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STATISTICAL DECISION THEORY
1 Introduction

Outline 1.1 (Main tasks in machine learning) Generation, prediction, decision. Generation: Xi,---, X, ~ F, infer
and analyse F, unsupervised learning, e.g. GAN, GPT, ---. Prediction: data pairs (X®, Y1) ... (X™ y®))
input variables X € R4, f: X — Y,z € X,y € ), ascribe, supervised learning. Decision: Reinforcement learning,

Agent + action, state, reward — environment.
Outline 1.2 (Methods for solving tasks) Parameterized/Non-parameterized, frequency(MLE)/Bayesian.

Outline 1.3 (Modeling error) Supervised: Fix X = (X1, ,X4)T € R?, for regression Y € R, for classificataion Y €
{0,1}(also {—1,1},{1,---,M},{0,1}M). Random design for X (known as generative models): Y = g(X@ 7Z®).
Fixed design for X (known as discriminative models): Y = g(x() Z(®). Unsupervised: X = g(Z)(e.g. factor model:
X =AZ+¢e,Z e N(0,1),e ~N(0,%)).

2 Statistical Decision Theory

Definition 2.1 (Basic concepts) Consider a state space €2, data space D, model P = {p(6,x)}, action space ..
Loss function: £ : Q x &/ — [—o0, +00], measurable, nonnegative. A measurable function 6 : D — & is called a
nonrandomized decision rule. Risk function is defined as R(6,8) = [ £(6,6(z))dPy(z) = E¢L(6,6(X)). Randomized
decision: for each X = z, §(x) is a probability distribution: [A|X = x] ~ J,. Risk function for 6: R(0,6) = E¢L(0, A) =
EoE, L(0, A|X) = [[ L(0,a)dd,(a)dPy(x).

2.1 (Parameter estimation) 6 € Q, & = Q,L(0,a) = |0 — a|2(p > 1) = [log g"gi) o (x)dm(z) (KL diver-

gence). R = Var(a) + bias®(a). Bregmass loss: ¢ : R* — R describe any strictly convex differentiable function. Then
Ly(0,a) = ¢(a) — ¢(0) - (¢ — a)"V(a).

2.2 (Testing) o/ = {0,1} with action “0” associated with accepting Hy : 0 € Q¢ and “1”: H; : 0 € Q. §, isa
Bernolli distribution. £(0,a) =I{a=1,0 € Qo}+I{a =0,0 € Q;}. Risk R(0,9) = Pp(A = 1)1gecq, +Po(A = 0)1gcq, .

Definition 2.2 (Admissibility) A decision rule ¢ is called inadmissible if a competing rule §* such that R(6,5*) <
R(6,0) for all @ € Q and R(6,6*) < R(6,0) for at least one 6 € Q. Otherwise, § is admissible.

Definition 2.3 (Bayes rule) The maximum risk R(8) = supyeq R(6,8) and the Bayes risk r(A,d) = [R(6,8)dA(0) =
[ L£(0,6)dP(x,0) (A(F) is a prior). A decision rule that minimizes the Bayes risk is called a Bayes rule, that is,
5 : (A, 0) = infs (A, §). Minimax rule §* : supyeq R(6, 6*) = infs supyeq R(6, 6).

Theorem 2.1 If risk functions for all decision rules are continuous in @, if § is Bayesian for A and has finite integrated

risk 7(A, §) < oo, and if the support of A is the whole state space 2, then § is admissible.

p0($)>\( ) ) p0(x)/\(9>, Define the posterior risk of 6: #(§|X = z) = [ L(0,(x))dP(0|z).
J po() m(x) .
The Bayes risk (A, 0) satisfies that T(A, §) = [r(6|z)dM (x). Let 6(x) be the value of § that minimizes r(d|z). Then

§ is the Bayes rule.

2.1 p(f]z) =

2.3 (Application to supervised learning: regression) (X,Y) e X x Y, f: X -V, &/ =Q=Y,D =X, =
LLY, F(X)) =Y — f(X)Ilp p =1, xisk Ry = [[ L(y, f(2))dP(z,y) = E[L(Y, f(X))] = E[EL(Y, f(X))[X]. When
p=2,r(fIX =)= [ L(y, f(x))dP(y|lz) = [ |y — f(z)]*dP(y|z). Regression function is g(z) := [ydP(y|z) = Ry =
E[Y — f(X)P? =ElY — g(X) + g(X) = fF(X)]? = ElY — g(X)]* + Elg(X) — f(X)]* Z E[Y — g(X)[*.

2.4 (Application to supervised learning: pattern classification) ¥ € {0,1},pp = P(Y = 0),p1 = P(Y =
1) = 1—po, E[L(Y, f(X))] = P(Y # f(X)). The Bayesian predictor is given by f(z) = Lip(y—1| X ) > £L0-LO0 by o )}

ZZ(0,D)—L(1,1)
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Proof E[L(Y, f(X))|X = o] = (0,0P(Y = 0|X = z) + L(1,0)P(Y = 1|X = z) compare
(0, )P(Y = 0|X = z) + L(1,)P(Y =1|X = z)

the sizes of the two. O
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2 (Continuation) P(Y = 1|X = z) = E(Y|X = ) := g(z), f(#) = 1{ga)>1;. Then 0 < P(f(X)#Y) -
P(f(X) #Y) <2 [ 13(2) ~ g(2) li(dz) < 2([ |9(2) ~ g(@) [Ppu(dw))*. In Example 24, f(2) = 1jpetumy  soteton-cioon,

which takes the same form as the likelihood ratio test (LRT): Likelihood L(X) := §E§I§:5> and f(z) = 1{r(@)>n}-

Definition 2.4 (Confusion table) Ture Positive Rate: TPR = P(Y = 1|Y = 1); False Negative Rate: FNR = 1 —
TPR, type II error; False Positive Rate: FPR = P(Y = 1|Y = 0), type I error; True Negative Rate: TNR = 1 — FPR.

: UV = 1) = __mTPR___
Precision: P(Y = 1]V = 1) = >oFPR 1, TPR- L1-score: Fy is the harmonic mean of precision and recall, which can be
2TPR

written as F) = TTTPR+ZZFPR"

| v=0 Y=1
Y =0 | true negative false negative
Y =1 | false positive  true positive

Theorem 2.2 (N-P lemma) Optimization: maximize TPR subject to FPR < «a, a € [0, 1]. Randomized rule: @ return
1 with probability Q(x) and 0 with probability 1 — Q(x). Maximize E[Q(x)|Y = 1] subject to E[Q(x)|Y = 0] < a.

Suppose the likelihood functions p(z|y) are continuous. Then the optimal predictor is a deterministic LRT.

Proof Let n be the threshold for an LRT such that the predictor @, (z) = 1{a(z) > n} has FPR = a. Such an
LRT exists because likelihood functions are continuous. Let 8 denote the TPR of @),. Prove that @, is optimal for
risk minimization problem corresponding to the loss functions £(0,1) = ng—;,ﬁ(l,O) =1,£(1,1) = £(0,0) = 0 since
ﬁ;’gﬁg?é;:ﬁg?gg = g‘;ﬁg?é; = 7. Under these loss functions, the risk of Bayes predictor for @ is Rg = poFPR(Q)L(0,1)+
p1(1 — TPR(Q))L(1,0) = p1nFPR(Q) + p:1(1 — TPR(Q)). Now let @ be any other rule with FPR(Q) < a, Rq, =

pina+pi(1 = B) < pinFPR(Q) + p1(1 — TPR(Q)) < pina + p1(1 — TPR(Q)) = TPR(Q) < . O

Definition 2.5 (ROC (Receiver operating character) curve) y-axis is TPR and z-axis is FPR.

Proposition 2.1 (1) The points (0,0) and (1,1) are on the ROC curve; (2) The ROC must lie above the main diagnal;
(3) The ROC curve is concave.

Proof We only prove (2). Fix a € (0, 1) and consider a randomized rate TPR = FPR = «, Q(z) = «; (3): Consider two
rules (FPR(n;), TPR(n;)) and (FPR(n2), TPR(n2)). Flip a biased coin and use the first rule with probability ¢ and the
second rule with probability 1 —¢. Then this yields a randomized rule with (FPR, TPR) = (tFPR(n;)+ (1 —¢)FPR(12),
tTPR(m1) + (1 — t)FPR(1)). Fixing FPR < tFPR(p1) + (1 — t)FPR(1), TPR > tTPR(m1) + (1 — t)TPR(1). O

3 Markov Decision Process

Definition 3.1 (Basic concepts) Five elements: decision epoches, states, actions, transition probabilities and rewards.
(1) Decision epoches: Let T' denote the set of decision epoches, discrete: {1,2,---, N}; continuous: [0, N]; N < / = oo:
finite or infinite. (2) State and action sets: decision epoch ¢ € T, the system occupies a state S; € S, the decision
maker a € A. (3) Reward and transition probabilities: ¢, in state s, choose action a, (i) the decision maker receives a

reward 7(s, a), (ii) the system state at the next decision epoch is determined by the probability distribution p;(-|s¢, a).

