∗

n (st). □

Definition 3.4 (Backward Indcution (Dynamic Programming) Algorithm) 1. Set t = N and V ∗
N (sN ) = rN (sN ) for

all sN ∈ S; 2. Substitute t− 1 for t and compute V ∗
t (st) for each st ∈ S according to

V ∗
t (st) = max

a∈A
{rt(st, a) +

∑
j∈S

pt(j|st, a)V ∗
t+1(st)},

and set Ast = arg maxa∈A{rt(st, a) +
∑
j∈S

pt(j|st, a)V ∗
t+1(st)}; 3. If t = 1, stop. Otherwise return to Step 2.

Remark 3.2 (1) At time t, specialized St and As, special structure for rt and pt; (2) K = |S| and L = |A|, at eact t,
only (N − 1)LK2 multiplications, ease computation and storage cost (because there are (LK)N−1 DM policies).

Definition 3.5 (Infinite-Horizon MDPs) Assumptions: Stationary reward and transition probabilities, i.e. rt(s, a) ≡
r(s, a), pt(j|s, a) ≡ p(j|s, a); Bounded rewards, i.e. |r(s, a)| ≤M <∞ for all a ∈ A and s ∈ S; Discounting coefficient
λ, 0 ≤ λ < 1; Discrete state space S. The expected total reward of policy π = (δ1, δ2, · · · ) ∈ DHR:

Uπ(s) = lim
N→+∞

Eπ
s {

N∑
t=1

λt−1r(Xt, Yt)} = Eπ
s {

+∞∑
t=1

λt−1r(Xt, Yt)}.

We say that a policy π∗ is optimal when Uπ∗
(s) ≥ Uπ(s) for each s ∈ S and all π ∈ DHR. Define the value of the MDP

U∗(s) = supπ∈DHR Uπ(s). Let Uπ
ν (s) denote the expected reward obtained by using π when the horizon ν is random.

Then Uπ
ν (s) = Eπ

s {Eν∼P

ν∑
t=1

r(Xt, Yt)}.

Theorem 3.3 Suppose ν has a GD(λ), i.e. P(ν = n) = λn−1(1− λ). Then Uπ(s) = Uπ
ν (s) for all s ∈ S.

Proof Eπ
ν (s) = Eπ

s {
+∞∑
n=1

n∑
t=1

r(Xt, Yt)(1− λ)λn−1} = Eπ
s {

+∞∑
t=1

+∞∑
n=t

r(Xt, Yt)(1− λ)λn−1} = Eπ
s {

+∞∑
t=1

λt−1r(Xt, Yt)}. □

Theorem 3.4 Suppose π ∈ DHR, then for each s ∈ S, there exists a π′ ∈ DMR for which Uπ′
(s) = Uπ(s).

Proof Note that

Uπ(s) = Eπ
s {

+∞∑
t=1

λt−1r(Xt, Yt)} =
+∞∑
t=1

∑
j∈S

∑
a∈A

λt−1r(j, a)pπ(Xt = j, Yt = a|X1 = s).

Fixing s ∈ S, we only need to check

pπ(Xt = j, Yt = a|X1 = s) = pπ
′
(Xt = j, Yt = a|X1 = s).

For each j ∈ S and a ∈ A, define the randomized Markov decision rule δ′t by

qδ′t(j)(a) = pπ(Yt = a|Xt = j,X1 = s).

Then
pπ

′
(Yt = a|Xt = j) = pπ(Yt = a|Xt = j,X1 = s).

Assume the conclusion holds for t = 0, 1, · · · , n− 1. Then

pπ
′
(Xn = j, Yn = a|X1 = s) = pπ

′
(Yn = a|Xn = j,X1 = s)pπ

′
(Xn = j|X1 = s)

= pπ(Yn = a|Xn = j,X1 = s)pπ
′
(Xn = j|X1 = s).

Then by induction assumption,

pπ(Xn = j|X1 = s) =
∑
k∈S

∑
a∈A

pπ(Xn−1 = k, Yn−1 = a|X1 = s)p(j|k, a)

=
∑
k∈S

∑
a∈A

pπ
′
(Xn−1 = k, Yn−1 = a|X1 = s)p(j|k, a) = pπ

′
(Xn = j|X1 = s) □
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Proposition 3.1 (Vector expression for MDP) Let δ be MD, define rδ(s) and pδ(j|s) by

rδ(s) := r(s, δ(s)), pδ(j|s) := p(j|s, δ(s)).

Denote rδ = (rδ(1), · · · , rδ(|S|))T ∈ R|S|, pδ = (pδ)(s,j) = p(j|s, δ(s)). For MR δ, define

rδ(s) =
∑
a∈A

qδ(s)(a)r(s, a), pδ(j|s) =
∑
a∈A

qδ(s)(a)p(j|s, a).

The (s, j)-th component of the t-step transition probability matrix ptπ satisfies

ptπ(j|s) = [pδ1pδ2 · · · pδt ](j|s) = pπ(Xt+1 = j|X1 = s)

Eπ
s g(Xt) =

∑
j∈S

pt−1
π (j|s)g(j) = (ptπg)s

Uπ =
+∞∑
t=1

λt−1pt−1
π rδt = rδ1 + λpδ1(rδ1 + λpδ2rδ2 + · · · ) = rδ1 + λpδ1U

π1 .

When π is stationary, U = rδ + λpδU .

Theorem 3.5 Define LU = supd∈DMD{rd + λpdU}. Suppose there exists a U ∈ U for which (a) U ≥ LU , then
U ≥ U∗; (b) U ≤ LU , then U ≤ U∗; (c) U = LU , then U = U∗.

Proof (a) By the given conditions,

U ≥ sup
δ∈DMR

{rd + λpdU} ≥ rδ1 + λpδ1U ≥ rδ1 + λpδ1(rδ2 + λpδ2U)

≥ rδ1 + λpδ1rδ2 + · · ·+ λn−1pδ1pδ2 · · · pδn−1
rδn + λnpnπU

⇒ U − Uπ ≥ λnpnπU −
+∞∑
k=n

λkpkπrδk+1
≥ 0.

(b) U ≤ LU ⇒ U ≤ rd + λpdU + ε1⇒ (I − λpd)U ≤ rd + ε1⇒ U ≤ (I − λpd)−1(rd + ε1) = Uπ + ε(1− λ)−11|S|.
(c) Omitted. □

Theorem 3.6 If 0 ≤ λ < 1, L is a contraction mapping on U .

Proof Let u and v in U . For each s ∈ S, assume L v(s) ≥ L u(s) and let a∗s = arg maxa∈A{r(s, a)+
∑
j∈S

λp(j|s, a)v(j)}.

Then

0 ≤ L v(s)−L u(s) ≤ r(s, a∗s) +
∑
j∈S

λp(j|s, a∗j )v(j)− r(s, a∗j )−
∑
j∈S

λp(j|s, a∗s)u(j)

= λ
∑
j∈S

p(j|s, a∗s)(v(j)− u(j)) ≤ λ
∑
j∈S

p(j|s, a∗s)|‖u− v‖ = λ‖u− v‖. □

4 Statistical Learning Theory

Definition 4.1 (Basic concepts) (X,Y ) ∼ P ∈ P , definite (X1, Y1), · · · , (Xn, Yn) i.i.d., Dn = {(X1, Y1), · · · , (Xn, Yn)},
riskRn(f) = E(X,Y )∈Dn

l(X,Y ). An algorithm A is a mapping from Dn to a function X → Y . Excess risk: RP (A(Dn))−
R∗

P . Expected error: E[RP (A(Dn))]. An algorithm is called consistent in expectation for P iff E[RP (A(Dn))]−R∗
P → 0.

PAC (probability approximately correct): for a given δ ∈ (0, 1) and ε > 0, P(RP (A(Dn))−R∗
P ≤ ε) ≥ 1− δ.

Definition 4.2 (Consistency) g(x) = E[Y |X = x], gn(x,Dn) = gn(x),E{|gn(X)−Y |2|Dn} =
∫
Rd |gn(x)−g(x)|2µ(dx)+

E|g(X)−Y |2. A sequence of regression function estimates {gn} is called (a) weakly consistent for a certain distribution
of (X,Y ) if lim

n→+∞
E{
∫
[gn(x) − g(x)]µ(dx)} = 0; (b) strongly consistent for a certain distribution if lim

n→+∞

∫
[gn(x) −

g(x)]2µ(dx) = 0 with probability 1; (c) weakly universally consistent if for all distributions of (X,Y ) with E[Y 2] <∞,
· · · ; (d) strongly universally consistent · · · .

Definition 4.3 (Penalized model) gn = arg minf{ 1n
n∑

i=1

|f(Xi)− Yi|2 + Jn(f)}. Penalized term for f :

Jn(f) = λn

∫
|f ′′(t)|2dt or Jn,k(f) = λn

∫ ∑
t1,··· ,tk∈{1,··· ,d}

∣∣∣∣ ∂fk

∂xt1 · · · ∂xtd

∣∣∣∣2 dt, · · ·
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Proposition 4.1 (Curse of dimensionality) Let X,X1, · · · , Xn i.i.d. Rd uniformly distributed in [0, 1]d.

d∞(d, n) = E{ min
i=1,··· ,n

‖X −Xi‖∞} =
∫ ∞

0

P{ min
i=1,··· ,n

‖X −Xi‖∞ > t}dt

=

∫ ∞

0

(1− P{ min
i=1,··· ,n

‖X −Xi‖∞ < t})dt.

Since P{mini ‖X −Xi‖∞ < t} ≤ nP(‖X −X1‖∞ ≤ t) ≤ n(2t)d, d∞(d, n) ≥ d
2(d+1)

n− 1
d .

Theorem 4.1 (No-Free lunch theorem) Let {an} be a sequence of positive numbers converging to 0. For every se-
quence of regression estimates, there exists a distribution of (X,Y ) such that X is uniformly distributed on [0, 1],
Y = g(X), g is ±1 valued, and lim sup

n→+∞

E∥gn−g∥2

an
≥ 1.

Proof Let {pj} be a probability distribution and let A = {Aj} be a partition of [0, 1] such that Aj is an interval of
length pj . Consider regression function indexed by a parameter c = (c1, c2, · · · ) with cj ∈ {±1}. Define g(c) : [0, 1]→
{−1, 1} by g(c)(x) = cj iff x ∈ Aj and Y = g(c)(X). For x ∈ Aj , define ḡn(x) = 1

pj

∫
Aj
gn(z)µ(dz) to be the projection

of gn on A. Then∫
Aj

|gn(x)− g(c)(x)|2µ(dx) =
∫
Aj

|gn(x)− ḡn(x)|2µ(dx) +
∫
A

|ḡn(x)− g(c)(x)|2µ(dx)

≥
∫
A

|ḡn(x)− g(c)(x)|2µ(dx).

Set ĉnj =

 1 if
∫
Aj
gn(z)µ(dz) ≥ 0

−1 otherwise
. For x ∈ Aj , if ĉnj = 1 and cj = −1, then ḡn(x) ≥ 0 and g(c)(x) = −1, implying

|ḡn(x) − g(c)(x)| ≥ 1; if ĉnj = −1 and cj = 1, then ḡn(x) < 0 and g(c)(x) = 1, also implying |ḡn(x) − g(c)(x)|2 ≥ 1.
Therefore, ∫

A

|ḡn(x)− g(c)(x)|2µ(dx) ≥ 1{ĉnj ̸=cj}

∫
Aj

1µ(dx) ≥ 1{ĉnj ̸=cj}pj ≥ 1{ĉnj ̸=cj}1{µn(Aj)=0}pj

⇒ E
ß∫
|gn(x)− g(c)(x)|2µ(dx)

™
≥

+∞∑
j=1

P(ĉnj 6= cj , µn(Aj) = 0)pj := Rn(c).

Now we randomize c. Let C1, C2, · · · be a sequence of i.i.d. random variables independent of X1, X2, · · · which satisfy
P(c1 = 1) = P(c1 = −1) = 1

2
. Thus

ERn(C) =
+∞∑
j=1

EP(Ĉnj 6= Cj , µn(Aj) = 0)pj
total expectation

=
+∞∑
j=1

E{1{µn(Aj)=0}P(Ĉnj 6= Cj |X1, · · · , Xn)}pj

=
1

2

+∞∑
j=1

P(µn(Aj) = 0)pj =
1

2

+∞∑
j=1

(1− pj)npj .

On the other hand,

Rn(c) ≤
+∞∑
j=1

P(µn(Aj) = 0)pj =
+∞∑
j=1

(1− pj)npj ⇒
Rn(c)

ERn(C)
≤ 2.

By Fatou’s lemma,
E
ß

lim sup
n→+∞

Rn(C)

ERn(C)

™
≥ lim sup

n→+∞

ß
Rn(C)

ERn(C)

™
= 1,

which implies that there exists c ∈ C such that

lim sup
n→+∞

Rn(C)

ERn(C)
≥ 1⇒ lim sup

n→+∞

E{
∫
|gn(x)− g(x)|2µ(dx)}
1
2

+∞∑
j=1

(1− pj)npj
≥ 1.

Let {an} be a sequence of positive numbers converging to 0 with 1
2
≥ a1 ≥ a2 ≥ · · · , then there exists a probability

{pj} such that
+∞∑
j=1

(1− pj)npj ≥ an, ∀n. □
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Definition 4.4 (Minimax lower bounds) (a) The sequence of positive numbers an is called the lower minimax rate of

convergence for the P if lim inf
n→+∞

inf
gn

sup
P∈P

E‖gn − g‖2

an
= c1 > 0. (b) an is called optimal rate of convergence for the class

P if it is a lower minimax rate of convergence and there is an estimate gn such that lim sup
n→+∞

sup
P∈P

E‖gn − g‖2

an
= cn <∞.

Definition 4.5 (Smoothness) Let q = k + β for some k ∈ N and 0 < β ≤ 1 and let ρ > 0. A function f : Rd → R

is called (q, ρ)-smooth if for every α = (α1, · · · , αd), αi ∈ N,
d∑

i=1

αi = k, the partial derivative ∂kf

∂xα1
1 · · · ∂x

αd

d

exists and

satisfies
∣∣∣∣ ∂kf

∂xα1
1 · · · ∂x

αd

d

(x)− ∂kf

∂xα1
1 · · · ∂x

αd

d

(z)

∣∣∣∣ ≤ ρ‖x− z‖β. Let F (q,ρ) be the set of all (q, ρ)-smooth functions f . Let

P(q,ρ) be the class of distributions (X,Y ) such that (i) X is uniformly distributed on [0, 1]d; (ii) Y = g(X)+N , where
X ⊥⊥ N , and N is standard normal; (iii) g ∈F q,ρ.

Lemma 4.1 Let u be an l-dimensional real vector, let C be a zero means random variables takeing values in {−1, 1}
and let N be an l-dimensional standard normal independent of C. Set Z = Cu+N . Then the error probability of the
Bayesian decision for C based on Z is R∗ = ming:Rl→R P(g(Z) 6= C) = Φ(−‖u‖).