Definition 3.2 (Decision rules) Prescribe a procedure for action selection in each state at a specified decision epoch.
Four cases: (1) Markovian and Deterministic (MD): 6, : S — A; (2) M and Randomized (MR): 0; : S — A(A)(gs,(s)(@));
(3) History-dependent and D (HD): h; = (s1,a1,-++ ,Si—1,a1-1,51) = (hi—1,ai-1,8;), H1 =S, Ho =S X AX S, ,0; :
H, — A; (4) HR: 6, : Hy x A(A). A policy 7 = (81,02, ,dn_1) is stationary if 6 = dp =--- = fort € T.

Definition 3.3 Let 7 = (01,--- ,dy_1) in HR and R, := rt(Xt,Yt) denote the random reward, Ry := ry(Xy), R :=
(Ry,---, Ry). The expected total reward UF(s) := E™{ Z ri( Xy, Ye) +ry(Xn)| X1 = s}. Assume |ry(s,a)] < M < oo

for all (s,a) € S x A. Optimal policy: UF (s) > U%(s),s € S. e-optimal policy: UN (s)+e>UK(s),s € S. The value
of the MDP: U3 (s) = sup,cpur Uf(s),s € S.
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N-1
3.1 (Finite-Horizon Policy Evaluation) V;"(h;) = E™{ Y rp(Xy, Yi) + rv(Xn)|he}, Vi (hy) = r(s),m €
k=t
DHP . By the formula of total expectation,

V;ﬂ(ht) = Tt(st;5t<ht)) ‘/1511(ht75t(ht) Xt+1) = Tt(Sty(st ht ZV:H ht75t(ht> ])p( |8t75t(ht))

JES

Consider randomness, i.e. m € DHE,

= @ (@{ri(si,a) + Vi (b a, §)p(ilse a)}-

acA jeS

N-1
Computational complexity: let K = |S|, L = |A|, at decision epoch ¢, K1 L* histories, K* > (K L)" multiplications.
i=0
If 7 € DMD,
V7 (se) = 1e(se, 6:(s¢)) + Z Vi (9)p(d|se, 0e(se)),

JES
only (N — 1)K? multiplications. On the other hand, given 7, this yields a valid and accurate calculation method for
U (s).
Theorem 3.1 (The Bellman Equations) Let V;*(h;) = sup,cpur V;"(h¢). The optimality equations:
Vi(he) = sug{rt(st,a) + Z Vit1(he,a, 3)pe(jlse,a)} for t =1,2,--- N —1 and hy = (hy_1, a4-1, 5¢) € Hy.
ac jes

For t = N, Vy(hy) = rn(sn). Suppose V; is a solution and Vy satisfies Vy(hy) = rn(sn). Then Vi(h;) = V;*(h;) for
all hy € Hy,t =1,--- N and Vi(s1) = Vi*(s1) = Ux(s1) for all s, € S.
Proof We divide the proof into two parts.

Step 1: Prove V,,(h,) > V*(h,) for all h,, € H,. By induction: For t = N, Vi (hy) = ry(sy) = V3 (hy) for all
hy,w. Now assume that Vi(h) > V,*(h¢) for all hy € H; fort =n+1,--- ,N. Let n’ = (d7,--- ,0y_,) be an arbitrary
policy in DHR. On the one hand, for t = n, it is trivial that

V;L(hn) - Sup{rn(stvat + Zp .7|S’m ) n+1(hn7a ])} > Sllp{?"n Sn,y A + an jlsny n+1(hnaa .7)}

JES jES

> sup{?"n Sn, A + an |5n7 n+1(hma ])} >V, (hn)
JES

Step 2: Prove that for any € > 0, there exists a 7 € DMP such that
VI () + (N = n)e > Va(hn) = Vi (ha) + (N = n)e 2 VT (ha) + (N = n)e = Va(hn) = V! ().
Construct a policy ©" = (47, -+ ,0_,) by choosing 0/, (h,,) to satisfy
P (505 8, () + D P55 61 (hn)) Va1 (B, 67, () + € = Vi ().
JjES
By induction: For t = N, Vi (hy) = Vi(hy). Assume V;™ (k) + (N — t)e > Vi(h;) for t =n +1,--- ,N. For t = n,

Vf/(h ) = Tn(8n, (7)) + an(]lsm n ))VrZrJ/rl(hm(SZ,(hn)aj) > Va(hy) — (N —n)e. O

JES
Remark 3.1 The equations yield that 6; (h;) € argmax,ec a{r:(s¢, a)+ ;Spt(st, a)V}1(he,a, j)}, which means it is HD,
JE
ie. Uy (s) = sup,cpur UL (s) = sup,cpun UF(s) < sup,cpup UK (s). We will answer “?” in the following theorem.
Theorem 3.2 Let V,*;t = 1,--- , N be solutions of Bellman Equations. Then (a) For each t = 1,--- , N, V,*(hy)
depends on h; only through s;; (b) For any € > 0, there exists an e-optimal policy which is D and M; (¢) Maximum

can be achieved, it is optimal, which is MD.
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Proof We only prove (a). By induction, V3 (hy) = Vi (hy_1,an_1,8) = rn(s) for all hy_; € Hy_1. Assume (a) is
valid for t =n +1,--- ,N. Then V' (hy,) = sup,e a{r:(se,a) + > pe(dlse, a) Vi (7))} = Vii(se). O
j€s

Definition 3.4 (Backward Indcution (Dynamic Programming) Algorithm) 1. Set ¢ = N and Vy(sy) = rn(sn) for
all sy € S; 2. Substitute ¢ — 1 for ¢t and compute V;*(s;) for each s; € S according to

Vi (1) = max{r(st, a )+ il @)V (s0)},
JES
and set A, = argmax,ea{r:(s¢,a) + > pe(jlse, a) Vi (s¢)}; 3. If t = 1, stop. Otherwise return to Step 2.
j€S
Remark 3.2 (1) At time ¢, specialized S; and A;, special structure for r, and p;; (2) K = |S| and L = | A, at eact t,
only (N — 1)LK? multiplications, ease computation and storage cost (because there are (L¥)N~1 DM policies).

Definition 3.5 (Infinite-Horizon MDPs) Assumptions: Stationary reward and transition probabilities, i.e. ri(s,a) =
r(s,a),p:(j|s,a) = p(jls, a); Bounded rewards, i.e. |r(s,a)] < M < oo for all a € A and s € S; Discounting coefficient
A, 0 < X\ < 1; Discrete state space S. The expected total reward of policy m = (61,02, --) € DHR:

N +oo
U™(s) = lim E”{thflr(xt,yt)}:]Eg{ZAtflr(Xt,Yt)}.

N—+oc0

We say that a policy 7* is optimal when U™ (s) > U™ (s) for each s € S and all 7 € DHR. Define the value of the MDP
U*(s) = sup,cpur UT(s). Let U] (s) denote the expected reward obtained by using 7 when the horizon v is random.
Then Ul (s) = E{E,.p > r(X:, Y1)}

=1

Theorem 3.3 Suppose v has a GD()), i.e. P(v =n) = A""'(1 —\). Then U"(s) = U7 (s) for all s € S.

Proof Ef(s) = Ef( % 3. r(Xu¥)(1 - NN} =EF{X 5 r(X,Y)(L - WN ) =EI{E X (X)) O

Theorem 3.4 Suppose 7 € DR, then for each s € S, there exists a 7’ € DM for which U™ (s) = U™ (s).

Proof Note that

E”{ZA“ (X, Y2)} = ZZZA” r(j,a)p™ (X, = j,Y, = a| Xy = s).

t=1 jeS acA
Fixing s € S, we only need to check
PT(Xe=5,Yi = a|Xy =) = p" (X, = j, Y, = aX; = s).
For each j € S and a € A, define the randomized Markov decision rule d; by
q5£(j)(a) =p"(Y; =a|lXy =7, X1 = s).
Then
P (Y= alX, = j) = p"(Yi = a|X; = j, X1 = 5).
Assume the conclusion holds for ¢t =0,1,--- ,n— 1. Then
P (X =5, Y =a|X; =s)=p" (Y, = a|lX, = 7, X, = 8)p™ (X, = j|X; = 5)
=p"(Y,=a|X, =7,X1=35)p" ( X, =jlX1 =3).
Then by induction assumption,

(X = 41X =) = 303 (Xaa =k, Yaor = al Xy = $)p(jlk, 0)

keS acA

=3 " (Xuo1 =k, Yoo1 = al Xy = s)pljlk,a) = p" (X, = j| X1 = 5) O

keSacA
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Proposition 3.1 (Vector expression for MDP) Let § be MD, define rs(s) and ps(j|s) b

rs(s) == 1(5,0(s)),ps(jls) := p(ils, 6(s)).
Denote 75 = (rs(1),- -, 7s(|S])T € RIS ps = (ps)(s.5) = p(j|s,(s)). For MR 4§, define

= ZQ5(S)(G) s,a),ps(jls) = Z% s (a)p(jls, a).

acA acA

The (s, j)-th component of the t-step transition probability matrix p’ satisfies

pfr(-”‘s) = [p51p52 o pét](]"S) :pﬂ-(Xt-‘rl = J|X1 = S)

=D 0 (ls)g() = (rg)s
JES
+oo
U™ = Z)\t_lpir_lrat =rs + )\p51 (7"51 + )\p62'r52 + .. ) =rs + )\pélUﬂ'l.
t=1

When 7 is stationary, U = rs + A\psU.