Proof P(C = 1) = P(C = −1) = 1
2
,P(Z|C = 1) = N (u, I),P(Z|C = −1) = N (−u, I). By the Bayes formula,

P(C = 1|Z = z) =
P(C = 1)P(Z|C = 1)

P(C = 1)P(Z|C = 1) + P(C = −1)P(Z|C = −1)
=

1

1 + exp
(

∥Z−u∥2

2
− ∥Z+u∥2

2

) =
1

1 + exp(−2ZTu)
.

Therefore, the optimal Bayes decision is g∗(Z) = sgn(ZTu), and the risk is

R∗ = P(g∗(Z) 6= C) = P(ZTu < 0, C = 1) + P(ZTu > 0, C = −1)

= P(‖u‖2 + uTN < 0, C = 1) + P(−‖u‖2 + uTN > 0, C = −1)

=
1

2
P(uTN ≤ −‖u‖2) + 1

2
P(uTN > ‖u‖2) = Φ(−‖u‖). □

Theorem 4.2 For the class P(q,ρ), the sequence an = n− 2q
2q+d is a lower minimax rate of convergence. In particular,

lim inf
n→∞

inf
gn

sup
P(X,Y )∈P(q,ρ)

E‖gn − g‖2

ρ
2d

2q+dn− 2q
2q+d

≥ c1 > 0.

Proof Step 1: Construct an auxiliary function g(c)(x). Set Mn = d(ρ2n)
1

2q+d e. Partition [0, 1]d into Md
n cubes {An,j}

of side length 1
Mn

and with centers {an,j}. Choose a function f̄ : Rd → R such that the support of f̄ is a subset of
[− 1

2
, 1
2
]d,
∫
f̄2(x)dx > 0 and f̄ ∈ F (q,2β−1). Define f : Rd → R by f = ρf̄ . Let cn = (cn,1, · · · , cn,Md

n
) ∈ Cn take values

in {±1}. Define g(cn)(x) =
Md

n∑
j=1

cn,jfn,j(x) where fnj
(x) =M−q

n f(Mn(x− an,j)).

Step 2: Show that g(cn) ∈F (q,ρ). Let α = (α1, · · · , αd), αi ∈ N,
d∑

j=1

αj = k and Dα = ∂k

∂x
α1
1 ···∂xαd

d

. If x, z ∈ An,j ,

|Dαgcn(x)−Dαg(cn)(z)| = |cn,k||Dαfn,j(x)−Dαfn,j(z)| ≤ ρ‖x− z‖β.

If x ∈ An,i, z ∈ An,j , choose x̄, z̄ on the line between x and z such that x̄ is on the boundary of An,i and z̄ is on the
boundary of An,j . Then

|Dαg(cn)(x)−Dαg(cn)(z)| ≤ |cn,iDαfn,i(x)|+ |cn,jDαfn,j(z)|

= |cn,i||Dαfn,i(x)−Dαfn,i(x̄)|+ |cn,j ||Dαfn,j(z)−Dαfn,j(z̄)|

≤ ρ2β−1(‖x− x̄‖β + ‖z − z̄‖β) = ρ2β
(
‖x− x̄‖β

2
+
‖z − z̄‖β

2

)
≤ ρ2β

(
‖x− x̄‖

2
+
‖z − z̄‖

2

)β

≤ ρ‖x− z‖β.

Step 3: Prove that
lim inf
n→+∞

inf
gn

sup
Y=g(c)(X)+N,c∈Cn

M2q
n

ρ2
E‖gn − g(c)‖2 > 0.

8
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{fn,j} forms a set of orthogonal basis. Let gn be an arbitrary estimate, and the projection ḡn of gn to {g(c) : c ∈ Cn}

is given by ḡn =
Mn∑
j=1

c̃n,jfn,j(x). Then

‖gn − g(c)‖2 = ‖gn − ḡn‖2 + ‖gn − g(c)‖2 ≥ ‖ḡn − g(c)‖2 =
Md

n∑
j=1

∫
An,j

(c̃n,jfn,j(x)− cn,jfn,j(x))2dx

=

Md
n∑

j=1

∫
An,j

(c̃n,j − cn,k)2f2
n,j(x)dx =

∫
f2(x)dx

Md
n∑

j=1

(c̃n,j − cn,j)2
1

M2q+d
n

.

Define c̄n,j = sgn(c̃n,j), then

|c̃n,j − cn,j | ≥
|c̄n,j − cn,j |

2
⇒ ‖gn − g(c)‖2 ≥

∫
f2(x)dx1

4

1

M2q+d
n

Md
n∑

j=1

(c̄n,j − cn,j)2 =
ρ2

M2q
n

∫
f̄2(x)dx 1

Md
n

Md
n∑

j=1

1{c̄n,j ̸=cn,j}.

Step 4: Prove that

lim inf
n→+∞

inf
c̄n

sup
cn

1

Md
n

Md
n∑

j=1

P(c̄n,j 6= cn,j) > 0.

Now we randomize cn. Let cn,1, · · · , cn,Md
n

be i.i.d. random variables independent of (X1, N1), · · · , (Xn, Nn), P(Cn,1 =

1) = P(Cn,1 = −1) = 1
2
. c̄n,j can be interpreted as a decision on Cn,j using Dn. Let C̄n,j = 1 if P(C̄n,j = 1|Dn) ≥ 1

2
.

Therefore,

inf
c̄n

sup
cn

1

Md
n

Md
n∑

j=1

P(c̄n,j 6= cn,,j) ≥ inf
c̄n

1

Md
n

Md
n∑

j=1

P(c̄n,j 6= Cn,j) ≥
1

Md
n

Md
n∑

j=1

P(C̄n,j 6= Cn,j)

= P(C̄n,1 6= Cn,1) = E{P(C̄n,1 6= Cn,1|X1, · · · , Xn)}.

Let Xi1 , · · · , Xit be those Xi ∈ An,1, (Yi,1, · · · , Yit) = Cn,1(fn,1(Xi1), · · · , fn,1(Xit)) + (Ni1 , · · · , Nit). By lemma 4.1,

E{P(C̄n,1 6= Cn,1|X1, · · · , Xn)} = EΦ

−
Ã

t∑
r=1

f2
n,1(Xir)

 = EΦ

−
Ã

n∑
i=1

f2
n,1(Xi)


≥ Φ

−
Ã

E
n∑

i=1

f2
n,1(Xi)

 ≥ Φ

(
−
 ∫

f2(x)dx
)
> 0. □

5 Uniform Laws of Large Numbers

Definition 5.1 (Background) Set Z = (X,Y ), Zi = (Xi, Yi), gf (x, y) = |f(x) − y|2 for f ∈ Fn, Gn = {gf : f ∈ Fn},

consider the limit lim
n→+∞

sup
g∈Gn

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− Eg(Z)

∣∣∣∣∣.
Lemma 5.1 (Hoeffding’s inequality) For g : Rd → [0, B], the following inequalities hold:

P

(∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− E{g(Z)}
∣∣∣∣∣ > ε

)
≤ 2e−

2nε2

B2 ⇒ P

(
sup
g∈Gn

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− E{g(Z)}
∣∣∣∣∣ > ε

)
≤ 2|Gn|e−

2nε2

B2 .

For finite class G satisfying
+∞∑
n=1

|Gn|e−
2nε2

B2 <∞ for all ε > 0, by Borel-Cantelli lemma,

P

(
sup
g∈Gn

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− E{g(Z)}
∣∣∣∣∣ > ε i.o.

)
= 0

Definition 5.2 (Covering number) Let ε > 0 and G be a set of functions Rd → R. Every finite collection of functions
g1, · · · , gN : Rd → R with the property that for every g ∈ G there is a j = j(g) ∈ [N ] such that ‖g− gj‖∞ < ε is called
an ε-cover of G w.r.t. ‖ · ‖∞. Let N (ε,G , ‖ · ‖∞) or N∞(ε,G ) be the smallest ε-cover of G w.r.t. ‖ · ‖∞.

9



UNIFORM LAWS OF LARGE NUMBERS

Theorem 5.1 For n ∈ N, let Gn be a set of functions g : Rd → [0, B] and let ε > 0. Then

P

(
sup
g∈Gn

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− E{g(Z)}
∣∣∣∣∣ > ε

)
≤ 2N∞

(ε
3
,Gn

)
exp

(
−2nε2

9B2

)
.

Proof Let Gn, ε3
be an ε

3
-cover of Gn w.r.t. ‖ · ‖∞ of minimal cardinality. Fix g ∈ Gn, there exists ḡ ∈ Gn, ε3

such that
‖g − ḡ‖∞ < ε

3
. Then∣∣∣∣∣ 1n

n∑
i=1

g(Zi)− Eg(Z)

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

(g(Zi)− ḡ(Zi))

∣∣∣∣∣+
∣∣∣∣∣ 1n

n∑
i=1

ḡ(Zi)− E{ḡ(Z)}
∣∣∣∣∣+ |Eḡ(Z)− Eg(Z)|

≤ 2ε

3
+

∣∣∣∣∣ 1n
n∑

i=1

ḡ(Zi)− E{ḡ(Z)}
∣∣∣∣∣ ,

⇒ P

(
sup
g∈Gn

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)−E{g(Z)}
∣∣∣∣∣ > ε

)
≤ P

(
sup

g∈Gn, ε
3

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− E{g(Z)}
∣∣∣∣∣ > ε

3

)

Then use Hoeffding’s inequality. □

Definition 5.3 Let ε > 0, G be a set of functions Rd → R, 1 ≤ p <∞, and ν be a probability measure on Rd. (a) Every
finite collection of functions g1, · · · , gN : Rd → R with the property that for every g ∈ G there is a j = j(g) ∈ [N ] such
that ‖g−gj‖Lp(ν) < ε is called a ε-cover of G . Similarly define N (ε,G , ‖·‖Lp(ν)). (b) Let Z1:n = (Z1, · · · , Zn) ⊂ Rd and

νn be the corresponding empirical measure, then ‖f‖Lp(νn) :=

{
1

n

n∑
i=1

|f(Zi)|p
} 1

p

and similarly define Np(ε,G , Z1:n).

Definition 5.4 (Packing number) (a) Every finite collection of functions g1, · · · , gN ∈ G with ‖gj − gk‖Lp(ν) ≥ ε for
all 1 ≤ j < k ≤ N is called ε-packing of G with ‖ · ‖Lp(ν). The largest ε-packing is denoted as M (ε,G , ‖ · ‖Lp(ν)).
Similarly define M (ε,G , Z1:n).

Property 5.1 (Covering number v.s. packing number)

M (2ε,G , ‖ · ‖Lp(ν)) ≤N (ε,G , ‖ · ‖Lp(ν)) ≤M (ε,G , ‖ · ‖Lp(ν)),

M (2ε,G , Z1:n) ≤N (ε,G , Z1:n) ≤M (ε,G , Z1:n).

Theorem 5.2 Let F be a set of functions Rd → R. Assume that F is a linear vector space of dimension D. Then
for arbitrary R > 0, ε > 0, and z1, · · · , zn ∈ Rd,

N2

(
ε,

{
f ∈F :

1

n

n∑
i=1

|f(zi)|2 ≤ R2

}
, Z1:n

)
≤
(
4R+ ε

ε

)D

.

Definition 5.5 Let A be a class of subsets of Rd and n ∈ N. For z1, · · · , zn ∈ Rd, define s(A , {z1, · · · , zn}) =

|{A ∩ {z1, · · · , zn} : A ∈ A }|.

Definition 5.6 Let G be a subset of Rd of size n. We say A shatters G if s(A ,G ) = 2n. The nth shatter coefficient
of A is S(A , n) = max{z1,··· ,zn}⊂Rd s(A , {z1, · · · , zn}), the maximum number of different subsets of n points that can
be picked out by set from A .

Definition 5.7 (VC dimension) Let A be a class of subsets of Rd with A 6= ∅. The VC dimension VA of A is defined
by VA = sup{n ∈ N, S(A , n) = 2n}.

Proposition 5.1 S(A , n) ≤
VA∑
i=0

(
n

i

)
.

Theorem 5.3 Let G be a set of functions g : Rd → [0, B]. For any n ∈ N and ε > 0,

P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

g(Z)− E[g(Z)]

∣∣∣∣∣ > ε

}
≤ 8EN1(

ε

8
,G , Z1:n) exp

(
− nε2

128B2

)
.
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Proof Step 1: Symmetrization. Let Z ′1:n be i.i.d. samples from the same distribution and independent of Z1:n and

g∗ ∈ G be a function such that
∣∣∣∣∣ 1n

n∑
i=1

g(Zi)− Eg(Z)

∣∣∣∣∣ > ε if there exists such one. Otherwise, let g∗ be an arbitrary

function in G . g∗(z) depends on Z1:n and P

{∣∣∣∣∣E[g∗(Z)|Z1:n]− 1

n

n∑
i=1

g∗(Z ′
i)

∣∣∣∣∣ > ε

2

∣∣∣∣∣Z1:n

}
≤ Var(g∗(Z)|Z1:n)

n( ε
2
)2

≤ B2/4

nε2/4
=

B2

nε2
≤ 1

2
holds for n ≥ 2B2

ε2
. Thus we have

P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i)

∣∣∣∣∣ > ε

2

}
≥ P

{∣∣∣∣∣ 1n
n∑

i=1

g∗(Zi)−
1

n

n∑
i=1

g∗(Z ′
i)

∣∣∣∣∣ > ε

2

}

≥ P

{∣∣∣∣∣ 1n
n∑

i=1

g∗(Zi)− E[g∗(Z)|Z1:n]

∣∣∣∣∣ > ε,

∣∣∣∣∣ 1n
n∑

i=1

g∗(Z ′
i)− E[g∗(Z)|Z1:n]

∣∣∣∣∣ ≤ ε

2

}

= E

1®∣∣∣∣ 1n n∑
i=1

g∗(Zi)−E[g∗(Z)|Z1:n]

∣∣∣∣>ε

´P(∣∣∣∣∣ 1n n∑
i=1

g∗(Z ′
i)− E[g∗(Z)|Z1:n]

∣∣∣∣∣ ≤ ε

2

∣∣∣∣∣Z1:n

)
≥ 1

2
P

{∣∣∣∣∣ 1n
n∑

i=1

g∗(Zi)− E[g∗(Z)|Z1:n]

∣∣∣∣∣ > ε

}

Therefore, 2P
{

sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i)

∣∣∣∣∣ > ε

2

}
≥ P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− E[g(Z)]

∣∣∣∣∣ > ε

}
.

Step 2: Introduction of additive randomness by random signs. Let U1, · · · , Un be independent and uniformly
distributed over {−1, 1} and independent Z1:n and Z ′1:n.