Theorem 3.5 Define ZU = supycpun{rqs + ApaU}. Suppose there exists a U € U for which (a) U > ZU, then
U>U* (b) U< ZU, then U <U*; (¢) U =2LU, then U =U".

Proof (a) By the given conditions,

U> suBR{m + ApaU} > 15, + Aps, U > 15, + \ps, (15, + Aps, U)
deD

> 1o, + Aps,re, + 0+ N s, ps, Do,y T, + N'pRU
=U—-U">\"pU — Z)\kpﬂr(;Hl >
(b) U< ZLU=UT<r;+ ApgU + €l = (I— )\pd>U <rg+el=U< (I— )\pd)_l(T'd —l—&‘l) =U" —|—€(1 — )\)_11|3‘.
(c) Omitted. O

Theorem 3.6 If 0 < A < 1, .Z is a contraction mapping on U.

Proof Let wand vinU. For each s € S, assume Lv(s) > Zu(s) and let af = argmax,ca{r(s,a)+ > Ap(j|s,a)v(y)}.
j€s
Then

0< Lo(s) — Luls) < r(s,al) + 3 Ap(ils,a))o(j) — r(s,al) = S Ap(ils, a?)u(j)
JjeS JjES
=AY pils, al) () —ul@) <A p(ils,al)lllu— vl = Alu —o]. O
JES jES

4 Statistical Learning Theory

Definition 4.1 (Basic concepts) (X,Y) ~ P € P, definite (X4, Y1), -+, (Xp, Yy) iid., D, = {(X1, Y1), -+, (X,,Yo) },
risk Ry, (f) = Ex,v)ep, [(X,Y). An algorithm A is a mapping from D, to a function X — ). Excess risk: Rp(A(D,))—
R3. Expected error: E[Rp(A(D,,))]. An algorithm is called consistent in expectation for P iff E[Rp(A(D,,))]—R5 — 0.
PAC (probability approximately correct): for a given § € (0,1) and € > 0, P(Rp(A(D,)) —Rp <e)>1—6.

Definition 4.2 (Consistency) g(z) = E[Y|X = ], gu(x, Dn) = g0 (®), E{|gn(X) =Y 2| Dy} = [ou lgn (@) —g(2)*u(dz)+
Elg(X)—Y|?. A sequence of regression function estimates {g,} is called (a) weakly consistent for a certain distribution
of (X,Y) if ngl-&liloo E{ [[gn(x) — g(x)]pu(dz)} = 0; (b) strongly consistent for a certain distribution if nEI-ﬁl:loo Jlgn(z) —
g(z))?u(dx) = 0 with probability 1; (c) weakly universally consistent if for all distributions of (X,Y) with E[Y?] < oo,

-+; (d) strongly universally consistent - - - .

Definition 4.3 (Penalized model) g, = argmin;{* Z |f(X;) = Yi|> + J.(f)}. Penalized term for f:

1(5) = Ao [ 17Ot o gua(r) = / Z

Jgre{l,--

2

k
L

&ctl ce 8xtd
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Proposition 4.1 (Curse of dimensionality) Let X, Xy,---, X,, i.i.d. R? uniformly distributed in [0, 1]¢.
doo(d,n) = E{ I}lin IX — Xilloo} :/ P{ I?in | X — Xi|loo > t}dt
i=1,--,n 0 i=1,--,n

— [ B min X - X < )
0 i=1,--,n

Since P{min; || X — X;|l <t} < nP(|X — Xi]loo <t) < n(20)%, do(d,n) > 2(;11)71*%.

Theorem 4.1 (No-Free lunch theorem) Let {a,} be a sequence of positive numbers converging to 0. For every se-

quence of regression estimates, there exists a distribution of (X,Y) such that X is uniformly distributed on [0, 1],
Y =g(X), g is =1 valued, and lim supF‘”g"(;if‘q”2 > 1.

Proof Let {p;} be a probability distribution and let A = {A4,} be a partition of [0, 1] such that A, is an interval of
length p;. Consider regression function indexed by a parameter ¢ = (c1, ¢, -+ ) with ¢; € {il} Define ¢g(® : [0,1] —
{-1,1} by ¢9(z) = ¢; iff 2 € A; and Y = ¢\9(X). For = € A;, define g,(z) = p—j fAj 9n(2)1(dz) to be the projection
of g, on A. Then

z) — ¢'9(2)]? ) = T (C) T
Aﬂd)g(ﬂmd)/fm (@) Pu(dr) /w ()P pu(cla)

/w 49 ()P u(da).

1 if - dz) >
Set ¢, = fA an(2)u(dz) 2 . Forz € A;,if é,; = 1 and ¢; = —1, then g, (z) > 0 and ¢'° (z) = —1, implying

—1 otherwise
|Gn(x) — g9(z)| > 1; if é,; = —1 and ¢; = 1, then g,(x) < 0 and ¢(9(z) = 1, also implying |g,(x) — g9 (z)> > 1.
Therefore,

|Gn(2) — g'9 ()P p(dz) > 1{énj;éc,~}/ 1p(dz) > 1o, 26305 2 Len, 2053 Lun(A;)=0}P;

A J

=2 { [ lon(a) = 9 0) (o)} = ZP%#%%<»wm~»M)

Now we randomize c. Let C7,Cs, - be a sequence of i.i.d. random variables independent of X7, X»,--- which satisfy
P(c; =1) =P(¢; = —1) = &. Thus

+o0 too
A otal expectation A
ER,(C) = Y EP(Crj # Cjy pn(A;) = 0)p; " “EXN N "B, (420 P(Cry # Cil X1+, Xo) s

j=1 j=1
1<% 1<
=3 D P(ua(A;) = 0)p; = 3 > (1 =p)"p;.
j=1 j=1
On the other hand,
R <+OOIP’ A, 1-— fn(c)
n(€) <Y P(un(A;) = 0)p Z(z%% ER.(C) < 2
j=1

By Fatou’s lemma,

e (o ) > e (g o) =

which implies that there exists ¢ € C' such that

R,(C n 2u(d
hmsupER((C)’) > 1= limsup {f lg Jr(i (@)[Pu(dz)} > 1.
n—-+o0 n—-+oo
. . DIUEINEY
Let {a,} be a sequence of positive numbers converging to 0 with % > a; > ag > -+, then there exists a probability
{p;} such that Z (1 —pj)"p; > an,¥n. O

j=1
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Definition 4.4 (Minimax lower bounds) (a) The sequence of positive numbers a,, is called the lower minimax rate of

12
convergence for the P if lim infinf sup M =c; > 0. (b) a, is called optimal rate of convergence for the class
n—=+00 gn pcp QAn
E _ 2
P if it is a lower minimax rate of convergence and there is an estimate g,, such that lim sup sup M =c, < 0.
n—+oo PEP Qn

Definition 4.5 (Smoothness) Let ¢ = k + 3 for some k € N and 0 < 8 < 1 and let p > 0. A function f: R? — R

d ak
is called (g, p)-smooth if for every oo = (o, -+, q), o € N, Y a; = k, the partial derivative 60417‘1080&1
Z:l 'rl DY xd
ok f o f

ot 0 () — 9o - O (2)| < pllz — 2||?. Let .# (@) be the set of all (g, p)-smooth functions f. Let

P@:r) be the class of distributions (X, Y) such that (i) X is uniformly distributed on [0,1]%; (ii) Y = g(X) + N, where
X I N, and N is standard normal; (iii) g € F 7.

exists and

satisfies

Lemma 4.1 Let u be an [-dimensional real vector, let C' be a zero means random variables takeing values in {—1,1}
and let N be an [-dimensional standard normal independent of C'. Set Z = Cu+ N. Then the error probability of the
Bayesian decision for C' based on Z is R* = mingp_g P(9(Z) # C) = ®(—||ul)).