P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

[g(Zi)− g(Z ′
i)]

∣∣∣∣∣ > ε

2

}
= P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

Ui[g(Zi)− g(Z ′
i)]

∣∣∣∣∣ > ε

2

}

≤ P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

Uig(Zi)

∣∣∣∣∣ > ε

4

}
+ P
®

sup
g∈G

∣∣∣∣ 1nUig(Z
′
i)

∣∣∣∣ > ε

4

´
= 2P

{
sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

Uig(Zi)

∣∣∣∣∣ > ε

4

}
Step 3: Conditioning and introduction of a covering on Z1:n. Let G ε

8
be an L1

ε
8
-cover of G in Z1:n. Fix g ∈ G ,

then there exists ḡ ∈ G ε
8

s.t. 1

n

n∑
i=1

|g(Zi)− ḡ(Zi)| <
ε

8
.
∣∣∣∣∣ 1n

n∑
i=1

Uig(Zi)

∣∣∣∣∣ =
∣∣∣∣∣ 1n

n∑
i=1

Uiḡ(Zi) +
1

n

n∑
i=1

Ui[g(Zi)− ḡ(Zi)]

∣∣∣∣∣ ≤∣∣∣∣∣ 1n
n∑

i=1

Uiḡ(Zi)

∣∣∣∣∣+ ε

8
. Thus

P

{
∃g ∈ G :

∣∣∣∣∣ 1n
n∑

i=1

Uig(Zi)

∣∣∣∣∣ > ε

4

}
≤ P

{
∃g ∈ G ε

8
:

∣∣∣∣∣ 1n
n∑

i=1

Uiḡ(Zi)

∣∣∣∣∣ > ε

8

}
≤ |G ε

8
|max
g∈G ε

8

P

{∣∣∣∣∣ 1n
n∑

i=1

Uig(Zi)

∣∣∣∣∣ > ε

8

}

Step 4: Application of Hoeffding’s inequality: |Uig(Zi)| ≤ B ⇒ P

{∣∣∣∣∣ 1n
n∑

i=1

Uig(Zi)

∣∣∣∣∣ > ε

8

}
≤ 2 exp

(
−
2n( ε

8
)2

(2B)2

)
=

2 exp
(
− nε2

128B2

)
. □

Theorem 5.4 Let G be a class of functions g : Rd → [0, B] with VG + ≥ 2 where G + := {(z, t) ∈ Rd ×R : t ≤ g(z), g ∈
G }. Let p ≥ 1, ν be a probability measure on Rd and 0 < ε < B

4
. Then

M (ε,G , ‖ · ‖Lp(ν)) ≤ 3

(
2eBp

εp
log 3eBp

εp

)VG+

.

Proof Step 1: Set p = 1. Relate M (ε,G , ‖ · ‖Lp(ν)) to a shatter coefficient of G +. Set m = M (ε,G , ‖ · ‖Lp(ν)) and let
Ḡ = {g1, · · · , gm} be a ε-packing of G w.r.t. ‖ · ‖Lp(ν). Let Q1, · · · , QK ∈ Rd be K independent r.v.’s with common
ν. Generate K independent r.v.’s T1, · · · , TK uniformly distributed on [0, B]. Denote Ri = (Qi, Ti), i = 1, · · · ,K,Gf =

{(x, t) : t ≤ f(x)} for f : Rd → [0, B]. Then

S(G +,K) = max
{z1,··· ,zK}∈Rd×R

s(G +, {z1, · · · , zK}) ≥ Es(G+, {R1, · · · , RK}) ≥ Es({Gf : f ∈ G }, {R1, · · · , RK})

11
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≥ Es({Gf : f ∈ G ,Gf ∩R1:K 6= Gg ∩R1:K for all g ∈ Ḡ , g 6= f}, R1:K)

= E

∑
f∈Ḡ

1{Gf∩R1:K ̸=Gg∩R1:K for all g∈G ,g ̸=f}

 =
∑
f∈Ḡ

P(Gf ∩R1:K 6= Gg ∩R1:K for all g ∈ G , g 6= f)

=
∑
f∈Ḡ

(
1− P(∃g ∈ Ḡ , g 6= f,Gf ∩R1:K = Gg ∩R1:K)

)
≥
∑
f∈Ḡ

(
1−m max

g∈Ḡ ,g ̸=f
P(Gf ∩R1:K = Gg ∩R1:K)

)
.

For f, g ∈ Ḡ , f 6= g,
P(Gf ∩R1:K = Gg ∩R1:K) = P(Gf ∩ {R1} = Gg ∩ {R1})K ,

and

P(Gf ∩ {R1} = Gg ∩ {R1}) = 1− P(Gf ∩ {R1} 6= Gg ∩ {R1}) = 1− E[P(Gf ∩ {R1} 6= Gg ∩ {R1}|Q1)]

= 1− E[P(f(Q1) < T ≤ g(Q1) or g(Q1) < T ≤ f(Q1)|Q1)] = 1− E
[
|f(Q1)− g(Q1)|

B

]
= 1− 1

B

∫
|f(x)− g(x)|ν(dx) ≤ 1− ε

B
⇒ P(Gf ∩ {R1} = Gg ∩ {R1})K ≤

(
1− ε

B

)K
≤ exp

(
−εK
B

)
⇒ S(G +,K) ≥ m

(
1−m exp

(
−εK
B

))
.

Set K =

õ
B

ε
log(2m)

û
. Then

1−m exp
(
−εK
B

)
≥ 1−m exp

(
− ε
B

(
B

ε
log(2m)− 1

))
= 1− 1

2
exp

( ε
B

)
≥ 1− 1

2
exp

(
1

4

)
≥ 1

3
⇒ m ≤ 3S(G+,K).

Step 2: Relate S(G+,K) to VG+
. Set K = bB

ε
log(2M (ε,G , ‖·‖Lp(ν)))c ≤ VG+

⇒M (ε,G , ‖)·‖Lp(ν) ≤ e
2

exp(VG+
) ≤

3
(
2eB
ε

log 3eB
ε

)VG+ . In the case K > VG+
, use the following lemma:

Lemma 5.2 Let A ∈ Rd and VA <∞. Then ∀n ∈ N, S(A , n) ≤ (n+ 1)VA and ∀n ≥ VA , S(A , n) ≤ ( en
VA

)VA .

Then M (ε,G , ‖ · ‖Lp(ν)) ≤ 3

(
eK

VG+

)VG+

≤ 3

(
eB

εVG+

log(2M (ε,G , ‖ · ‖Lp(ν)))

)VG+

.

Step 3: Setting a = eB
ε

and b = VG+
,M (ε,G , ‖ · ‖Lp(ν)) := x ≤ 3(a

b
log(2x))b ⇒ x ≤ 3(2a log(3a))b.

Step 4: Let 1 < p <∞. Then for any gj , gk ∈ G ,

‖gj − gk‖pLp(ν)
≤ Bp−1‖gj − gk‖L1(ν) ⇒M (ε,G , ‖ · ‖Lp(ν)) ≤M

(
εp

Bp−1
,G , ‖ · ‖Lp(ν)

)
. □

Theorem 5.5 (ULLN) Let G be a class of functions g : Rd → R and G : Rd → R, G(x) = supg∈G |g(x)| be an envelope
of G . Assume EG(Z) <∞ and VG + <∞. Then

sup
g∈G

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− Eg(Z)

∣∣∣∣∣→ 0 a.s. as n→ +∞

Proof For L > 0, set GL := {g · 1{G≤L} : g ∈ G }. For g ∈ G ,∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− Eg(Z)

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Zi)1{G(Zi)≤L}

∣∣∣∣∣
+

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)1{G(Zi)≤L} − E{g(Z)1G(Z)≤L}
∣∣∣∣∣+ ∣∣E{g(Z)1G(Z)≤L} − E{g(Z)}

∣∣
=

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)1{G(Zi)>L}

∣∣∣∣∣+ E|g(Z)|1{G(Z)>L} +

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)1{G(Zi)≤L} − E{g(Z)1G(Z)≤L}
∣∣∣∣∣

Since P( sup
g∈GL

∣∣∣∣∣ 1n
n∑

i=1

g(Zi)− Eg(Z)

∣∣∣∣∣ > ε) ≤ 8E
ß
M1(

ε

8
,GL, Z

1:n) exp
(
− nε2

128(2L)2

)™
, use the B-C lemma. □
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LEAST SQUARE ESTIMATES: CONSISTENCY AND CONVERGENCE RATE

6 Least Square Estimates: Consistency and Convergence Rate

Definition 6.1 (Notation) E{(m(X)− Y )2} = inff E{(f(X)− Y )2} ⇒ m(X) = E[Y |X]. Define

mn = arg min
f∈Fn

1

n

n∑
i=1

|f(Xi)− Yi|2,m∗ = arg min
f∈Fn

E{(f(X)− Y )2}.

Theorem 6.1 Let Fn be a class of functions f : Rd → R depending on th data Dn = {(X1, Y1), · · · , (Xn, Yn)}. Then∫
|mn(x)−m(x)|2ν(dx) ≤ 2 sup

f∈Fn

∣∣∣∣∣ 1n
n∑

i=1

|f(Xi)− Yi|2 − E{(f(X)− Y )2}
∣∣∣∣∣+ inf

f∈Fn

∫
|f(x)−m(x)|2ν(dx).

Proof We do the following decomposition:∫
|mn(x)−m(x)|2ν(dx) = E[|mn(X)− Y |2|Dn]− E[|m(X)− Y |2]

=

ß
E[|mn(X)− Y |2|Dn]− inf

f∈Fn

E|f(X)− Y |2
™
+

ß
inf

f∈Fn

E|f(X)− Y |2 − E|m(X)− Y |2
™

:= I1 + I2.

I1 ≤ 2 sup
f∈Fn

∣∣∣∣∣ 1n
n∑

i=1

|f(Xi)− Yi|2 − E|f(X)− Y |2
∣∣∣∣∣. I2 = inf

f∈Fn

∫
(f(x)−m(x))2ν(dx). □

Proposition 6.1 (Method of Sieves) Let ψ1, ψ2, · · · ,Rd → R be bounded functions such that |ψj(x)| ≤ 1. Assume

the set of functions ∪+∞
k=1{

k∑
j=1

ajψj(x) : a1, · · · , ak ∈ R} is dense in L2(µ) for any probability measure µ on Rd. Define

the regression function estimate mn as a function minimizing the empirical L2 risk 1
n

n∑
i=1

(f(Xi)−Yi)
2 over the function

form f(x) =
kn∑
j=1

ajψj(x) with
kn∑
j=1

|aj | ≤ βn. If E(Y 2) < ∞ and kn and βn satisfy kn → ∞, βn → ∞,
knβ

4
n logβn
n

→ 0

and β4
n

n1−δ
→ 0 for some δ > 0, then

∫
(mn(x)−m(x))2µ(dx)→ 0 with probability 1.

Proposition 6.2 Consider Fn =

®
kn∑
j=1

ajψj(x) :
kn∑
j=1

|aj | ≤ βn

´
and F̃n =

®
kn∑
j=1

ajψj(x) : aj ∈ R
´

. Step 1: derive ‹mn

by using F̃n. Step 2: Trancation of ‹mn, mn(x) = Tβn
‹mn(x) where TLu =

 u, if |u| ≤ L

Lsgn(u), otherwise
. (a) If E(Y 2) <∞

and kn and βn satisfy kn →∞, βn →∞,
knβ

4
n logβn
n

→ 0, then E
ß∫

(mn(x)−m(x))2µ(dx)
™
→ 0. (b) If adding the

extra condition β4
n

n1−δ
→ 0 for some δ > 0, then

∫
(mn(x)−m(x))2µ(dx)→ 0 a.s.

Proposition 6.3 Let ‹Fn = ‹Fn(Dn) be a class of functions f : Rd → R. If |Y | ≤ βn a.s., then∫
(mn(x)−m(x))2µ(dx) ≤ 2 sup

f∈Tβn
‹Fn

∣∣∣∣∣ 1n
n∑

i=1

|f(Xi)− Yi|2 − E|f(X)− Y |2
∣∣∣∣∣+ inf

f∈‹Fn,∥f∥∞≤βn

∫
|f(x)−m(x)|2µ(dx)

Theorem 6.2 Let F̃n = F̃n(Dn) be a class of functions f : Rd → R and YL = TLY, Yi,L = TLYi. (a) If

lim
n→+∞

βn =∞, lim
n→+∞

inf
f∈‹Fn,∥f∥∞≤βn

∫
|f(x)−m(x)|2µ(dx) = 0 a.s.,

lim
n→+∞

sup
f∈Tβn

‹Fn

∣∣∣∣∣ 1n
n∑

i=1

|f(Xi)− Yi,L|2 − E(f(X)− YL)
2

∣∣∣∣∣ = 0 a.s. for all L > 0,

then lim
n→+∞

∫
|mn(x)−m(x)|2µ(dx) = 0 a.s. (b) If βn → +∞,E{∼} → 0,E{∼} → 0, then E{∼} → 0.

Definition 6.2 (Piecewise polynomial partition estimate) Pn = {An,1, An,2, · · · } be a partition of Rd,

m̂n(x) :=

n∑
i=1

YiI{Xi∈An(x)}

n∑
i=1

I{Xi∈An(x)}

13
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where An(x) denotes the cell An,j ∈ Pn which contains x.

Theorem 6.3 Let F be a class of function f : Rd → R bounded in abolute value by B. Let ε > 0. Then

P{∃f ∈F s.t.‖f‖2 − 2‖f‖n > ε} ≤ EN2

(√
2

24
ε,F , X1:2n

)
exp

(
− nε2

288B2

)

where ‖f‖2n = 1
n

n∑
i=1

|f(Xi)|2.

Proof Step 1: Replace L2(µ) norm by the empirical norm. Let ‹X1:n = (Xn+1, · · · , X2n) be a ghost sample of

i.i.d. r.v.’s as X and independent of X1:n. Define ‖f‖2n′ = 1
n

2n∑
i=n+1

|f(Xi)|2. Let f∗ be a function f ∈ F such that

‖f‖2 − 2‖f‖n > ε if there exists any such function, and let f∗ be an arbitrary function in F if such a function does
not exist. Then

P{2‖f∗‖n′ +
ε

2
> ‖f∗‖2|X1:n} ≥ P{4‖f∗‖2n′ +

ε2

4
> ‖f∗‖22|X1:n} = 1− P{4‖f∗‖2n′ +

ε2

4
≤ ‖f∗‖22|X1:n}

= 1− P{3‖f∗‖22 +
ε2

4
≤ 4(‖f∗‖22 − ‖f∗‖2n′)|X1:n} ≥ 1−

16Var
(

1
n

2n∑
i=n+1

|f∗(Xi)|2
∣∣∣∣∣X1:n

)
(3‖f∗‖22 + ε2

4
)2

≥ 1−
16
n
B2‖f∗‖22

(3‖f∗‖22 + ε2

4
)2
≥ 1−

16
3

B2

n

3‖f∗‖22 + ε2

4

≥ 1− 64

3ε2
B2

n
≥ 2

3
for n ≥ 64B2

ε2
.

Therefore,

P{∃f ∈F : ‖f‖n′ − ‖f‖n >
ε

4
} ≥ P{2‖f∗‖n′ − 2‖f∗‖n >

ε

2
} ≥ P{2‖f∗‖n′ +

ε

2
− 2‖f∗‖n > ε, 2‖f∗‖n′ +

ε

2
> ‖f∗‖2}

≥ P{‖f∗‖2 − 2‖f∗‖n > ε, 2‖f∗‖n′ +
ε

2
> ‖f∗‖2}

= E{1{∥f∗∥2−2∥f∗∥n>ε}P{2‖f∗‖n′ +
ε

2
> ‖f∗‖2|X1:n}}

≥ 2

3
P{‖f∗‖2 − 2‖f∗‖n > ε} = 2

3
P{∃f ∈F : ‖f‖2 − 2‖f‖n > ε}.

This proves P{∃f ∈F : ‖f‖2 − 2‖f‖n > ε} ≤ 3
2
P{∃f ∈F : ‖f‖n′ − ‖f‖n > ε

4
}.