Proof P(C =1)=P(C =-1) =1 P(Z|C =1) =N(u,I),P(Z|C = —1) = N(—u,I). By the Bayes formula,

P(C = 1)P(Z|C = 1) B 1 B 1
P(C=1P(ZIC=1)+P(C=-DP(Z|C=~1) |4 exp (nz—;nz _ nz+2uu2> 1+ exp(—2ZTu)’

P(C=1Z=z%) =

Therefore, the optimal Bayes decision is g*(Z) = sgn(Z7u), and the risk is
R*=P(g"(Z)#C)=P(Z"u<0,C=1)+P(Z"u>0,C = —1)
=P(|ul* +u"N <0,C=1)+ P(—[lu* + v'N >0,C = —1)

1 1
= SPTN < —[ul®) + PQIN > [[ull?) = &(—u]). 0

—_2q¢ . o . .
Theorem 4.2 For the class P(@?)| the sequence a, = n~ %+4 is a lower minimax rate of convergence. In particular,

2
liminfinf  sup M > ¢ > 0.

NI In Py yyEP(0:R) patdn 2atd

Proof Step 1: Construct an auxiliary function g(?)(z). Set M, = [(p?n)7+a]. Partition [0,1]¢ into M? cubes {A.;}
of Side length 1 and with centers {a,, ]} Choose a function f : R¢ — R such that the support of f is a subset of
4 [ f(x dx > 0 and f e .Z7@2”™) Define f: R — R by f = pf. Let ¢, = (cp1,- - sCnm) € Cp take values

2’2

in {:l:l} Define g cn)( ) Z cn]fnj( ) where fnj (.’L‘) = Mn_qf(Mn(x - a'n,j))'

d
Step 2: Show that g(>») € Z @), Let a = (ay, - ,a4),; €N, > a;j =k and D% = ﬁ. Ifx,2 € A,;,
j=1 10

|D*ge (2) — D¢ (2)] = le il |D* fuj (@) = D* fuj(2)| < pllz — 2||°.

If v € A, ;,2 € A, j, choose Z,Z on the line between x and z such that Z is on the boundary of A, ; and Z is on the
boundary of A, ;. Then

[Dg) () = D¢ (2)] < |eniD® fui(@)| + len ;D fu(2)]
= [enil[D® fri(x) = D fri(Z)| + |en 3| D fr j(2) = D fu 5 (2)]

- _ _ z—zllf | Jlz—z|°
<2 le -l + - 21) = o (12570 AR

2
- N
=2 _ |z
<o (L B2 e s,

Step 3: Prove that

M2
lim inf inf sup 2 Elgn — g“|I* > 0.
n=+00 gn y—g(e) (X)+N,cECy
8
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{fn;} forms a set of orthogonal basis. Let g, be an arbitrary estimate, and the projection g, of g, to {g'® : ¢ € C,}

M,
is given by g, = >_ € fn;(z). Then
j=1
lgn = 911 = llgn = gull® + llgn = g/1* = 190 — 9> = Z/A (Enj fri (@) = Cnjfu i (2))*de

1
_Z/ an an n] dl‘—/f2 dl‘zcn] Cn] M2q+d

Define ¢, ; = sgn(¢, ;), then

Md
. |Cnj — Cnjl
(g = Cngl 2 =55 = llgn — 9N = e 4M2q+d Z Cnj — Cnyj)

Md
1 n
/ Pa)dem > Lewizenst-
TL j:1
Step 4: Prove that

lim 1nf1nfsup Z P(¢,; # cn,j)

n—+oo Cn Cn

Now we randomize c,. Let ¢, 1, , ¢, pe be ii.d. random variables independent of (X, N1),- -+, (X, N,,), P(Cpy =
1) = P(Cn1 = —1) = 1. &, ; can be interpreted as a decision on C,, ; using D,,. Let C,,; = 1 if P(C,,; = 1|D,) > 1.
Therefore,
1 Me Me Me
13Lfsup dZPcn]#cn])>1nf dZPCHJ#CnJ MdZPCnJ#CnJ)
En n j=1 n j=1 noj=1

— Pt # Cut) = E{P(Cop # Con| X, , X))}

Let Xily"' X“ be those X S Anla ( i1y ,Y;‘t) = Cn,l(fn,l(Xil)a"' 7f7l71(Xit>> + (Ni17"' )Nit)~ By lemma 4].,

E{P(Cp1 # Cpa| X1, -+, X

5 Uniform Laws of Large Numbers

Definition 5.1 (Background) Set Z=(X,Y), Z; = (X,Y:),gs(z,y) = |f(x) —y|? for f € F,, G, ={g;: [ € Fn},
ZQ(Z) —Eg(2)|.

consider the limit lim sup
n—-+oo eg

Lemma 5.1 (Hoeffding’s inequality) For g : R — [0, B], the following inequalities hold:

( +oo

For finite class ¢ satisfying Z 4,le” 5 < oo for all & > 0, by Borel-Cantelli lemma,

n=1
sup >cio. | =0
9E€EYn

Definition 5.2 (Covering number) Let € > 0 and ¢ be a set of functions R? — R. Every finite collection of functions

Zg ~E{9(2)} Zg ~E{9(2)}

2ne?
>e | <2|9,|e” BT .

2ne2
>e| <2 BT =P| sup

9gEY,

nzg —E{9(2)}

g1, ,gn : R — R with the property that for every g € 4 there is a j = j(g) € [N] such that ||g — g, < € is called
an e-cover of 4 w.rt. ||« || Let A (6,9, |- o) Or A5 (£,%) be the smallest e-cover of 4 w.r.t. || - ||oo-
9
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Theorem 5.1 For n € N, let ¢, be a set of functions g : R? — [0, B] and let € > 0. Then

5 2ne?
> <2M(=,9, - .
(o )2 (Ga)on (3)

Proof Let ¢, « be an §-cover of 4, w.r.t. || - [l of minimal cardinality. Fix g € ¢, there exists g € ¢, ¢ such that

Zg —E{9(2)}

l9 = glloc < §. Then

1< 1 1
LS 0z~ Bal(2)] < |2 (620 - 5(2)| + |2 S az) - B2} + Ba2) - Eo(2)
i=1 i=1 i—1
2e 1
< 4= G(Z;) —E{g(2)}|,
f3+n:1g<> {9(2)}
1 1< €
= P| sup |— 9(Z;)-E{g(Z)}| > | <P| sup |— 9(Z;) — E{g > —
( 2 2 ol(2)-Elo(2)} ) ( 2 2ol2) B2} > ¢
Then use Hoeffding’s inequality. O

Definition 5.3 Let ¢ > 0, ¢ be a set of functions R? — R, 1 < p < oo, and v be a probability measure on R?. (a) Every
finite collection of functions g, - , gy : RY — R with the property that for every g € ¢ there is a j = j(g) € [N] such
that [|g—g;lz, ) < €is called a e-cover of 4. Similarly define A (¢, 9, || ||, )). (b) Let Z¥" = (Z,--- , Z,) C R* and

1 o ’
v be the corresponding empirical measure, then || f||z,.,) = { Z |f(Zi)|p} and similarly define 4, (s, 9, Z4").
n
i=1
Definition 5.4 (Packing number) (a) Every finite collection of functions g1,---,gy € ¢ with |lg; — gxllz,) > € for
all 1 < j <k < N is called e-packing of & with || - ||z,). The largest e-packing is denoted as . (¢, 9, || - ||L,w))-
Similarly define .# (¢,%, Z*™).

1 (Covering number v.s. packing number)

M2, || Nr,0) S A EG N N,w) <A (9, l2,0)),
M2, 9,75 < N (e,9, 25" < M (e, 9, 2.

Theorem 5.2 Let .% be a set of functions RY — R. Assume that .% is a linear vector space of dimension D. Then

for arbitrary R > 0, > 0, and zy,--- , 2, € RY,

1< , AR P
N (6,{f€f:n;|f(zi)|2§R2},Zl'"> g( €+E>

Definition 5.5 Let &/ be a class of subsets of R? and n € N. For zy,---,2, € RY define s(, {21, -+ ,2,}) =
HAN{z1, - 2.}t A€ Y.

Definition 5.6 Let ¢ be a subset of R? of size n. We say <7 shatters ¢ if s(«/,%4) = 2". The nth shatter coefficient
of @ is S(&/,n) = maxy,, ... ., ycrae (&, {21, -+, 2n}), the maximum number of different subsets of n points that can
be picked out by set from <.

Definition 5.7 (VC dimension) Let 7 be a class of subsets of R? with &/ # ). The VC dimension V,, of & is defined
by Vs =sup{n € N, S(a,n) =2"}.