Step 2: Introduction of additional randomness. Let U1, · · · , Un be independent and uniformly distributed on

{−1, 1} and independent of X1, · · · , X2n. Set Zi =

Xi+n if Ui = 1

Xi if Ui = −1
and Zi+n =

Xi if Ui = 1

Xi+n if Ui = −1
. Then

P
{
∃f ∈F : ‖f‖n′ − ‖f‖n >

ε

4

}
= P

∃f ∈F :

(
1

n

2n∑
i=n+1

|f(Xi)|2
) 1

2

−

(
1

n

n∑
i=1

|f(Xi)|2
) 1

2

>
ε

4


= P

∃f ∈F :

(
1

n

2n∑
i=n+1

|f(Zi)|2
) 1

2

−

(
1

n

n∑
i=1

|f(Zi)|2
) 1

2

>
ε

4


Step 3: Conditioning and introduction of a covery. Let G = {gj : j = 1, · · · ,N2(

√
2

24
ε,F , X1:2n)} be a

√
2

24
ε-cover

of F w.r.t. ‖ · ‖2n of minimal size. ‖f‖22n = 1
2n

2n∑
i=1

|f(Xi)|2. Fix f ∈F , ‖f − g‖2n ≤
√
2

24
ε. Then

{
1

n

2n∑
i=n+1

|f(Zi)|2
} 1

2

−

{
1

n

n∑
i=1

|f(Zi)|2
} 1

2

=

{
1

n

2n∑
i=n+1

|f(Zi)|2
} 1

2

−

{
1

n

2n∑
i=n+1

|g(Zi)|2
} 1

2

+

{
1

n

2n∑
i=n+1

|g(Zi)|2
} 1

2

−

{
1

n

n∑
i=1

|g(Zi)|2
} 1

2

+

{
1

n

n∑
i=1

|g(Zi)|2
} 1

2

−

{
1

n

n∑
i=1

|f(Zi)|2
} 1

2

≤

{
1

n

2n∑
i=n+1

|f(Zi)− g(Zi)|2
} 1

2

+

{
1

n

2n∑
i=n+1

|g(Zi)|2
} 1

2

−

{
1

n

n∑
i=1

|g(Zi)|2
} 1

2

+

{
1

n

n∑
i=1

|g(Zi)− f(Zi)|2
} 1

2

≤ 2
√
2∥f − g∥2n +

{
1

n

2n∑
i=n+1

|g(Zi)|2
} 1

2

−

{
1

n

n∑
i=1

|g(Zi)|2
} 1

2

≤ ε

6
+

{
1

n

2n∑
i=n+1

|g(Zi)|2
} 1

2

−

{
1

n

n∑
i=1

|g(Zi)|2
} 1

2

14
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In this way,

P

{
∃f ∈F :

(
1

n

2n∑
i=n+1

|f(Zi)|2
) 1

2

−

(
1

n

n∑
i=1

|f(Zi)|2
) 1

2

>
ε

4

∣∣∣∣∣X1:2n

}

≤ P

∃g ∈ G :

(
1

n

2n∑
i=n+1

|g(Zi)|2
) 1

2

−

(
1

n

n∑
i=1

|g(Zi)|2
) 1

2

>
ε

12

∣∣∣∣∣X1:2n


≤ |G |max

g∈G
P


(
1

n

2n∑
i=n+1

∣∣∣∣∣g(Zi)|2
) 1

2

−

(
1

n

n∑
i=1

|g(Zi)|2
) 1

2

>
ε

12

∣∣∣∣∣X1:2n


Step 4: Application of Hoeffding’s inequality.

(
1

n

2n∑
i=n+1

|g(Zi)|2
) 1

2

−

(
1

n

n∑
i=1

|g(Zi)|2
) 1

2

≤

∣∣∣∣∣∣∣∣∣∣
1
n

2n∑
i=n+1

|g(Zi)|2 − 1
n

n∑
i=1

|g(Zi)|2(
1
n

2n∑
i=n+1

|g(Zi)|2
) 1

2

+

(
1
n

n∑
i=1

|g(Zi)|2
) 1

2

∣∣∣∣∣∣∣∣∣∣
≤

∣∣∣∣ 1n 2n∑
i=n+1

|g(Zi)|2 − 1
n

n∑
i=1

|g(Zi)|2
∣∣∣∣(

1
n

2n∑
i=1

|g(Zi)|2
) 1

2

=

∣∣∣∣ 1n n∑
i=1

Ui|g(Xi)|2 − 1
n

n∑
i=1

Ui|g(Xi+n)|2
∣∣∣∣(

1
n

2n∑
i=1

|g(Zi)|2
) 1

2

Then

P{( 1
n

2n∑
i=n+1

|g(Zi)|2)
1
2 − (

1

n

n∑
i=1

|g(Zi)|2)
1
2 >

ε

12
|X1:2n} ≤ 2 exp

− 2n2 ε2

144
( 1
n

2n∑
i=1

|g(Xi)|2)
n∑

i=1

4(|g(Xi)|2 − |g(Xi+n)|2)2



≤ 2 exp

− 2n2 ε2

144
( 1
n

2n∑
i=1

|g(Xi)|2)
n∑

i=1

4B2(|g(Xi)|2 + |g(Xi+n)|2)


= exp

(
− nε2

288B2

)
. □

Theorem 6.4 Assume σ2 = supx∈Rd Var(Y |X = x) < ∞. Let kn = kn(x1, · · · , xn) be the vector space dimension of
Fn. Then

E{‖‹mn −m‖2n|X1:n} ≤ σ2kn
n

+ min
f∈Fn

‖f −m‖2n.

Proof Denote E∗{·} = E{·|X1:n}. Then

E∗ {‖‹mn −m‖2n
}
= E∗

{
1

n

n∑
i=1

|‹mn(Xi)−m(Xi)|2
}

= E∗

{
1

n

n∑
i=1

|‹mn(Xi)− E∗(‹mn(Xi)) + E∗(‹mn(Xi))−m(Xi)|2
}

= E∗

{
1

n

n∑
i=1

|‹mn(Xi)− E∗(‹mn(Xi))|2
}

+ E∗ {|E∗(‹mn(Xi))−m(Xi)|2
}

= E∗ {‖‹mn − E∗(‹mn)‖2n
}
+ ‖E∗(‹mn)−m‖2n.

Write that ‹mn =
kn∑
j=1

ajfj,n where f1,n, · · · , fkn,n is a basis of Fn, and a = (aj)j=1,··· ,kn
satisfies that 1

n
BTBa = 1

n
BTY ,

B = (fj,n(Xi))1≤i≤n,1≤j≤kn
and Y = (Y1, · · · , Yn)

T . Then

E∗{‹mn} =
kn∑
j=1

E∗{aj}fj,n and 1

n
BTBE∗a =

1

n
BTE∗Y =

1

n
BT (m(X1), · · · ,m(Xn))

T

15
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⇒‖E∗(‹mn)−m‖2n = min
f∈Fn

‖f −m‖2n.

Choose a complete orthogonormal system f1, · · · , fk in Fn w.r.t. the empirical scalar product 〈·, ·〉n where 〈f, g〉n =

1
n

n∑
i=1

f(Xi)g(Xi), k ≤ kn. We remind our readers that such a system depends on X1, · · · , Xn. Then, on {X1, · · · , Xn},

span{f1, · · · , fk} ⊂ Fn, ‹mn(x) = f(x)T 1
n
BTY where B = (fj(Xi))1≤j≤n,1≤j≤k, B

TB = I. Therefore,

E∗{|‹mn(x)− E∗(‹mn(x))|2} = E∗{|f(x)T 1

n
BTY − f(x)T 1

n
BT (m(X1), · · · ,m(Xn))

T |2}

= f(x)T
1

n
BT (E∗{(Yi −m(Xi))(Yj −m(Xj))

T }) 1
n
Bf(x)

⇒ E∗{‖‹mn − E∗(‹mn)‖2n} ≤
1

n2
fTBTσ2IBf =

σ2

n

k∑
j=1

‖fj‖2n =
σ2

n
k ≤ σ2

n
kn. □

Theorem 6.5 Assume σ2 = supx∈Rd Var(Y |X = x) < ∞ and ‖m‖∞ = supx∈Rd |m(x)| ≤ L ∈ R+,mn(·) = TL‹mn(·).
Then

E
∫
|mn(x)−m(x)|2µ(dx) ≤ C ·max{σ2, L2} log(n) + 1

n
kn + 8 inf

f∈Fn

∫
|f(x)−m(x)|2µ(dx).

Proof First we note that∫
|mn(x)−m(x)|2µ(dx) = (‖mn −m‖2 − 2‖mn −m‖n + 2‖mn −m‖n)2

≤ (max{‖mn −m‖2 − 2‖mn −m‖m, 0}+ 2‖mn −m‖n)2

≤ 2(max{‖mn −m‖2 − 2‖mn −m‖n, 0})2 + 8‖mn −m‖2n.

On the one hand,

E{8‖mn −m‖2n} ≤ 8E{E{‖‹mn −m‖2n|X1, · · · , Xn}}

≤ 8σ2 kn
n

+ 8E{min
f∈Fn

‖f −m‖2n}

≤ 8σ2 kn
n

+ 8 inf
f∈Fn

E‖f −m‖2n.

On the other hand,

P (2max{‖mn −m‖2 − 2‖mn −m‖n, 0} > u) ≤ P
(
∃f ∈ TLFn : ‖f −m‖2 − 2‖f −m‖n >

…
u

2

)
≤ 3EN2

(√
u

24
,Fn, X

1:2n

)
exp

(
− nu

576(2L)2

)
≤ 9(12en)2(kn+1) exp

(
− nu

2304L2

)
⇒ E(2max{‖mn −m‖2 − 2‖mn −m‖n, 0}) ≤ u+

∫ ∞

u

P(2max{‖mn −m‖2 − 2‖mn −m‖n, 0} > t)dt(
take u ≥ 576L2

n

)
≤ CL2 log(n) + 1

n
kn.

Combine these two bounds together. □

Property 6.1 (Nonlinear LSE) |Y | ≤ L ≤ βn a.s., mn(·) = Tβn
‹mn(·),‹mn(·) = arg minf∈Fn

1
n

n∑
i=1

|f(Xi)− Yi|2. We do
the following decomposition:∫

|mn(x)−m(x)|2µ(dx) =
{
E{|mn(X)− Y |2|Dn} − E|m(X)− Y |2 − 2

n

n∑
i=1

[
|mn(Xi)− Yi|2 − |m(Xi)− Yi|2

]}

+
2

n

n∑
i=1

[|mn(Xi)− Yi|2 − |m(Xi)− Yi|2].

On the one hand,

E

{
1

n

n∑
i=1

[|mn(Xi)− Yi|2 − |m(Xi)− Yi|2]

}
≤ E

{
1

n

n∑
i=1

|‹mn(Xi)− Yi|2 − |m(Xi)− Yi|2
}

16
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≤ E

{
inf

f∈Fn

1

n

n∑
i=1

[
|f(Xi)− Yi|2 − |m(Xi)− Yi|2

]}

≤ inf
f∈Fn

E

{
1

n

n∑
i=1

[
|f(Xi)− Yi|2 − |m(Xi)− Yi|2

]}
= inf

f∈Fn

{
E|f(X)− Y |2 − E|m(X)− Y |2

}
= inf

f∈Fn

∫
|f(x)−m(x)|2µ(dx)

On the other hand,

P

{
E[|mn(X)− Y |2|Dn]− E|m(X)− Y |2 − 2

n

n∑
i=1

[
|mn(Xi)− Yi|2 − |m(Xi)− Yi|2

]
> ε

}

= P

{
E[|mn(X)− Y |2|Dn]− E|m(X)− Y |2 − 1

n

n∑
i=1

[
|mn(Xi)− Yi|2 − |m(Xi)− Yi|2

]
>

ε

2
+

1

2

[
E[|mn(X)− Y |2|Dn]− E|m(X)− Y |2

]}

≤ P

{
∃f ∈ TβnFn : E|f(X)− Y |2 − E|m(X)− Y |2 − 1

n

n∑
i=1

[
|f(Xi)− Yi|2 − |m(Xi)− Yi|2

]
>

ε

2
+

1

2

[
E|f(X)− Y |2 − E|m(X)− Y |2

]}
.

Set Z = (X,Y ), Zi = (Xi, Yi), g(Z) = |f(X)− Y |2 − |m(X)− Y |2. We can rewrite the above equation as

P

{
Eg(Z)− 1

n

n∑
i=1

g(Zi) >
ε

2
+

1

2
Eg(Z)

}
.

Since |g(Z)| = |(f(X)+m(X)−2Y )(f(X)−m(X))| ≤ 4βn|f(X)−m(X)|, σ2 := Var(g(Z)) ≤ Eg(Z)2 ≤ 16β2
nE|f(X)−

m(X)|2 = 16β2
n(E|f(X)− Y |2 − E|m(X)− Y |2), the above equation is upper-bounded by

P

{
Eg(Z)− 1

n

n∑
i=1

g(Zi) >
ε

2
+

1

2

Var(g(Z))
16β2

n

}
Berstein’s inequality

≤ exp

− n[ ε
2
+ σ2

32β2
n
]2

2σ2 + 2 8β2
n

3
[ ε
2
+ σ2

32β2
n
]

 ≤ exp
(
− 1

128 + 32
3

nε

β2
n

)
.

Theorem 6.6 Let n ∈ N and 1 ≤ L < ∞. Assume |Y | ≤ L a.s. Let estimate mn be defined by minimization of the
empirical l2 risk over a set of functions Fn and truncation at L. Then one has

E
∫
|mn(x)−m(x)|2µ(dx) ≤ c1

n
+

(c2 + c3 logn)VF+
n

n
+ 2 inf

f∈Fn

∫
|f(x)−m(x)|2µ(dx)

Proof We first introduce a theorem/lemma.

Theorem 6.7 Lemma 6.1 Assume |Y | ≤ B a.s. and B ≥ 1. Let F be a set of functions f : Rd → R and |f(x)| ≤ B.
Then for any n ≥ 1, α, β > 0 and 0 < ε ≤ 1

2
,

P

{
∃f ∈F : E|f(X)− Y |2 − E|m(X)− Y |2 − 1

n

n∑
i=1

[
|f(Xi)− Yi|2 − |m(Xi)− Yi|2

]
≥ ε(α+ β + E|f(X)− Y |2 − E|m(X)− Y |2)

}

≤ 14 sup
X1:n

N1

(
βε

20B
,F , X1:n

)
exp

(
− ε2(1− ε)αn
214(1 + ε)B2

)
.

Now let’s return to the original Theorem 6.6.∫
|mn(x)−m(x)|2µ(dx) =

{
E[|mn(X)− Y |2|Dn]− E[|m(X)− Y |2]− 2

(
1

n

n∑
i=1

|mn(Xi)− Yi|2 −
1

n

n∑
i=1

|m(Xi)− Yi|2
)}

+ 2

{
1

n

n∑
i=1

|mn(Xi)− Yi|2 −
1

n

n∑
i=1

|m(Xi)− Yi|2
}

:= T1,n + T2,n.

Since
E(T2,n) ≤ 2 inf

f∈Fn

∫
|f(x)−m(x)|2µ(dx),E(T1,n) =

∫ ∞

0

P(T1,n > t)dt ≤ ε+
∫ ∞

ε

P(T1,n > t)dt

17
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and

P(T1,n > t) = P

{
E[|mn(X)− Y |2|Dn]− E[|m(X)− Y |2]− 1

n

n∑
i=1

[|mn(Xi)− Yi|2 − |m(Xi)− Yi|2]

≥ 1

2

(
t

2
+
t

2
+ E[|mn(X)− Y |2|Dn]− E[|m(X)− Y |2]

)}

≤ P

{
∃f ∈ TLFn : E|f(X)− Y |2 − E|m(X)− Y |2 − 1

n

n∑
i=1

[|f(Xi)− Yi|2 − |m(Xi)− Yi|2]

≥ 1

2

(
t

2
+
t

2
+ E|f(X)− Y |2 − E|m(X)− Y |2

)}

(by lemma 6.1) ≤ 14 sup
X1:n

N1

(
1

80Ln
, TLFn, X

1:n

)
exp

(
− nt

24 · 214L4

)
≤ 3(480eL2n)2V(TLFn)+ exp

(
− nt

24 · 214L4

)
.

Plug this bound into the integral in the previous expectation bound,

E(T1,n) ≤ ε+
24 · 214L4

n
42(480eL2n)

2V
F+

n exp
(
− nε

24 · 214L4

)
. □

Lemma 6.2 Let V1, · · · , Vn i.i.d. r.v.’s, 0 ≤ Vi ≤ B, 0 < α < 1 and ν > 0. Then

P
® ∣∣ 1

n

∑n
i=1 Vi − EV1

∣∣
ν + 1

n

∑n
i=1 Vi + EV1

> α

´
≤ P
® ∣∣ 1

n

∑n
i=1 Vi − EV1

∣∣
ν + EV1

> α

´
<

B

4α2νn
.

Proof The first inequality is trivial. For the second, note that

P

{∣∣∣∣∣
n∑

i=1

(Vi − EV1)

∣∣∣∣∣ > αn(ν + EV1)

}
≤

E|
∑n

i=1(Vi − EV1)|2

[αn(ν + EV1)]2
=

Var(V1)

nα2(ν + EV1)2
≤ EV1(B − EV1)

nα2(ν + EV1)2

where the last inequality holds since

Var(V1) = E{(V1 − EV1)(V1 − EV1) = EV1(V1 − EV1) ≤ EV1(B − EV1)}.

In addition,

EV1(B − EV1)

nα2(ν + EV1)2
≤ max

x∈[0,β]

x(B − x)
nα2(ν + x)2

=
B2

4α2νn(B + ν)
<

B

4α2νn
. □

Theorem 6.8 Let B ≥ 1 and G be a set of functions g : Rd → [0, B]. Let Z1, · · · , Zn be i.i.d. Rd-valued r.v.’s. Assume
α > 0, 0 < ε < 1 and n ≥ 1. Then

P
®

sup
g∈G

1
n

∑n
i=1 g(Zi)− Eg(Z)

α+ 1
n

∑n
i=1 g(Zi) + Eg(Z)

> ε

´
≤ 4EN1

(
2ε

5
, G, Z1:n

)
exp

(
−3ε2αn

40B

)
.

Proof Step 1: Replace the expectation with empirical mean. Ghost sample Z ′
1:n = (Z ′

1, · · · , Z ′
n) i.i.d. Let g∗ be a

function g ∈ G such that
1

n

n∑
i=1

g(Zi)− Eg(Z) > ε

(
α+

1

n

n∑
i=1

g(Zi) + Eg(Z)

)
if there exists any such function. Otherwise, let g∗ be an arbitrary function in G. g∗ depenods on Z1:n. Since

1

n

n∑
i=1

g(Zi)− Eg(Z) > ε

(
α+

1

n

n∑
i=1

g(Zi) + Eg(Z)

)
and 1

n

n∑
i=1

g(Z ′
i)− Eg(Z) ≤ ε

4

(
α+

1

n

n∑
i=1

g(Z ′
i) + Eg(Z)

)

⇒ 1

n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i) >

3

4
εα+

ε

n

n∑
i=1

g(Zi)−
ε

n

n∑
i=1

g(Z ′
i) +

3ε

4
Eg(Z)

⇔
(
1− 5

8
ε

)(
1

n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i)

)
>

3

8
ε

(
2α+

1

n

n∑
i=1

g(Zi) +
1

n

n∑
i=1

g(Z ′
i)

)
+

3ε

4
Eg(Z)

18
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⇒ 1

n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i) >

3ε

8

(
2α+

1

n

n∑
i=1

g(Zi) +
1

n

n∑
i=1

g(Z ′
i)

)
,

Therefore,

P

{
∃g ∈ G :

1

n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i) >

3

8
ε

(
2α+

1

n

n∑
i=1

g(Zi) +
1

n

n∑
i=1

g(Z ′
i)

)}

≥ P

{
1

n

n∑
i=1

g∗(Zi)−
1

n

n∑
i=1

g∗(Z ′
i) >

3ε

8

(
2α+

1

n

n∑
i=1

g∗(Zi) +
1

n

n∑
i=1

g∗(Z ′
i)

)}

≥ P

{
1

n

n∑
i=1

g∗(Zi)− E[g∗(Z)|Z1:n] > ε

(
α+

1

n

n∑
i=1

g∗(Zi) + E[g∗(Z)|Z1:n]

)
and

1

n

n∑
i=1

g∗(Z ′
i)− E[g∗(Z)|Z1:n] ≤ ε

4

(
α+

1

n

n∑
i=1

g∗(Z ′
i) + E[g∗(Z)|Z1:n]

)}

= E1{ 1
n

∑n
i=1 g∗(Zi)−E[g∗(Z)|Z1:n]>ε(··· )} P

{
1

n

n∑
i=1

g∗(Z ′
i)− E[g∗(Z)|Z1:n] ≤ ε

4
(· · · )

}
︸ ︷︷ ︸

>1− B
4( ε

4
)2αn

=1− 4B
ε2αn

≥ 1
2 for n> 8B

ε2α
by lemma 6.2

≥ 1

2
P

{
1

n

n∑
i=1

g∗(Zi)− E[g∗(Z)|Z1:n] > ε

(
α+

1

n

n∑
i=1

g∗(Zi) + E[g∗(Z)|Z1:n]

)}

=
1

2
P

{
∃g ∈ G :

1

n

n∑
i=1

g(Zi)− E[g(Z)] > ε

(
α+

1

n

n∑
i=1

g(Zi) + E[g(Z)]

)}

Step 2: Symmetrization. Let U1, · · · , Un
i.i.d.∼ U{−1, 1} independent of Z ′

1:n, Z
1:n. Therefore,

P

{
∃g ∈ G :

1

n

n∑
i=1

g(Zi)−
1

n

n∑
i=1

g(Z ′
i) >

3

8
ε

(
2α+

1

n

n∑
i=1

g(Zi) +
1

n

n∑
i=1

g(Z ′
i)

)}

= P

{
∃g ∈ G :

1

n

n∑
i=1

Ui[g(Zi)−
1

n

n∑
i=1

g(Z ′
i)] >

3

8
ε

(
2α+

1

n

n∑
i=1

g(Zi) +
1

n

n∑
i=1

g(Z ′
i)

)}

≤ P

{
∃g ∈ G :

1

n

n∑
i=1

Uig(Zi) >
3ε

8

(
α+

1

n

n∑
i=1

g(Zi)

)}
+ P

{
∃g ∈ G :

1

n

n∑
i=1

Uig(Z
′
i) < −

3ε

8

(
α+

1

n

n∑
i=1

g(Z ′
i)

)}

= 2P

{
∃g ∈ G :

1

n

n∑
i=1

Uig(Zi) >
3ε

8

(
α+

1

n

n∑
i=1

g(Zi)

)}
.

Step 3: Conditioning and introduction of a covering. Let δ > 0 and Gδ be an L1 δ-cover of G on z1:n. For g ∈ G ,
there exists a ḡ ∈ Gδ such that 1

n

n∑
i=1

|g(zi)− ḡ(zi)| < δ. Therefore,

1

n

n∑
i=1

Uig(zi) =
1

n

n∑
i=1

Uig(zi)−
1

n

n∑
i=1

Uiḡ(zi) +
1

n

n∑
i=1

Uiḡ(zi)

≤ 1

n

n∑
i=1

Uiḡ(zi) +
1

n

n∑
i=1

|g(zi)− ḡ(zi)| ≤
1

n

n∑
i=1

Uiḡ(zi) + δ.

On the other hand, 1

n

n∑
i=1

g(zi) ≥
1

n

n∑
i=1

ḡ(zi)−
1

n

n∑
i=1

|g(zi)− ḡ(zi)| ≥
1

n

n∑
i=1

ḡ(zi)− δ. Therefore,

P

{
∃g ∈ G :

1

n

n∑
i=1

Uig(zi) >
3ε

8

(
α+

1

n

n∑
i=1

g(zi)

)}

≤ P

{
∃g ∈ Gδ :

1

n

n∑
i=1

Uig(zi) + δ >
3ε

8

(
α+

1

n

n∑
i=1

g(zi)− δ

)}

≤ |Gδ|max
g∈Gδ

P

{
1

n

n∑
i=1

Uig(zi) >
3εα

8
− 3εδ

8
− δ + 3ε

8

1

n

n∑
i=1

g(zi)

}

19



LEAST SQUARE ESTIMATES: CONSISTENCY AND CONVERGENCE RATE

(
Take δ = εα

5

)
≤ |Gδ|max

g∈Gδ

P

{
1

n

n∑
i=1

Uig(zi) >
εα

10
+

3ε

8

1

n

n∑
i=1

g(zi)

}

Step 4: Application of Hoeffding’s inequality. □

Proof (Theorem 6.7 Lemma 6.1) Let Z = (X,Y ), Zi = (Xi, Yi), gf (x, y) = |f(x)− y|2 − |m(x)− y|2 where m(x) =

E[Y |X = x]. Since |f(x)| ≤ B, |Y | ≤ B and |m(x)| ≤ B, −4B2 ≤ gf (x, y) ≤ 4B2. Therefore, LHS can be written as

P

{
∃f ∈F : Egf (Z)−

1

n

n∑
i=1

gf (Zi) ≥ ε(α+ β + Egf (Z))

}
.

Step 1: Symmetrization by a ghost sample Z ′
1:n

i.i.d.∼ Z1:n. Consider a function fn ∈ F depending on Z1:n such
that

E[gfn(Z)|Z1:n]−
1

n

n∑
i=1

gfn(Zi) ≥ ε(α+ β + E[gfn(Z)|Z1:n])

if such a function exists in F . Since Var(gfn(Z)|Z1:n) ≤ 16B2E[ggn(Z)|Z1:n],

P

{
E[gfn(Z)|Z1:n]−

1

n

n∑
i=1

gfn(Z
′
i) >

ε

2
(α+ β) +

ε

2
E[gfn(Z)|Z1:n]

∣∣∣∣∣Z1:n

}

≤ Var(gfn(Z)|Z1:n)

n
(
ε
2
(α+ β) + ε

2
E[gfn(Z)|Z1:n]

)2 ≤ 16B2E[gfn(Z)|Z1:n]

n
(
ε
2
(α+ β) + ε

2
E[gfn(Z)|Z1:n]

)2
≤ 16B2

ε2(α+ β)n
≤ 1

8

(
for n > 128B2

ε2(α+ β)

)
.

That’s to say,

P

{
E[gfn(Z)|Z1:n]−

1

n

n∑
i=1

gfn(Z
′
i) ≤

ε

2
(α+ β) +

ε

2
E[gfn(Z)|Z1:n]

∣∣∣∣∣Z1:n

}
≥ 7

8
.

Therefore,

P

{
∃f ∈F :

1

n

n∑
i=1

gf (Z
′
i)−

1

n

n∑
i=1

gf (Zi) ≥
ε

2
(α+ β) +

ε

2
Egf (Z)

}

≥P

{
1

n

n∑
i=1

gfn(Z
′
i)−

1

n

n∑
i=1

gfn(Zi) ≥
ε

2
(α+ β) +

ε

2
E[gfn(Z)|Z1:n]

}

≥P

{
E[gfn(Z)|Z1:n]−

1

n

n∑
i=1

gfn(Zi) ≥ ε(α+ β) + εE[gfn(Z)|Z1:n],

E[gfn(Z)|Z1:n]−
1

n

n∑
i=1

gfn(Z
′
i) ≤

ε

2
(α+ β) +

ε

2
E[gfn(Z)|Z1:n]

}

≥ 7

8
P

{
E[gfn(Z)|Z1:n]−

1

n

n∑
i=1

gfn(Zi) ≥ ε(α+ β) + εE[gfn(Z)|Z1:n]

}

=
7

8
P

{
∃f ∈F : Egf (Z)−

1

n

n∑
i=1

gf (Zi) ≥ ε(α+ β + Egf (Z))

}
.

In other words,

LHS ≤ 8

7
P

{
∃f ∈F :

1

n

n∑
i=1

gf (Z
′
i)−

1

n

n∑
i=1

gf (Zi) ≥
ε

2
(α+ β) +

ε

2
Egf (Z)

}
.

Step 2: Replacement of the expectation by an empirical mean of the ghost sample. That’s to say,

P

{
∃f ∈F :

1

n

n∑
i=1

gf (Z
′
i)−

1

n

n∑
i=1

gf (Zi) ≥
ε

2
(α+ β) +

ε

2
Egf (Z)

}

≤P

{
∃f ∈F :

1

n

n∑
i=1

gf (Z
′
i)−

1

n

n∑
i=1

gf (Zi) ≥
ε

2
(α+ β) +

ε

2
Egf (Z),
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1

n

n∑
i=1

g2f (Zi)− Eg2f (Z) ≤ ε

(
α+ β +

1

n

n∑
i=1

g2f (Zi) + Eg2f (Z)

)
,

1

n

n∑
i=1

g2f (Z
′
i)− Eg2f (Z) ≤ ε

(
α+ β +

1

n

n∑
i=1

g2f (Zi) + Eg2f (Z)

)}

+2P
®
∃f ∈F :

1
n

∑n
i=1 g

2
f (Zi)− Eg2f (Z)

α+ β + 1
n

∑n
i=1 g

2
f (Zi) + Eg2f (Z)

> ε

´
.

The second inequality follows from the fact that

P(A) = P((A ∩B ∩ C) ∪ B̄ ∪ C̄) ≤ P(A ∩B ∩ C) + P(B̄) + P(C̄).

By theorem 6.8,

P
®
∃f ∈F :

1
n

∑n
i=1 g

2
f (Zi)− Eg2f (Z)

α+ β + 1
n

∑n
i=1 g

2
f (Zi) + Eg2f (Z)

> ε

´
≤ 4EN1

(
α+ β

5
ε, {gf : f ∈F , Z1:n}

)
exp

(
−ε

2(α+ β)n

40× 16B4

)
.