Vo [n
Proposition 5.1 S(&/,n) < > ()

i=0 \ %
Theorem 5.3 Let 4 be a set of functions g : R? — [0, B]. For any n € N and ¢ > 0,

E 1:n _ n€2
{igg nzg (2)] >6}§8E</V1(8,€%Z )eXp( 12832)

10
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Proof Step 1: Symmetrization. Let Z''™ be ii.d. samples from the same distribution and independent of Z' and

Zg Eg(Z)
Elg*(2)|Z""] — Zg (2| >

g* € 4 be a function such that > ¢ if there exists such one. Otherwise, let g* be an arbitrary

| Var(g®(2)|Z') _ B*/4
Z } n(5)? S7152/4_

function in 4. g*(z) depends on Z" and P {

B? 1 282
— § holds for n > ——. Thus we have
g2

ne?
zg ) L3 az)|>
i=1

{sup

3002~ Bl (22 > e | L3 (Z) Bl (2)12*7]) < 5
1< ., ol -
- 1{ > 9*(Z:)-Elg*(2)| 2! ]>E}P<n; (Z!) —Elg*(2)|Z2*"]| < -

n

1
IR WIE o[ 3otz -z > <.
i=1

Step 2: Introductlon of addltlve randomness by random signs. Let Uj,---,U, be independent and uniformly
distributed over {—1,1} and independent Z'™ and Z'*".

1

P < sup|—

S

n

Therefore, 2P {sup

i=1

1 € €
<P<sup|— Uig(Z)| > - p +P<sup|—U; Zl/ > —
{geg n; 9(Z:) 4} {geg 9(Z}) 4}
=2P ¢ su 1Zn:U (Z;) >
Sup| 2 i9(Z:)| > 7

Step 3: Conditioning and introduction of a covering on Z'". Let ¥: be an Ly §-cover of & in Z'". Fix g € ¢,

1 n 1 n
then there exists § € % s.t. Z) S A7 U SN Ue(Z) - 52
en there exists § € ¥ s Zlg( \< n; i9(Z Z 9(Z n; 9(Z:) — 9(Z:))]

ZUQ
1 « €
Pd{dge¥: |- U:g(Z;) - <P{dge Y. :
Step 4: Application of Hoeffding’s inequality: |U;g(Z;)| < B = ]P’{

ne?
2 —-— ). u
P < 12832>
Theorem 5.4 Let ¢ be a class of functions g : R? — [0, B] with Vig+ > 2 where 97 := {(2,t) e RIx R : t < g(2),g9 €
4}. Let p > 1, v be a probability measure on R? and 0 < & < %. Then

—|— —. Thus

\%
MG ) rye) <3 (25 08 ™)
Proof Step 1: Set p=1. Relate .#(¢,%, || - ||1,)) to a shatter coefficient of 4. Set m = .#(¢,%, || - |,)) and let
4 ={g1, - ,gm} be a e-packing of 4 w.r.t. |- l2,0)- Let Q1,--+,Qk € R? be K independent r.v.s with common
v. Generate K independent r.v!s T}, - - - , Tk uniformly distributed on [0, B]. Denote R; = (Q;,T;),i =1,--- ,K,%; =
{(x,t) : t < f(x)} for f:RY— [0, B]. Then

St K) = max s(9t {z1, 2k }) > Es(4,{R1, - ,Rx}) > Es({9; : f € 9}, {Ry, -+ ,Rx})

{z1,,2x }ERIXR
11
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>Es({Y9: f €9, 9 NR*S £4 NR* forall g€ 9,9 # f}, R*K)
=FE {Z ]_{gfﬁRl:K?ggngl:K for all geg,g?ff}} = Z ]P;(gf N RLK 7é gg N RLK for all g c g,g 7é f)

fev fe<g

=Y (1-PEge¥,g# [ 4 NR"S =4, NR"™)) > (1 —m max P NR"F =9, lerK)> .
feg fed 9EY ,g#f

For f,ge ¥, f #g,
P(% N RS =4, N R*"™) =P(%; N{R} =9, N {R})",

and

P N {Ra} =9, 0 {Ra}) = 1 = P& N {1} £ 9,0 {Ra}) = 1= BP0 {B1} £ 9, 0 {R}IQu)
e [1/Q) s(@n)

=1-E[P(f(Q1) <T < g(Q1) or g(Q1) <T < f(Q1)|Q1)] =1 B

=14 1@ - g <1 5 = R0 (R = g0 (m)* < (1 5)" <o (-5 )

S@*,K) > m (1 —mexp <—€g>> .

Set K = {glog(Qm)J . Then

K B 1 1 1 1
1—mexp (_€B> >1—mexp (—; <Elog(2m)—1>> =1- §exp(B) >1- 5 €xXP <4> > 3 =m < 35(%,.,K).

Step 2: Relate S(¥;, K) to Vi, . Set K = |Zlog(2.4 (.9, | l1,0:)))) < Vi, = A (£,9, )| 1,0) < Sexp(Va,) <

3 (% log %)Vﬁ. In the case K > Vi, , use the following lemma:

Lemma 5.2 Let &/ € R? and Viy < co. Then Vn € N, S(«/,n) < (n+1)"* and Vn > Vi, S(</,n) < (2)".

e\ Ver eB Vay
Then (.9, - 1)) < 3( ) <3 ( log(2.4(.9, | ||L,,<,,)>>) .
Vgggr 8Vy+

Step 3: Setting a = <2 and b=V, , . #(¢,9, || - |1,)) == = < 3(410g(22))" = z < 3(2alog(3a))".
Step 4: Let 1 < p < co. Then for any g;,9x € ¥,

19 = 912 < B85 = s = A - 1y00) < ( s ) =

Theorem 5.5 (ULLN) Let 4 be a class of functions g : R - R and G : R* = R, G(z) = sup,c4 |g(x)| be an envelope
of 4. Assume EG(Z) < oo and Vig+ < co. Then

I

Proof For L >0, set 4, :={g-lic<r} : g€ ¥} Forge ¥,
LSz < |3 20tz -3 >z
niZIQ > n g\4i n g\4i)l{Gcz)<Ly

Zg )iczo<ry — E{9(Z2)1lez)<i}

sup —0a.s. asn — +o0

S

+[E{9(2)1az)<1} — E{9(2)}]

n

1
- Zg<Zi)1{G(Zi)§L} —E{9(Z2)1cz)<1}

=1

Zg Dlczy>ry| T Elg(2)Naz)>1y +

n

Since P( sup ! Zg(Zi) —Eg(2)| >

n
9€9L |1 55

ne?

128(2L)?

e) <8E {//ll(g,fﬂ, Zlm) exp (— >}, use the B-C lemma. O

12



LEAST SQUARE ESTIMATES: CONSISTENCY AND CONVERGENCE RATE
6 Least Square Estimates: Consistency and Convergence Rate
Definition 6.1 (Notation) E{(m(X) — Y)?} = inf; E{(f(X) — Y)?} = m(X) = E[Y|X]. Define
= arg min =37 |F(X,) — YiPm* = arg min B{(/(X) — ¥)?).
feF. n P feF,
Theorem 6.1 Let %, be a class of functions f : R? — R depending on th data D,, = {(X1,Y1),--+,(X,,Y,)}. Then

/]mn —m(z)]*v(dz) < 2 sup

Z 1f(X:) = Vi - B{(f(X) - Y)*}

+ int [ 17(2) = m(o)Pr(da).
Proof We do the following decomposition:
[ @) = m(w)Poda) = Bllm, (X) =~ YPID,) - Em(X) - Y
= {Bllm.(x) - VP2, nf BIF00 - VP + { inf BIFCO - VP - Elm(x) - VP

= Il + Ig.

1 n
I, <2 sup *Z|f(Xi) - Y -E|[f(X)-Y]
feFn |

Proposition 6.1 (Method of Sieves) Let ty,%9,--- ,R? — R be bounded functions such that |¢;(z)| < 1. Assume

I, = inf /(f(x) —m(x))*v(dz). O

feFn

k
the set of functions Uy >5{ " a;9;(z) : a1, -+ ,ax € R} is dense in Ly(u) for any probability measure g on R?. Define
j=1

n
the regression function estimate m,, as a function minimizing the empirical L, risk £+ 3 (f(X;) —Y;)? over the function

i=1
kn . kn 2 . knﬁi log Bn

) = > a;v;(z) with > |a;| < B,. If E(Y?) < co and k,, and 3, satisfy k,, — oo, 8, = 0o, ——— =0

n

Jj=1 Jj=1

form f

(

and — 0 for some ¢ > 0, then /(mn(a:) —m(x))’pu(dz) — 0 with probability 1
n!

kyn

kn kn —
Proposition 6.2 Consider .%, = {Z a;i(x) Y |aj] < Bn} and %, = {Z a;v;(x) :a; € ]R}. Step 1: derive m,,
Jj=1 j=1 =1

— u, if lul| <L
by using .%,. Step 2: Trancation of m,, m,(z) = T, m,(z) where T u = o . (a) TE(Y?) < 0
Lsgn(u), otherwise

kn By log B
and k,, and 3, satisfy k, — oo, 3, — o0, knf 108 — 0, then E {/(mn(:v) - m(ac))Qu(dm)} — 0. (b) If adding the
n

4
extra condition

s — 0 for some § > 0, then /(mn(x) —m(x))*p(dr) — 0 a.s.