Now we consider the first probability on the RHS. The second inequality inside the probability implies

(1 + ε)Eg2f (Z) ≥ (1− ε) 1
n

n∑
i=1

g2f (Zi)− ε(α+ β)

⇔ 1

32B2
Eg2f (Z) ≥

1− ε
32B2(1 + ε)

1

n

n∑
i=1

g2f (Zi)−
ε(α+ β)

32B2(1 + ε)
.

Since
Egf (Z) ≥

1

16B2
Eg2f (Z) =

2

32B2
Eg2f (Z),

the first probability on the RHS can be bounded by

P

{
∃f ∈F :

1

n

n∑
i=1

gf (Z
′
i)−

1

n

n∑
i=1

gf (Zi) ≥
ε

2
(α+ β) +

ε

2

(
1− ε

32B2(1 + ε)

1

n

n∑
i=1

g2f (Zi)−
ε(α+ β)

32B2(1 + ε)

+
1− ε

32B2(1 + ε)

1

n

n∑
i=1

g2f (Z
′
i)−

ε(α+ β)

32B2(1 + ε)

)}
.

Step 3: Additional randomization by random signs. The bound is equal to

P

{
∃f ∈F :

1

n

n∑
i=1

Ui[gf (Z
′
i)− gf (Zi)] ≥

ε

2
(α+ β) +

ε

2

(
1− ε

32B2(1 + ε)

1

n

n∑
i=1

g2f (Zi)−
ε(α+ β)

32B2(1 + ε)

+
1− ε

32B2(1 + ε)

1

n

n∑
i=1

g2f (Z
′
i)−

ε(α+ β)

32B2(1 + ε)

)}
,

which is bounded by

2P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

Uigf (Zi)

∣∣∣∣∣ ≥ ε

4
(α+ β)− ε2(α+ β)

64B2(1 + ε)
+

ε(1− ε)
64B2(1 + ε)

1

n

n∑
i=1

g2f (Zi)

}
.

Step 4: Conditioning and using covering:

P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

Uigf (zi)

∣∣∣∣∣ ≥ ε(α+ β)

4
− ε2(α+ β)

64B2(1 + ε)
+

ε(1− ε)
64B2(1 + ε)

1

n

n∑
i=1

g2f (zi)

}

≤P

{
∃g ∈ Gδ :

∣∣∣∣∣ 1n
n∑

i=1

Uig(zi)

∣∣∣∣∣+ δ ≥ ε(α+ β)

4
− ε2(α+ β)

64B2(1 + ε)
+

ε(1− ε)
64B2(1 + ε)

(
1

n

n∑
i=1

g2f (zi)− 8B2δ

)}

≤ |Gδ|max
g∈Gδ

P

{∣∣∣∣∣ 1n
n∑

i=1

Uig(zi)

∣∣∣∣∣ ≥ ε(α+ β)

4
− ε2(α+ β)

64B2(1 + ε)
− δ − δ ε(1− ε)

8(1 + ε)
+

ε(1− ε)
64B2(1 + ε)

1

n

n∑
i=1

g2f (zi)

}
(

Take δ = εβ

5

)
≤ |Gδ|max

g∈Gδ

P

{∣∣∣∣∣ 1n
n∑

i=1

Uig(zi)

∣∣∣∣∣ ≥ εα

4
− ε2α

64B2(1 + ε)
+

ε(1− ε)
64B2(1 + ε)

1

n

n∑
i=1

g2(zi)

}
.
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Step 5: Application of Bernstein’s inequality:

P

{∣∣∣∣∣ 1n
n∑

i=1

Uig(zi)

∣∣∣∣∣ ≥ εα

4
− ε2α

64B2(1 + ε)
+

ε(1− ε)
64B2(1 + ε)

1

n

n∑
i=1

g2(zi)

}
≤ 2 exp

(
− ε2(1− ε)αn
140B2(1 + ε)

)
.

Step 6: Bounding the covering number:

N1

(
εβ

5
, {gf , f ∈F}, Z1:n

)
≤N1

(
εβ

20B
,F , X1:n

)
.

□

7 Advanced Techniques from Empirical Process Theory

Theorem 7.1 Let L ∈ R+ and ε1, · · · , εn be independent random variables with expectation zero and values in [−L,L].
Let z1, · · · , zn ∈ Rd, R > 0 and F be a class of functions f : Rd → R with the property ‖f‖2n = 1

n

n∑
i=1

|f(zi)|2 ≤ R2(∀f ∈

F ). Then
√
nδ ≥ 48

√
2L

∫ R
2

δ
8L

(log N2(u,F , z1:n))
1
2 du and

√
nδ ≥ 36RL imply

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(zi)εi

∣∣∣∣∣ > δ

}
≤ 5 exp

(
− nδ2

2304L2R2

)
.

Proof For R ≤ δ
2L

,

sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(zi)εi

∣∣∣∣∣ ≤
Ã

1

n

n∑
i=1

f(zi)2

Ã
1

n

n∑
i=1

ε2i ≤ sup
f∈F
‖f‖n

Ã
1

n

n∑
i=1

ε2i ≤ RL ≤ δ,

so WLOG we assume R > δ
2L

.
For s ∈ N+, let {f s

1 , · · · , f s
Ns
} be a ‖ · ‖n-cover of F of radius R

2s
of size Ns = N2

(
R
2s
,F , z1:n

)
. Set S = min{s ≥

1 : R
2s
≤ δ

2L
}. Since ∣∣∣∣∣ 1n

n∑
i=1

f(zi)εi

∣∣∣∣∣ =
∣∣∣∣∣ 1n

n∑
i=1

(f(zi)− fS(zi))εi +

S∑
s=1

1

n

n∑
i=1

(f s(zi)− f s−1(zi))εi

∣∣∣∣∣
≤
∣∣∣∣∣ 1n

n∑
i=1

(f(zi)− fS(zi))εi

∣∣∣∣∣+
S∑

s=1

∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s(zi−1))εi

∣∣∣∣∣
≤ ‖f − fS‖n ·

Ã
1

n

n∑
i=1

ε2i +
S∑

s=1

∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s(zi−1))εi

∣∣∣∣∣
≤ δ

2
+

S∑
s=1

∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s(zi−1))εi

∣∣∣∣∣ ,
for η1, · · · , ηS ≥ 0 satisfy η1 + · · ·+ ηS ≤ 1, we have

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(zi)εi

∣∣∣∣∣ > δ

}
≤ P

{
∃f ∈F :

δ

2
+

S∑
s=1

∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s−1(zi))ε

∣∣∣∣∣ > δ

2
+
δ

2

S∑
s=1

ηs

}

≤
S∑

s=1

P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s−1(zi))εi

∣∣∣∣∣ > δ

2
ηs

}

≤
S∑

s=1

NsNs−1 max
f∈F

P

{∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s−1(zi))εi

∣∣∣∣∣ > δ

2
ηs

}
.

For s ∈ {1, · · · , S} and f ∈F , (f s(z1)− f s−1(z1))ε1, · · · , (f s(zn)− f s−1(zn)εn) are independent, have zero means and
take values in [−L|f s(zi)− f s−1(zi)|, L|f s(zi)− f s−1(zi)|]. Therefore,

1

n

n∑
i=1

(2L|f s(zi)− f s−1(zi)|)2 = 4L2‖f s − f s−1‖2n ≤ 4L2
(
‖f s − f‖n + ‖f s−1 − f‖n

)2 ≤ 4L2

(
R

2s
+

R

2s−1

)2

=
36R2L2

22s
.
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By Hoeffding’s inequality,

P

{∣∣∣∣∣ 1n
n∑

i=1

(f s(zi)− f s−1(zi))εi

∣∣∣∣∣ > δ

2
ηs

}
≤ 2 exp

(
−
2n
(
ηsδ
2

)2
36R2L2

22s

)

⇒P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(zi)εi

∣∣∣∣∣ > δ

}
≤

S∑
s=1

2N2
s exp

(
−nδ

2η2s2
2s

72R2L2

)
=

S∑
s=1

2 exp
(
2 logNs −

nδ2η2s2
2s

72R2L2

)
.

Choose ηs such that

2 logNs ≤
1

2

nδ2η2s2
2s

72R2L2
⇔ ηs ≥ η̄s :=

12
√
2RL

2sδ
√
n

(logNs)
1
2 .

More precisely, set

ηs := max
ß
η̄s,

2−s
√
s

4

™
.

Because of
S∑

s=1

2−s
√
s

4
≤ 1

8

+∞∑
s=1

s

(
1

2

)s−1

=
1

2

and
S∑

s=1

η̄s =
S∑

s=1

24
√
2L

δ
√
n

R

2s+1

ß
log N2

(
R

2s
,F , z1:n

)™ 1
2

≤
S∑

s=1

24
√
2L

δ
√
n

∫ R
2s

R

2s+1

{log N2(u,F , z1:n)}
1
2 du ≤ 1

2
,

we have
S∑

s=1

ηs ≤
S∑

s=1

2−s
√
s

4
+

S∑
s=1

η̄s ≤ 1.

Therefore,

P

{
sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(zi)εi

∣∣∣∣∣ > δ

}
≤

S∑
s=1

2 exp
(
−nδ

2η2s2
2s

144R2L2

)
≤

S∑
s=1

2 exp
(
− nδ2

16 · 144R2L2
· s
)
≤ 5 exp

(
− nδ2

2304L2R2

)
.□

Theorem 7.2 (Extension of Theorem 6.8) Let Z,Z1, · · · , Zn be i.i.d. with values in Rd. Let K ≥ 1 and F be a class
of functions f : Rd → [0,K]. Let 0 < ε < 1 and α > 0. Assume that

√
nε
√
α ≥ 576

√
K and that for all z1, · · · , zn ∈ Rd

and all δ ≥ αK
2

,
√
nεδ

192
√
2K
≥
∫ √

δ

εδ
32K

(
log N2

(
u,

{
f ∈F :

1

n

n∑
i=1

f(zi) ≤
4δ

K

}
, z1:n

)) 1
2

du. Then

P
®

sup
f∈F

|E[f(Z)]− 1
n

∑n
i=1 f(Zi)|

α+ E[f(Z)] + 1
n

∑n
i=1 f(Zi)

> ε

´
≤ 15 exp

(
− nαε2

128 · 2304K

)
.

Proof Step 1: Z ′
1:n = (Z ′

1, · · · , Z ′
n),

P

{
sup
f∈F

|E[f(Z)]− 1
n

∑n
i=1 f(Zi)|

α+ E[f(Z)] + 1
n

∑n
i=1 f(Zi)

> ε

}

≤ 100

99
P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

f(Zi)−
1

n

n∑
i=1

f(Z ′
i)

∣∣∣∣∣ > ε

8

(
2α+

1

n

n∑
i=1

(Zi) +
1

n

n∑
i=1

f(Z ′
i)

)}
.

Step 2: U1, · · · , Un
i.i.d.∼ U{−1, 1},

≤ 100

99
· 2P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

Uif(Zi)

∣∣∣∣∣ > ε

8

(
α+

1

n

n∑
i=1

f(Zi)

)}
.

Step 3: Peeling,

≤
+∞∑
k=1

P

{
∃f ∈F : 1{k ̸=1}2

k−1α ≤ 1

n

n∑
i=1

f(Zi) < 2kα,

∣∣∣∣∣ 1n
n∑

i=1

Uif(Zi)

∣∣∣∣∣ > ε

8

(
α+

1

n

n∑
i=1

f(Zi)

)}

≤
+∞∑
k=1

P

{
∃f ∈F :

1

n

n∑
i=1

f(Zi) ≤ 2kα,

∣∣∣∣∣ 1n
n∑

i=1

Uif(Zi)

∣∣∣∣∣ > ε

8
α2k−1

}
.

Step 4: Application of Theorem 7.1. R2 = α2kK,L = 1, δ = ε
8
α2k−1. □
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Theorem 7.3 Let Z,Z1, · · · , Zn be i.i.d. with values in Rd. Let K1,K2 ≥ 1 and F be a class of functions Rd → R with
properties |f(z)| ≤ K1(∀z ∈ Rd) and Ef(Z)2 ≤ K2Ef(Z). Let 0 < ε < 1 and α > 0. Assume that

√
nε
√
1− ε

√
α ≥

288max{2K1,
√
2K2} and that for all z1, · · · , zn ∈ Rd and δ ≥ α

8
,

√
nε(1− ε)δ

96
√
2max{K1, 2K2}

≥
∫ √

δ

ε(1−ε)δ
16 max{K1,2K2}

(
log N2

(
u,

{
f ∈F :

1

n

n∑
i=1

f(zi)
2 ≤ 16δ

}
, zn1

)) 1
2

du.

Then
P
®

sup
f∈F

|Ef(Z)− 1
n

∑n
i=1 f(Zi)|

α+ Ef(Z)
> ε

´
≤ 60 exp

(
− nαε2(1− ε)
128 · 2304max{K2

1 ,K2}

)
.

Proof Step 1: Ghost samples Z ′
1:n = (Z ′

1, · · · , Z ′
n),

P
®

sup
f∈F

|Ef(Z)− 1
n

∑n
i=1 f(Zi)|

α+ Ef(Z)
> ε

´
≤ 10

9
P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

f(Zi)−
1

n

n∑
i=1

f(Z ′
i)

∣∣∣∣∣ > ε

2
α+

ε

2
Ef(Z)

}
.

Step 2:

≤ P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

f(Zi)−
1

n

n∑
i=1

f(Z ′
i)

∣∣∣∣∣ > εα

4
+

(1− ε)ε
4(1 + ε)K2

(
1

n

n∑
i=1

f(Zi)
2 +

1

n

n∑
i=1

f(Z ′
i)

2

)}

+ 2P
®

sup
f∈F

∣∣ 1
n

∑n
i=1 f(Zi)

2 − Ef(Z)2
∣∣

α+ 1
n

∑n
i=1 f(Zi)2 + Ef(Z)2

> ε

´
.

Step 3:

P
®

sup
f∈F

∣∣ 1
n

∑n
i=1 f(Zi)

2 − Ef(Z)2
∣∣

α+ 1
n

∑n
i=1 f(Zi)2 + Ef(Z)2

> ε

´
≤ 15 exp

(
− nε2α

128 · 2304K2
1

)
.

Step 4: U1, · · · , Un
i.i.d.∼ U{−1, 1},

P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

f(Zi)−
1

n

n∑
i=1

f(Z ′
i)

∣∣∣∣∣ > εα

4
+

(1− ε)ε
4(1 + ε)K2

(
1

n

n∑
i=1

f(Zi)
2 +

1

n

n∑
i=1

f(Z ′
i)

2

)}

≤ 2P

{
∃f ∈F :

∣∣∣∣∣ 1n
n∑

i=1

Uif(Zi)

∣∣∣∣∣ > εα

8
+

(1− ε)ε
4(1 + ε)K2

1

n

n∑
i=1

f(Zi)
2

}
.

Step 5: Peeling,

≤
+∞∑
k=1

P

{
∃f ∈F :

1

n

n∑
i=1

f(Zi)
2 ≤ 2k

K2(1 + ε)α

2(1− ε)
,

∣∣∣∣∣ 1n
n∑

i=1

Uif(Zi)

∣∣∣∣∣ > εα

8
2k−1

}
.

Step 6: Application of Theorem 7.1. □

Definition 7.1 (Piecewise polynomial partitioning estimates) X ∈ [0, 1] a.s. and |Y | ≤ L a.s.. The piecewise polyno-
mial partitioning estimate is defined by minimizing the empirical L2 risk over the set FK,M of all piecewise polynomials
of degree M (or less) with respect to an equidistant partition of [0, 1] into K intervals. More precisely, set

mn,(K,M)(·) = arg min
f∈FK,M (L+1)

1

n

n∑
i=1

|f(Xi)− Yi|2

where FK,M (L+ 1) = {f ∈FK,M : sup
x∈[0,1]

|f(x)| ≤ L+ 1}.

Theorem 7.4 Let M ∈ N,K ∈ N+, x ∈ [0, 1] and L > 0. Then

E
∫
|mn,(K,M)(x)−m(x)|2µ(dx) ≤ c1 ·

(M + 1)K

n
+ 2 inf

f∈FK,M (L+1)

∫
|f(x)−m(x)|2µ(dx).

Proof Conduct the following decomposition:∫
|mn,(K,M)(x)−m(x)|2µ(dx) = E{|mn,(K,M)(X)− Y |2|Dn} − E{|m(X)− Y |2} := T1,n + T2,n

24



ADVANCED TECHNIQUES FROM EMPIRICAL PROCESS THEORY

where

T1,n = 2
1

n

n∑
i=1

{|mn,(K,M)(Xi)− Yi|2 − |m(Xi)− Yi|2},

T2,n = E{|mn,(K,M)(X)− Y |2|Dn} − E{|m(X)− Y |2} − T1,n.

By definition of the estimate,

T1,n = 2 min
f∈FK,M (L+1)

1

n

n∑
i=1

{|f(Xi)− Yi|2 − |m(Xi)− Yi|2} ⇒ ET1,n ≤ 2 inf
f∈FK,M (L+1)

∫
|f(x)−m(x)|2µ(dx).

On the other hand,

E{T2,n} ≤
∫ +∞

0

P{T2,n > t}dt

and

P{T2,n > t} ≤ P

{
∃f ∈FK,M (L+ 1) : 2E{|f(X)− Y |2 − |m(X)− Y |2} − 2

n

n∑
i=1

{|f(Xi)− Yi|2 − |m(Xi)− Yi|2}

> t+ E{|f(X)− Y |2 − |m(X)− Y |2}

}
.

Then use the following lemma. □

Lemma 7.1 Let (X,Y ), (X1, Y1), · · · , (Xn, Yn) i.i.d., |Y | ≤ L a.s., L ≥ 1. Let K ∈ N+ and M ∈ N. Then for
α ≥ c3 (M+1)K

n
(c3 depends on L),

P

{
∃f ∈FK,M (L+ 1) : E{|f(X)− Y |2 − |m(X)− Y |2} − 1

n

n∑
i=1

{|f(Xi)− Yi|2 − |m(Xi)− Yi|2}

>
1

2
(α+ E{|f(X)− Y |2 − |m(X)− Y |2})

}
≤ 60 exp

(
− nα

128 · 2304 · 800 · L4

)
.

Proof Set Z = (X,Y ), Zi = (Xi, Yi), define gf : R × R → R, gf (x, y) = (|f(x) − y|2 − |m(x) − y|2)1{y∈[−L,L]}. Set
G = {gf : f ∈FK,M (L+ 1)}, then the LHS can be written as

P
®
∃g ∈ G :

Eg(Z)− 1
n

∑n
i=1 g(Zi)

α+ Eg(Z)
>

1

2

´
.

Furthermore,

E{gf (Z)2} = E{(|f(X)− Y |2 − |m(X)− Y |2)2} ≤ E{|f(X) +m(X)− 2Y | × |f(X)− Y |}

≤ (L+ 1 + 3L)2E{|f(X)− Y |2} ≤ 25L2E{gf (Z)}.

By the defintion of piecewise polynomials, G is a subset of a linear vector space of dimension

D = K · ((2M + 1) + (M + 1)) + 1.

Therefore,

log N2

(
u,

{
g ∈ G :

1

n

n∑
i=1

g(zi)
2 ≤ 16δ

}
, Z1:n

)
≤ D log 16

√
δ + u

u
.

Then use Theorem 7.3. □

Corollary 7.1 C,L > 0 and p = k + β with k ∈ N and β ∈ (0, 1]. Set M = k and Kn = dC
2

2q+1n
1

2q+1 e. Then there
exists a constant c2 which only depends on p and L such that for all n ≥ max{C 1

q , C−2},

E
∫
|mn,(Kn,M)(x)−m(x)|2µ(dx) ≤ c2C

2
2q+1n− 2q

2q+1

for every distribution of (X,Y ) with X ∈ [0, 1] a.s., |Y | ≤ L a.s. and m(x) (q, C)-smooth.
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Proof There exists a piecewise polynomial g ∈FKn,M such that

sup
x∈[0,1]

|g(x)−m(x)| ≤ 1

2qk!
· C
Kq

n

⇒ sup
x∈[0,1]

|g(x)| ≤ sup
x∈[0,1]

|m(x)|+ 1

2qk!

C

Kq
n
≤ L+ (Cn−q)

1
2q+1 ≤ L+ 1

⇒ g ∈FKn,M (L+ 1)

⇒ inf
f∈FK,M (L+1)

∫
|f(x)−m(x)|2µ(dx) ≤ sup

x∈[0,1]

|g(x)−m(x)|2 ≤ 1

(2pk!)2
C2 1

K2q
n

. □

8 Rademacher Complexity

Definition 8.1 (Rademacher complexity) z1, · · · , zn ∈ Z, H of functions from Z → R. In our context, z = (x, y),
H = {(x, y) 7→ l(y, f(x)) : f ∈F},D = {z1, · · · , zn}. Rademacher complexity of H:

Rn(H) = Eε,D

(
sup
h∈H

1

n

n∑
i=1

εih(zi)

)

where ε1, · · · εn
i.i.d.∼ U{−1, 1} are called Rademacher random variables.

Proposition 8.1 (Symmetrization)

E

{
sup
h∈H

(
1

n

n∑
i=1

h(zi)− E[h(Z)]

)}
≤ 2Rn(H),E

{
sup
h∈H

(
E[h(Z)]− 1

n

n∑
i=1

h(zi)

)}
≤ 2Rn(H).

Proof Let D′ = (z′1, · · · , z′n) independent of D. Then

E

{
sup
h∈H

(
E[h(Z)]− 1

n

n∑
i=1

h(zi)

)}
= E

{
sup
h∈H

(
1

n

n∑
i=1

E[h(z′i)D]−
1

n

n∑
i=1

h(zi)

)}

= E

{
sup
h∈H

(
1

n

n∑
i=1

E[(h(z′i)− h(zi))|D]

)}

≤ E

{
E

[
sup
h∈H

(
1

n

n∑
i=1

[h(z′i)− h(zi)]

)∣∣∣∣∣D
]}

= E

{
sup
h∈H

(
1

n

n∑
i=1

(h(z′i)− h(zi))

)}

= E

{
sup
h∈H

(
1

n

n∑
i=1

[εi(h(z
′
i)− h(zi))]

)}
≤ 2Rn(H). □

Proposition 8.2 (Contraction principle) Given any functions b, ai : Θ → R and ϕi : R → R any 1-Lipschitz function
for i = 1, · · · , n, we have, for ε ∈ Rn,

Eε

[
sup
θ∈Θ

(
b(θ) +

n∑
i=1

εiϕi(ai(θ))

)]
≤ Eε

[
sup
θ∈Θ

(
b(θ) +

n∑
i=1

εiai(θ)

)]
.

Proof Induction on n. n = 0 is trivial. n ≥ 0 to n+ 1:

Eε1,··· ,εn+1

[
sup
θ∈Θ

(
b(θ) +

n+1∑
i=1

εiϕi(ai(θ))

)]
=

1

2
Eε1,··· ,εn

[
sup
θ∈Θ

(
b(θ) +

n∑
i=1

εiϕi(ai(θ)) + ϕn+1(an+1(θ))

)]

+
1

2
Eε1,··· ,εn

[
sup
θ∈Θ

(
b(θ) +

n∑
i=1

εiϕi(ai(θ))− ϕn+1(an+1(θ))

)]

=Eε1,··· ,εn

[
sup

(θ,θ′)∈Θ2

(
b(θ) + b(θ′)

2
+

n∑
i=1

εi
ϕi(ai(θ)) + ϕi(ai(θ

′))

2
+
ϕn+1(an+1(θ))− ϕn+1(an+1(θ

′))

2

)]

≤Eε1,··· ,εn

[
sup

(θ,θ′)∈Θ2

(
b(θ) + b(θ′)

2
+

n∑
i=1

εi
ϕi(ai(θ)) + ϕi(ai(θ

′))

2
+
|an+1(θ)− an+1(θ

′)|
2

)]
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=Eε1,··· ,εn+1

[
sup
θ∈Θ

(
b(θ) + εn+1an+1(θ) +

n∑
i=1

εiai(θ)

)]
. □

Example 8.1 Let ui 7→ l(yi, ui) be G-Lipschitz continuous, b = 0, Θ = {(f(x1), · · · , f(xn)) : f ∈ F} ⊂ Rn, ai(θ) =
θi, ϕi(ui) = l(yi, ui). Then

Eε

[
sup
f∈F

1

n

n∑
i=1

εil(y, f(xi))

∣∣∣∣∣D
]
≤ GEε

[
sup
f∈F

(
1

n

n∑
i=1

εif(xi)

)∣∣∣∣∣D
]
⇒ Rn(H) ≤ GRn(F).

Proposition 8.3 (Abolute contraction principle) ϕi : R→ R 1-Lipschitz continuous, ϕi(0) = 0, then

Eε

[
sup
θ∈Θ

∣∣∣∣∣
n∑

i=1

εiϕi(ai(θ))

∣∣∣∣∣
]
≤ 2Eε

[
sup
θ∈Θ

∣∣∣∣∣
n∑

i=1

εiai(θ)

∣∣∣∣∣
]
.

Definition 8.2 A function ϕ : R→ R is contraction vanishing at 0 if it satisfies |ϕ(s)− ϕ(t)| ≤ |s− t| for all s, t ∈ R
and ϕ(0) = 0.

Theorem 8.1 (Contraction principle for Rademacher processes) Let F be a nonnegative, convex and nondecreasing
function defined on [0,∞). Let ϕi : R→ R contraction vanishing at 0, and let T be a bounded set of Rn, n <∞. Then

EF

(
1

2
‖

n∑
i=1

εiϕi(ti)‖T

)
≤ EF

(
‖

n∑
i=1

εiti‖T

)
where t = (t1, · · · , tn) ∈ T and ‖X‖T := supt∈T |X(t)|.

Example 8.2 LetX1, · · · , Xn ∈ D ⊂ Rd and F be a countable class of measurable functions with F (x) = supf∈F |f(x)|
is finite for all x ∈ D. Set U = maxi=1,··· ,n |F (Xi)| and σ2 = supf∈F

1
n

∑n
i=1 Ef2(Xi) <∞. For X1, · · · , Xn fixed, let

ti = Uf(Xi), i = 1, · · · , n, T = {(Uf(Xi))i=1,··· ,n, f ∈F} and ϕi(s) ≡ ϕ(s) = s2

2U2 ∧ U2

2
. Then by Theorem 8.1,

1

4
Eε‖

n∑
i=1

εif
2(Xi)‖F ≤ UEε‖

n∑
i=1

εif(Xi)‖F

⇒EXEε‖
n∑

i=1

εif
2(Xi)‖F ≤ 4EXUEε‖

n∑
i=1

εif(Xi)‖F .

9 Optimization for Machine Learning

Definition 9.1 (xi, yi) i.i.d., f : X → R, R(f) = E[l(y, f(x))], objective function F (θ) = 1
n

∑n
i=1 l(yi, fθ(xi))+λnΩ(θ)

where Ω(θ) is regularization, θ∗ ∈ arg minθR(fθ), η∗ ∈ arg minθ R̂(fθ).

Definition 9.2 (Gradient descent (GD)) Pick θ0 ∈ Rd and for t ≥ 1, θt = θt−1 − γtF ′(θt−1).

Example 9.1 (Ordinary least-squares) F (θ) = 1
2n
‖Φθ−y‖22, F ′(θ) = 1

n
ΦT (Φθ−y),H = 1

n
ΦTΦ ∈ Rd×d Hessian matrix.

F ′(η∗) = 0 ⇒ Hη∗ = 1
n
ΦT y, F (θ) − F (η∗) = F ′(η∗)T (θ − η∗) + 1

2
(θ − η∗)TH(θ − η∗). Condition number κ = L

µ
≥ 1

where µ/L is the smallest/largest eigenvalue of H, respectively. Then

θt − η∗ = θt−1 − γ
(
1

n
ΦT (Φθt−1 − y)

)
− η∗ = θt−1 − γ(Hθt−1 −Hη∗)− η∗

= (I − γH)(θt−1 − η∗) = (I − γH)t(θ0 − η∗)

⇒ ‖θt − η∗‖2 = (θ0 − η∗)(I − γH)2t(θ0 − η∗), F (θt)− F (η∗) =
1

2
(θ0 − η∗)T (I − γH)2tH(θ0 − η∗).

To derive the fastest convergence, we need to consider minγ

(
maxλ∈[µ,L] |1− γλ|

)2t ⇒ γ∗ = 2
µ+L

, rate∗ = 1 − 2
κ+1

. To
ensure convergence, we need to bound max{|1 − γL|, |1 − γµ|} < 1 ⇔ γ < 2

L
. If we take γ = 1

L
(i.e. independent of

µ), ‖θt − η∗‖2 ≤
(
1− 1

κ

)2t ‖θ0 − η∗‖2, F (θt)− F (η∗) ≤ (1− 1
κ

)2t
[F (θ0)− F (η∗)] ≤ exp

(
− 2t

κ

)
[F (θ0)− F (η∗)].

Definition 9.3 (Convex functions) Convex: ∀α ∈ (0, 1), F (αθ + (1 − α)η) ≤ αF (θ) + (1 − α)F (η). Strictly convex:
replace “≤” with “<”. µ-strongly(uniformly) convex: αF (θ)+ (1−α)F (η)−F (αθ+(1−α)η) ≥ µα(1−α)‖θ− η‖2 ⇔
F (θ)− µ

2
‖θ‖2 convex if F differentiable⇔ F (θ)− F (η) ≥ F ′(η)(θ − η) + µ

2
‖θ − η‖2 ⇔ ηTF ′′(θ)η ≥ µ‖η‖2.
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Property 9.1 (Lojasiewicz inequality) If F is differentiable and µ-strongly convex with unique minimizer η∗, then we
have ‖F ′(θ)‖22 ≥ 2µ(F (θ)− F (η∗)), ∀θ ∈ Rd.