Proposition 6.3 Let F,, = F,(D,,) be a class of functions f : R? — R. If |[Y| < f, a.s., then

inf / (@) — m(e)Pu(dz)

FEF | flloo<Bn

/ (1) — m(@))Pu(dz) <2 sup

0 W00~ i B <

fETp, Fn
Theorem 6.2 Let }J:n = (D ) be a class of functions f: RY - R and Y, = T.Y, Y, = TL.Y;. (a) If
lim f$, =00, lim _ inf /|f(3:) —m(z)Pu(dr) =0 as.,
norheo OO feFn || flloo <Bn
1 n
lim  sup = Y [f(X0) = Yiol* - E(f(X) - YL)Q‘ =0 a.s. for all L > 0,
n—-+oo ~
fe€Tg, Fn 1=
then liIJrrl /|mn (2)|?u(dz) = 0 a.s. (b) If B, = +o00, E{~} — 0,E{~} — 0, then E{~} — 0.
n—-—+0o0o

Definition 6.2 (Piecewise polynomial partition estimate) P,, = {A,.1, A2, -} be a partition of R,

Z Yil(x,cA,(2)}

My, (x) :=
Z Iix,en, ()
13
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where A, (x) denotes the cell A, ; € P, which contains x.

Theorem 6.3 Let .Z be a class of function f : R? — R bounded in abolute value by B. Let € > 0. Then

V2 . ne?
P B < Ve o 1:2n -
P{3f € F st fll2 = 2| flln > e} <EA (24 &F X P < 28832>

where || f]7 = & 2 AFX)P

Proof Step 1: Replace La(p) norm by the empirical norm. Let Xln = (Xni1, 5, Xon) be a ghost sample of

2n
iid. rv’s as X and independent of X'™. Define ||f[|2, = £+ > |f(X;)[>. Let f* be a function f € .F such that
1=n+1
| fll2 — 2] f|ln > € if there exists any such function, and let f* be an arbitrary function in .# if such a function does

not exist. Then

* 6 * n * 52 * n * 62 * m
P2 e+ 5 > 71X} 2 P IE + > I IBIX ) = 1= P+ 5 < B

2n
16Var (135 ||
L PEIFE+ S < A= )X 2 1
- ST - Gl B+ 2
_m 1_i>1 ﬂBj>Zfor 6432
R T P TRy N P~ R =
Therefore,
£ * * « (3 % N £ .
PBSEF Ml =11l > 33 2 B e = 217 w5 =20F 1 ot > 1)

* * * € *
> Py 2 = 201 w5 > (7l

* € * n
w5 > 1Rl X

=E{1( o217
9 ) 9
> *P{llf llo =2 f"|ln >} = gp{ﬂf e F :|flla =2l flln > €}

This proves P{3f € Z : |[fll2 — 2| flln > e} < SP{3f € F + | fllw — I flln > §}-

Step 2: Introduction of additional randomness. Let Uy, ---,U, be independent and uniformly distributed on
{-=1,1} and independent of Xy, -, X5,. Set Z; = and Z; ., = . Then

1 2n % 1 n %
P{3fe 7 fllw—IIfln> 3} =PJ3feF: (n 3 |f<Xi>|2> - <n2|f<xi>|2> >
=1

1=n+1

2n % n %
=P{3fe7: (i > |f<Zz-)|2> - (iszi)lQ) > =
i=n-+1 =1

Step 3: Conditioning and introduction of a covery. Let 4 = {g; : j =1,--- ,Jl/g(ﬁ Z, X172} be a 5 cover
2n
of #Z wrt. || |2, of minimal size. ||f]13, = 5= > [f(X,)[*. Fix f € Z, || — gllan < ;{e Then
i=1

{i > |f<zi>|2} —{iZf(ZnF}
i=nt1 i—1
1 2n ) % 1 2n ) % 1 2n ) % 1 n )
_{n Z |f(Zi)] } —{n Z l9(Z:)] } +{n Z l9(Zi)] } _{nZ|g(Zi) }
i=n+1 i=n+1 i=n+1 i=1

S{i > If(Zi)—g(Zi)l2} +{ > |g<zi>|2} —{jl |g<zi>|2} +{izg(2i)—f(2i)2}
i=n+1 i=n+1 i=1 i=1

§2\/5|f—g|2n+{ > ez } —{:LZIQ(ZJQ} §g+{i > Ig(Zi)|2} —{iZIg(Zi)IQ}

i=n+1 i=n+1
14
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In this way,
a 1 2 ’ 1 ¢ 2 Pe 1:2n
Pe3feF |~ DI ) |- 1@l ) > X
1=n+1 i=1

1 2n % 1 n % -

<P ﬂgeg: (n Z g(Z1)|2> — (nZg(ZZ)F) > T2 X1:2n

1=n+1 i=1

1 2n % 1 n % -

< — ]2 _ _ |2 — 1:2n

< || max P (n > g<zl>|> <n2|g<zl>|> > 51X

i=n-+1

Step 4: Application of Hoeffding’s inequality.

o by ; LS la(Z)F ~ £ S le(Z)F
(n S |g<zi>|2> - (an(zi)F) .

i=n—+1

IN

2n n n 7
FORICALEEPITCAS I EDZ DTS s EATE

IN
I

(2 Elazor) rzn)

N———

Then
2, 2n
= T 20 5 32 9(X)P)
P S (2P - (Y laz))? > SIX) < 2o | - E
- = > Allg(X0)? = lg(Xien) )2
92 /1 2n )
2n° 17 (5 22 l9(Xa)lF)
<2exp | —— i=1
X 4B(g(X) P + lg(Xir) )
ne?
= _—— . D
eXp< 28832)
Theorem 6.4 Assume 02 = sup,cpa Var(Y|X = z) < co. Let k, = k,(21,-+ ,z,) be the vector space dimension of
Z,.. Then
o2k,

E{ [, — ml[;| X"} <

+ oin |1 = 2.

Proof Denote E*{-} = E{-|X*"}. Then
5 J1SK -
E* {||m, —m|;} =E {nz [ (X5) —m(Xz‘)|2}
i=1

=FE* {1 Z ‘mn(Xz) - E*("fﬁn(Xz)) + E* (mTL(XL)) - m(XL)|2}

i
=E {711 i [ (X) — E*(ﬁn(Xi))F} +E*{[E* (M (X3)) — m(X3)]* }
i=1
=E* {l|mn — B ()|} + [1E" (72n) — ml.
Write that m,, = %ibjlajfj)n where fi,,-, fon is a basis of %, and a = (a;);=1,... x, satisfies that +B"Ba = +BTY,
=

XN, 1) >

k
. " 1 1 1
E*{m,} = § E*{a;}fjn and ;BTBE*CL = ﬁBTIE*Y = EBT(m(Xl), cm(X))T
Jj=1

15
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= |[E* (M) —mll; = Join [ f — ml[5.-

Choose a complete orthogonormal system fi,---, fi in %, w.r.t. the empirical scalar product (-,-), where (f,g), =

1 Z f(X:)9(X:), k < k,. We remind our readers that such a system depends on Xy,---, X,,. Then, on {Xy, -, X, },
bpan{fl, oo fi} © Py i (z) = f(a)T 2BTY where B = (f;(X;))1<j<ni<j<k, BT B = I. Therefore,

B {[7in () ~ E" (@)} = B @7 S B7Y — (@) BT (m(x0). - ()77}
= F(a) BT (Y- mX0)(Y, (X)) LB
B~ B IR < BB = TS gl = Tk Tk 0

Theorem 6.5 Assume 02 = sup, s Var(Y|X = z) < 0o and ||m||ec = sup,ega [m(z)| < L € Ry,my(-) = Trma(¢).

Then

B [ (o) = m(@) (o) < 0 ma{o?, 1220 L

Proof First we note that

k +38 mf /|f m(z)|*u(dz).

/ [mn (z) — m(x)|2:u(dx) = ([[mn —mll2 = 2[|my, — m|ln + 2[|m, — mHn)2
< (max{||m, — mll2 — 2||m, — m, 0} + 2[/m,, — mHn)z
< 2(max{|lmy, — mllz = 2[lmy, — mlln, 0})* + 8[mn — ml[7.
On the one hand,
E{8|lmy, —m|7} < SE{E{[|mn — m|7| X1, -+, Xo}}
k
< 80°—" + 8E{ mi —m||?
< 8072 1 SE{min ||f — 2}
K,
<802 +8 inf E|f—m]?.
n feFn
On the other hand,

u
P (@max{m, ~ mla ~ 2, ~ mll0) > ) <P (3f €T f = mla ~21f =l >3 )

\f 1:2 nu
< 2n -
SEA, ( o T X e —prenre

nu
< 9(12en)* "V exp (_ 2304L2)

= E(2max{||m, — m|2 — 2||m, — m|,,0}) <u+ / P(2 max{||m, — m|2 — 2||m, — m||,,0} > t)dt

u

L? 1 1
(take u > o706 ) < CLQMICN.
n n

Combine these two bounds together. O
6.1 (Nonlinear LSE) |Y| < L < 8, a.s., my(+) = T, My (-), () = argminge s, + 3 |f(X;) — Yi|>. We do
i=1

the following decomposition:

n

[ @) = m(o) (o) = {Eﬂmn(X) = YPID,}~ Elm(X) - ¥ = 23 [fm () - Y~ () - mz]}

i=1

+ 2 llma(X0) = Vil = (X)) = Vi

On the one hand,

E {i > llma(Xi) = Vi * — jm(X;) — Yilﬂ} <E {:L D [ (X0) = Yil* = Im(X:) - Yf}

i=1
16
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< - 12— N Y2
_E{fgg nZ[If( ) =Yl = [m(X:) - Vi ]}

1 2 2
< jinf E{ Zﬂf( ) =Yl —Im(Xi)—KI]}

i=1

= inf {E|f(X) - Y] ~Elm(X) - Y]}
- it / 1£(x) — m(z)2u(de)

On the other hand,

P{Enmnu’) =YD = Blm(X) = VI = 23 [Ima (X0) = Yif? = (X))~ Yif"] > }

i=1

- P{Enmn(X) ~ YPIDa] ~ Elm(X) = Y = 2 3 [lma(X0) = Yil? = p(X0) = Yif*] > § + 3 [Bllma(X) = Y PIDa] ~ Ejm(X) - Yﬂ}

=1

<P {af € T, Fu BIF(X) ~ Y~ Elm(X) ~ Y[ = LS [17000) ~ Vi — Im(X0) = Yil"] > & + 5 [EIF(X) ~ Y ~ Elm(X) Y]] } .

=1

Set Z=(X,Y),Z; = (X,Y:),9(Z) = |f(X) = Y|? — |/m(X) — Y|2. We can rewrite the above equation as

{Eg Z) — —Zg ) > = + 1Eg(Z)}

Since |g(Z)| = [(f(X)+m(X) =2Y)(f(X) —m(X))| < 45, (X) —m(X)|,0* := Var(¢(Z)) < Eg(Z)* < 165E|f(X) —
m(X)]? =1682(E|f(X) — Y|? — Em(X) — Y|?), the above equation is upper-bounded by

1 n 5 1 Var(g(Z)) Berstein’s inequality TL[E + 3;7;2 ]2 ) e
PIEg(Z)— =5 g(z) > & + - rol4)) 3 (1w
{ 9(Z) n;g( ) 5735 1652 < exp 202_}_28@1[7_'_ = < exp IR

3252

Theorem 6.6 Let n € Nand 1 < L < oo. Assume |Y| < L a.s. Let estimate m,, be defined by minimization of the

empirical I, risk over a set of functions .%, and truncation at L. Then one has

B [ hma(e) — mie)Pucan) < @ 4 2EOENE o e f70) — mG@)Putan

n feFn

Proof We first introduce a theorem/lemma.

Theorem 6.7 Lemma 6.1 Assume |Y| < B a.s. and B > 1. Let .# be a set of functions f : R? — R and |f(z)| < B.
Then for any n > 1, a,ﬁ>0and0<e§%

IP’{Hffo:EIJ“(X)—er"—EITn( ) - le—*Z[\f( i) =Yl = Im(X;) = Yi[?]

i=1

e(a+ B +E[f(X) - Y|* — Elm(X) - Y|2)}

Be L e?(l—¢e)an
<14 F, Xl _ e Tean )
sup M (203 ’ P\ o1+ o) B2

Now let’s return to the original Theorem 6.6.

[ mo@) = m(o)Pu(ao) = {Enmn<x>—Y|2|Dn}—Enm<> (Zmn ) Y|2—f2|m<x m?)}
z{iDmn(Xi)—mQ—;Dmm)—w}

= Tl,n + T2,n-

Since
E(T,,) < 2firg /|f(1:) — m(a:)|2u(dx),IE(T17n) = / P(Ty, >t)dt <e —|—/ P(Ty,, > t)dt
€Fn 0 e
17
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and

n

P(Thn > 1) = P{E[mn(X) = YDy — E[lm(X) - Y|*] - %Z[lmn()ﬁ) =Y = Im(X;) - Yil?]

i=1

>3 (545 + Ellma(x) - Y2|DnJ—Enm<X>—Y2])}

P{erTL%:Ef(X)—YIQ—Em( ) - Y|2—1Z[|f< X,) — Yi? = Im(X,) - Yi[?]

=1

> 5 (545 +EIFCO) - VP = Blm(x) - P }

1 Ln nt
(by lemma 6.1) < 14;1}1:% <8OL T T, X ) P (_24-2141;4)

nt
< 3(480eLn)*Y ot — .
(480eL?n)” eXp( 24~214L4>

Plug this bound into the integral in the previous expectation bound,

924 . 214L4 ne
E(T,,) < e+ 2% 42(480eLn (,7)
(Tin) < & ———42 ) exp (~ g O

Lemma 6.2 Let Vp,--- ,V,iid. rv’s, 0 <V, < B,0<a<1and v >0. Then

L V; — EV, LN~V —EW B
} Z 1| >« S]P) |nzz:1 1|>OZ < 5 .
v+ - lev—i—]EVl v+ EV, 4a2vn

Proof The first inequality is trivial. For the second, note that

"

where the last inequality holds since

n

> (Vi —EW)

i=1

B0, (Vi—BV)P  Var(Vi)  _ EVi(B-EV)
E < 1=1 J— <
> an(v + ‘/1)} = an(v+EW)]2 na?(v+EV))? — na?(v + EV;p)?

Var(Vi) = E{(Vi — EV1)(Vi — EVi) = EVi(Vi — EVi) < EVi(B - EW)}.

In addition,

r(B—x) B? B

= . g
xrél[%,}é] na?(v+x)? 4a?vn(B+v) < ZaZunm

EVi(B —EWV;) <
na?(v + EV1)2 -

Theorem 6.8 Let B > 1 and G be a set of functions g : RY — [0, B]. Let Z,- -+ , Z, bei.i.d. Ré-valued r.vs. Assume
a>0,0<e<1landn>1. Then

LS 9(Z;) —Eg(Z) 2¢ . 3s2an
P =1 >cy <AEM ,G,Z“L) <— >
{§2§a+ LS 9(Z) +Bg(Z) T ) T 1<5 “P\ 0B

Proof Step 1: Replace the expectation with empirical mean. Ghost sample Z]., = (Z1,---,Z]) ii.d. Let g* be a

function g € ¢4 such that
1 n
— 7)) —Eg(Z) > Eg(
E3 ) ) > (a4 2 Y+t

if there exists any such function. Otherwise, let g* be an arbitrary function in G. ¢g* depenods on Z*". Since

IEARETY) >5<a+ Zg +EgZ>> and%_zgw;)—Eg Z<+ Zg ) + Eg( >>
i%Zg(Zi)*%Zg(Z{)>15@+%Zg(zi)f%Z (Z)+3€]Eg(Z)
Y et
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i%Z ffZg <2a+ Zg Tllzg(Zé))

Therefore,

%Zg*(Zé) —E[g"(2)|2""] < Z <a+ %Zg*( D+ Zl") }

o 1 * / 1:n 6
=Bl Z?lngi)E[g*<Z>|21=n1>e<--~)}P{nZg (Zi) —Elg"(Z)|Z2™"] < 4 ( }

i=1

___ B _q__4B -1 n~> 8B
>1 4(%)%m_l Ezan22 for n> ~p by lemma 6.2

2 QP{iL , 9°(Z:) —Elg"(2)|Z""] > ¢ (Oz—i—izg*(Zi) +E[g*(Z)|Zl:n]>}

=1

- ;P{ag €93 g(Z) ~Elg(2)] > < <a+ P2 +E[g<zn>}

i=1

ii.d.