Definition 9.4 (Smoothness) A differentiable F is said L-smooth iff

|F (η)− F (θ)− F ′(θ)T (η − θ)| ≤ L

2
‖θ − η‖2, ∀θ, η ∈ Rd ⇔ ‖F ′(θ)− F ′(η)‖2 ≤ L‖θ − η‖.

Remark 9.1 If F is L-smooth and µ-strongly convex, then µ ≤ L and we can define the condition number as κ = L
µ

.

Proposition 9.1 (Convergence of GD for smooth strongly-convex functions) Let γt = 1
L

, then

F (θt)− F (η∗) ≤
(
1− 1

κ

)t

(F (θ0)− F (η∗)) ≤ exp
(
− t
κ

)
(F (θ0)− F (η∗)).

Proposition 9.2 (Convergence of GD for smooth convex functions) Let γt = 1
L

, then

F (θt)− F (η∗) ≤
L

2t
‖θ0 − η∗‖22.

Proof Define Vt(θt) = t[F (θt)− F (η∗)] + L
2
‖θt − η∗‖2 as the Lyapunov function. Then

Vt(θt)− Vt−1(θt−1) = t[F (θt)− F (θt−1)] + F (θt−1)− F (η∗) +
L

2
‖θt − η∗‖2 −

L

2
‖θt−1 − η∗‖2.

Since (1) F (θt)− F (θt−1) ≤ − 1
2L
‖F ′(θt−1)‖22; (2) F (θt−1)− F (η∗) ≤ F ′(θt−1)

T (θt−1 − η∗); (3) L
2
‖θt − η∗‖2 − L

2
‖θt−1 −

η∗‖2 = −Lγ(θt−1 − η∗)TF ′(θt−1) +
Lγ2

2
‖F ′(θt−1)‖2, we have

Vt(θt)− Vt−1(θt−1) ≤ t
[
− 1

2L
‖F ′(θt−1)‖22

]
+ F ′(θt−1)

T (θt−1 − η∗)− Lγ(θt−1 − η∗)T +
Lγ2

2
‖F ′(θt−1)‖2

= − t− 1

2L
‖F ′(θt−1)‖22 ≤ 0

⇒ t[F (θt)− F (η∗)] ≤ Vt(θt) ≤ V0(θ0) =
L

2
‖θ0 − η∗‖22. □

Definition 9.5 (Nesterov acceleration)

θt+ 1
2
= θt −

1

L
F ′(θt), θt+1 = θt+ 1

2
+

1−
√

µ
L

1 +
√

µ
L

(θt+ 1
2
− θt) =

(
1 +

1−
√

µ
L

1 +
√

µ
L

)
θt+ 1

2
−

(
1−

√
µ
L

1 +
√

µ
L

)
θt.

Proposition 9.3 (Convergence of Nesterov acceleration for smooth convex functions)

F (θt)− F (η∗) ≤
2L‖θ0 − η∗‖2

(t+ 1)2
.

Definition 9.6 (Proximal GD) F = G+H while G is smooth and H is non-smooth. Define

θt = arg max
θ

G(θt+1) + (θ − θt−1)
TG′(θt−1) +

L

2
‖θ − θt−1‖22 +H(θ).

Definition 9.7 (Subgradients) ∂F (θ) = {z ∈ Rd : ∀η ∈ Rd, F (η) ≥ F (θ) + zT (η − θ)}. For a convex function defined
on Rd, the subdifferential is a non-empty. If F is differentiable, ∂F (θ) = {F ′(θ)}.

Proposition 9.4 F is convex, B-Lipschitz continuous and admits a minimizer η∗ that satisfies ‖η∗ − θ0‖2 ≤ D. By
setting γt = D

B
√
t
, the iterates (θn)n≥0 of GD on F satisfy

min
0≤s≤t−1

F (θs)− F (η∗) ≤ DB
2 + log(t)

2
√
t

.

Definition 9.8 (Stochastic gradient descent (SGD)) Assume objective function F (θ) = 1

n

n∑
i=1

l(yi, fθ(xi))+Ω(θ). Let

θt = θt−1 − γtgt(θt−1)

where E[gt(θt−1)|θt−1] = F ′(θt−1) (and ‖gt(θt−1)‖22 ≤ B2 a.s.) for all t ≥ 1.
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Proposition 9.5 (Convergence of SGD) F is convex, B-Lipschitz and admits a minimizer η∗ that satisfies ‖η∗−θ0‖ ≤
D. Set γt = D

B
√
t
. Then

E[F (θ̄t)− F (η∗)] ≤ DB
2 + log(t)

2
√
t

where θ̄t =
∑t

s=1 γsθs−1∑t
s=1 γs

.

Proposition 9.6 (Convergence of SGD for strongly-convex problems) G(θ) = F (θ) + µ
2
‖θ‖2, θt = θt−1 − γt[gt(θt−1) +

µθt−1], γt =
1
µt

, then

E[G(θ̄t)−G(η∗)] ≤
2B2(1 + log t)

µt

where θ̄t = 1
t

∑t
s=1 θs−1.

Definition 9.9 (Variance reduction: SAGA) Consider a finite sum F (θ) = 1
n

∑n
i=1 fi(θ) where each fi is R2-smooth

and F is µ-strongly convex. Let

θt = θt−1 − γ

[
f ′
i(t)(θt−1) +

1

n

n∑
i=1

z
(t−1)
i − z(t−1)

i(t)

]

where i(t) is selected uniformly at random in {1, · · · , n} and z
(t)
i(t) = f ′

i(t)(θt−1).

Proposition 9.7 z
(0)
i := f ′

i(θ0) for all i ∈ {1, · · · , n}, γ = 1
4R2 , then

E[‖θt − η∗‖22] ≤
(
1−min

ß
1

3n
,

3µ

16R2

™)t (
1 +

n

4

)
‖θ0 − η∗‖22.

10 From Online Learning to Bandits

Definition 10.1 F ′
t (θt−1) =

∂l(yt,fθ(xt))
∂θ

|θ=θt−1
. Performance measure is E[F (θt)]− F ∗ where F (θ) = E[l(y, fθ(x))] and

F ∗ = infθ∈C F (θ). Regret: 1
t

∑t
s=1 F (θs−1)− infθ∈C F (θ). Adversarial: 1

t

∑t
s=1 Fs(θs−1)− infθ∈C

1
t

∑t
s=1 Fs(θ).

Proposition 10.1 (First-order online convex optimization) Fs : Rd → R, compact set C, θ0 ∈ C. Let 1
t

∑t
s=1 Fs(θs−1)−

infθ∈C
1
t

∑t
s=1 Fs(θ) be small as possible. Unbiased vergion gs, Fs denotes the information up to (and including) time

s. Assume (1) E[gs|Fs−1] = F ′
s(θs−1); (2) ‖gs‖22 ≤ B2 a.s.. Projected SGD: θs =

∏
C(θs−1− γsgs). Then for any θ ∈ C,

‖θs − θ‖22 ≤ ‖θs−1 − θ‖22 − 2γsg
T
s (θs−1 − θ) + γ2sB

2 by contractivity of projections,

⇒ E[‖θs − θ‖22|Fs−1] ≤ ‖θs−1 − θ‖22 − 2γsF
′
s(θs−1)

T (θs−1 − θ) + γ2sB
2 by the unbiasedness

≤ ‖θs−1 − θ‖22 − 2γs[Fs(θs−1)− Fs(θ)] + γ2sB
2 by the convexity

⇒ E[Fs(θs−1)− Fs(θ)] ≤
1

2γs

(
E[‖θs−1 − θ‖22]− E[‖θs − θ‖22]

)
+
γs
2
B2 by taking full expectations

⇒ 1

t

t∑
s=1

E[Fs(θs−1)]−
1

t

t∑
s=1

Fs(θ) ≤
1

t

t∑
s=1

1

2γs

(
E[‖θs−1 − θ‖22]− E[‖θs − θ‖22]

)
+

1

t

t∑
s=1

γs
2
B2

⇒ 1

t

t∑
s=1

E[Fs(θs−1)]−
1

t

t∑
s=1

Fs(θ) ≤
1

t

t∑
s=1

1

2γs
(δs−1 − δs) +

1

t

t∑
s=1

γs
2
B2 by letting δs = E[‖θs − θ‖22]

=
1

t

t−1∑
s=1

δs

(
1

2γs+1

− 1

2γs

)
+

δ0
2tγ1

− δt
2tγt

+
1

t

t∑
s=1

γs
2
B2 by using Abel’s formula

≤ 1

t

t−1∑
s=1

diam(C)2
(

1

2γs+1

− 1

2γs

)
+

diam(C)2

2tγ1
+

1

t

t∑
s=1

γs
2
B2

=
diam(C)2

2tγt
+

1

t

t∑
s=1

γs
2
B2.

By choosing γs = diam(C)
B
√
s

, we have

1

t

t∑
s=1

E[Fs(θs−1)]−
1

t

t∑
s=1

Fs(θ) ≤
3Bdiam(C)

2
√
t

.
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In the strongly-convex case, we can replace [Fs(θs−1)−Fs(θ)] in the third row with [Fs(θs−1)−Fs(θ)+
µ
2
‖θs−1−θ‖22]

and 1
2γs

(E[‖θs−1− θ‖22]−E[‖θs− θ‖22]) in the fourth row with
(

1
2γs
− µ

2

)
E[‖θs−1− θ‖22]− 1

2γs
E[‖θs− θ‖22]. By summing

between s = 1 to s = t and choosing γs = 1
µs

, we obtain

1

t

t∑
s=1

E[Fs(θs−1)]−
1

t

t∑
s=1

Fs(θ) ≤
1

t

t∑
s=1

1

2µs
B2 ≤ 1

2µt
(1 + log t)B2.

Definition 10.2 (Mirror map) A differentiable and µ-strongly convex function Φ : CΦ → R w.r.t. a norm ‖ · ‖, that is,

Φ(η) ≥ Φ(θ) + Φ′(θ)T (η − θ) + µ

2
‖η − θ‖2, ∀η, θ ∈ C.

Proposition 10.2 (Online mirror descent) Consider the same setup of Proposition 10.1. We have Lipschitz-continuous
functions Fs for s ≥ 1, E[gs|Fs−1] = F ′

s(θs−1) and

θt := arg min
θ∈C

[
gTt (θ − θt−1) +

1

γ
DΦ(θ, θt−1)

]
where DΦ(θ, η) = Φ(θ) − Φ(η) − Φ′(η)T (θ − η) is the Bregman divergence. Assume E[‖gs‖2|Fs−1] ≤ B for all s ≥ 1.
Then for every θ ∈ C, we have

1

t

t∑
s=1

E[Fs(θs−1)− Fs(θ)] ≤
1

γt
DΦ(θ, θ0) +

B2γ

2µ
.

Definition 10.3 (Zero-th order convex optimization) We consider the task of unconstrained minimization of a convex
function F , given only access to function values. Finite difference:

F̂ ′(θ) =
d∑

i=1

1

δ
[F (θ ++δei)− F (θ)]ei.

Assume no noise and the function is L-smooth. Then

‖F̂ ′(θ)− F ′(θ)‖22 =
1

δ2

d∑
i=1

[F (θ + δei)− F (θ)− F ′(θ)δei]
2 ≤ d

δ2

(
Lδ2

2

)2

=
dL2δ2

4
.

Now consider the general noise case. Then

θt = θt−1 − γ
[
1

δ
(F (θt−1 + δzt) + ζt − F (θt−1)− ζ ′t) zt

]
.

Write εt = ζt − ζ ′t ∼ (0, 2σ2),

θt = θt−1 − γ
[
1

δ
(F (θt−1 + δzt)− F (θt−1) + εt) zt

]
where Ezt = 0,E(ztzTt ) = I. Two choices of z: (1) a signed canonical basis vectors: ±

√
dei with i selected uniformly

at random in {1, · · · , d}; (2) a standard Gaussian vector.
The key in analyzing the iteration is to study

g =
1

δ
(F (θ + δz)− F (θ)) z = 1

δ

(
δzTF ′(θ) +O(δ2)

)
z

= zTF ′(θ)z +O(δ) = zzTF ′(θ) +O(δ)

⇒ E[g] = F ′(θ) +O(δ).

Proposition 10.3 (Smooth stochastic GD) F is L-smooth, Fδ(θ) := Ez∼N (0,I)F (θ + δz). Then

0 ≤ Fδ(θ)− F (θ) = Ez∼N (0,I)[F (θ + δz)− F (θ)− δF ′(θ)z] ≤ Lδ2

2
Ez∼N (0,I)‖z‖22 =

Lδ2d

2
.

When F is not L-smooth but B-Lipschitz continuous, the function Fδ is still B-Lipschitz continuous. Moreover, Fδ is
(
√
d
δ
B)-smooth with gradient equal to

F ′
δ(θ) =

1

δ
Ez∼N (0,I)(F (θ + δz)− F (θ))z.

Also, |Fδ(θ)− F (θ)| ≤ Bδ
√
d.
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Definition 10.4 (Multi-armed bandits (MAB)) K potential “arms” with means µ(1), · · · , µ(K) ∈ R. Every time, we
select the arm j, receive reward from a sub-Gaussian distribution with mean µ(i) and sub-Gaussian parameter σ. At
time s, select the arm is based on the information Fs−1 up to time s− 1 and receive the reward rs. Expected regret:
Rt = tmaxi∈{1,··· ,K} µ

(i) −
∑t

s=1 E[rs]. Let ∆(j) = maxi∈{1,··· ,K} µ
(i) − µ(j) be the difference and n(j)

t be the number of
times that the arm j was selected in the first t iterations. Then Rt =

∑K
j=1 ∆

(j)E[n(j)
t ].

Remark 10.1 (1) Exploration-exploitation trade-off: pure exploration or pure exploitation. (2) Explore-then-commit:
During the first mK steps, choose each arm m times, build the K estimates µ̂(1), · · · , µ̂(K). Then select the arm with
maximal µ̂(j)

mK for all remaining t −mK steps. Rt = m
∑K

j=1 ∆
(j) + (t −mK)

∑K
j=1 ∆

(j)P(µ̂(j)
mK ≥ µ̂

(i)
mK , ∀i 6= j). (3)

Upper confidence bound (UCB) (construct pseudo-CI [µ̂(i)
t − ν

(i)
t , µ̂

(i)
t + ν

(i)
t ]): For the first K rounds, select each arm

exactly once, and form µ̂
(i)
k as the reward recieved for arm i with ν(i)k =

»
2ρσ2 log(k)/n(i)

k =
√
2ρσ2 log(k). For other

t > k, select the arm it which maximizes µ̂(i)
t−1 + ν

(i)
t−1 and update ν(i)t =

»
2ρσ2 log(t)/n(i)

t .

Definition 10.5 (Adversarial bandits) Assume deterministic reward vectors µt ∈ [0, 1]K , t ≥ 1. At each time step, we
choose an arm it. The regret is Rt = maxi∈{1,··· ,K}

∑t
s=1 µ

(i)
s −

∑t
s=1 µ

(is)
s . Hedge algorithm: starting with π0 uniform

and updating πt as π(i)
t =

π
(i)
t−1 exp(γµ(i)

t )∑K
j=1 π

(j)
t−1 exp(γµ(j)

t )
.
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