Step 2: Symmetrization. Let Uy,--- ,U, ~ U{-1,1} independent of 7], Z'"™. Therefore,

1:no

P{age%;iilg(z ——Zg 6<2a+ Z iilg(%‘))}
:P{ngg:iiUi[Q( —fZg 6<2a+ Zg :LZ:g(Zé))}

gp{age% fZUg ><a+ Zg )} {age% Zn:Uig(Z;)<—?§<a+;ig(Z£)>}
zzp{ageg ZUg ><a+ Zg )}

Step 3: Conditioning and introduction of a covering. Let § > 0 and % be an L, §-cover of & on z'". For g € 4,
n
there exists a g € ¥ such that = 3" |g(2;) — g(z:)| < 8. Therefore,
i=1

*ZUQ% Zngz)—*Zngz i;Uig(zi)

1 1
On the other hand, — i) > — g(z;) — — f )| > — ;) — 0. Therefore,
n the other an,nZg(z)_nZ::gz) Z\gz ()] Zg(z erefore

i=1

{age% Zngz><a+ Zg%)}
{age% Zngl+6><a+ Zgzl )}

1 & dea  3eb el
< U . - - .
%|max[?’{n g i9(z) > 0+ n 4 g(zz)}

gE€Ys
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1 a3l
Tk5_—)< P! =S Ug(s i .
(Take 95| max {nz 9<Z>>1o+8ni_19<z>}
Step 4: Application of Hoeffding’s inequality. O
Proof (Theorem 6.7 Lemma 6.1) Let Z = (X,Y), Z; = (X;,Y:),9/(z,y) = |f(z) — y|* — |m(x) — y|* where m(z) =
E[Y|X = z]. Since |f(z)] < B,|Y| < B and |m(x)| < B, —4B? < g;(z,y) < 4B?. Therefore, LHS can be written as

{HfEJ ng(Z)—*ng >8(04+5+E9f(2))}

=1
Step 1: Symmetrization by a ghost sample 77, bR Z1.,. Consider a function f, €

% depending on Z;., such
that

Elgy, (Z)|Z1:n] —*ngn ) = ela+ B+ Elgy, (Z2)|Z1:n])

if such a function exists in .%. Since Var(g;, (2)|Z1.,) < 16B2Elg,, (Z)|Z1..],

{ [gfn |Z1 n _*ngn a+ﬁ)+ E[gf ( )|Zln] Zl:n}
Var(gy, (Z )IZm) < 16B°Elgy, (£)|Z1:n]
n (§(a+B) + 5Elgs, (2)| Zual)” ~ n(5(a+ B) + 5Elgy, (2)Z1a))”
< 71632 < = 1 <for n > 7128B2 )
e2(a+ B)n e2a+p8))"

That’s to say,

P {E[gfn(Z)llen} - % > 95.(2) <

i=1

Therefore,

g g
Elgs,(2)| Z1.] —*ngn (2)) < 5(a+B8) + SElgs,(2)| Z1n]

< }
EZP{ 97, (Z)| Z1:n] —*;wn i) = ela+ B) +eklgy, (Z )Zl:n]}
Z {erﬁ Eg;(Z —fzgf >5a+5+ng(Z))}
In other words,
LHSgiP{afeﬁ‘:iggf( - —*ng §a+ﬂ)+ ng(Z>}

Step 2: Replacement of the expectation by an empirical mean of the ghost sample. That’s to say,
- 1 = , 1 & € €
P3f €T 9s(Z) =~ > 9(Z) > 5o+ B) + 5B (2)
j i=1

n n

SP{HJ" €7 %ZW(Z{) —% 9¢(Z;) =2 g(a+ﬁ) + “Egy(2),

i=1 =1

20
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—ng ng )<e<a+ﬂ+ ng +ng( ))

72 ~ Eg? Z)<e<a+ﬂ+ ng +ng(Z)>}

%Zi:lgf( i)_ng(Z) >6}
a+ B+ 30, 97(Zi) + Egi(Z) '

The second inequality follows from the fact that

+2P{3fe§

P(A) =P((ANBNC)UBUC)<P(ANBNC)+P(B) +P(C).

By theorem 6.8,

15 9 2
% 2im1 97(Zi) — Egi(Z) e2(a+ B)n
a . n £ . 7% - 7
IP’{EIfGJ.a 5 %Z?:lg;(zi) Egj%(Z)>€ §4]E</V1< 5,{gf.f€J,Z1:n}>eXp< 10 <16 4>.

Now we consider the first probability on the RHS. The second inequality inside the probability implies

a+p
5

(14+e)Eg7(Z2) > (1—¢e)— ng ;) —e(a+p)
1 l-¢ e(a+ )
B (2) > _setp)
@599 2 pparan ng T 32B2(1+e)

Since )
1
Eg;(2) > —=FE¢%(Z) = —=E¢*(Z
the first probability on the RHS can be bounded by

P - 1- 1 ¢ (a+B)
P{er,/:n;gf( ——ng(Z %Oé‘i‘ﬁ) (M Zlg?(zi)_?QSBQ(H—E)

1—¢ 1 ) e(a+p)
+ 32B2%(1 +s)ﬁizzlgf(zi) - 32B2(1 +e)> }

Step 3: Additional randomization by random signs. The bound is equal to
1 & , € 1—¢ ela+pB)
P< 3 D= g il9r(Z) — g4 (Z; = g —_—
{ fer: g ’- Uilgs(Z) —95(Zi)] 2 5+ 5) + (3232 o0 299 " mp g

l—e 1<~ 45, e(a+pB)
+ 32B2(1 +e)E;gf(Zi) -~ 32B%(1 —l—e)) }

which is bounded by

P{er ZUgf

Step 4: Conditioning and using covering;:

64B%(1 + <) 6432(1 Teo)n

> (a+5) e2(a+B) N e(l—¢) ng }

RS e(a+p) (a+ 5) e(l-¢)
7200 ) A > _
P{Hf €7 'n;Uzgf(Zz) 21 T eBi+e T 6432 (te)n ng %)
1 — ela+pB)  a+p) g(l—¢)
< = ; ; > — —
—P{ng% ‘n;Ulg(zl) o= = 64B2(1 +¢) +64B2(1+a ng(zl 8B%
1 & ela+pB)  a+p) e(l—¢) e(l—¢)
< - : > _ _ 5=
y%%%xp{ n Z:Um(a) 1 a0 %80 +5) - 6432 ng (2:)
_gB e ex e(l—e) 1
<Take o= 5) <’%|§réa§P{ ZUg W)\ 2T B 6432 Lte)n 2 A }

21
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Step 5: Application of Bernstein’s inequality:

1 & 5! e’ e(l—¢) e?(l—¢e)an
Pql= ig(zi)| 2 — — <2 ——— | -
{‘n;(]g(z) 4 6432(1+5)+64321—|—5 Zg } exP( 14032(1+s)>

Step 6: Bounding the covering number:

A (T tar s e 2120 ) < i (i 7o) .

7 Advanced Techniques from Empirical Process Theory

Theorem 7.1 Let L € Ry and ey, -+ , &, be independent random variables with expectation zero and values in [—L, L].

Let z1,- -+, 2z, € RY, R > 0 and .Z be a class of functions f : R* — R with the property [|f[|2 = = > |f(2:)]* < R*(Vf €
"ia
R

F). Then v/nd > 48\/L/ (log A5 (u, F, z1.,))? du and /nd > 36RL imply

nd?

Zf Zi)€i

P < sup
feF

Proof For R < 2L,

sup

1 n
gZE? < RL <4,
fez

i=1

leéf(z €

so WLOG we assume R > %.

:Lzzzlf(Zz)Q\/le g < SUI; | £1ln

For s € Ny, let {ff, -, fy.} bea | -|[,-cover of F of radius 2 of size Ny = N3 (£,.7, 21,,). Set S = min{s >

1: £ <2} Since

for n1,--- ,ms > 0 satisfy n; + - - - + ns < 1, we have

Fors € {1,---,S}and f € Z, (f*(z1) — f* *(z1))e1, -+, (f*(2n) — [ (2n)en) are independent, have zero means and
take values in [—L|f*(z;) — f*~%(2)|, L| f*(2:) — f571(2:)]]. Therefore,

BN s s—1 2 12| s s—1]2 2 s s—1 2 o (R R 2_36R2L2
2 L) = £ G = AL = P S AL (U = ot 1 A1) < 4L (2+2) - BRL

22



ADVANCED TECHNIQUES FROM EMPIRICAL PROCESS THEORY

2

) 2n (@)
—ng » <2 _ N2/
= } = eXp( 36 L

By Hoeffding’s inequality,

P{ S ()~ T )

i=1

1 , n627]2225 n62n2225
jp{ﬁg n & S >5} 2 eXp( T ) T 2 rew (2loe N - TopE )
Choose 7, such that
1 o222 12v2RL !
21og N, < S -2 &, > 17 1= log Ny)>
BN S oo © 2T gy (08N
More precisely, set
2—8
’I7 — Imax {ﬁsa \/g} .
4
Because of
S ()
4 8 2 S 2
s=1 s=1
and s g 1 s R
24v2L R { (R )} 24V2L (7 L
s — N~ s Og’/1/2 757J721:n S / {log%(u J Zl n)} du S P
we have g g s
275/s _
Sy Ty <]
s=1 s=1 s=1
Therefore,
1 s e nd’ nd”
P = e >0p <) 2 —apers ) S22 1o 1admerz ) S° “30arre ) -
?1612 n;f(z Jei| >0 p < ; exp( 144R2L2> = ; exp( 16 - 144R2L2 S) = exp( 2304L2R2>

Theorem 7.2 (Extension of Theorem 6.8) Let Z, Zy,--- , Z, be i.i.d. with values in R%. Let K > 1 and .# be a class
of functions f : R? — [0, K]. Let 0 < € < 1 and o > 0. Assume that \/ne\/a > 576K and that for all 2y, - - - , 2, € R?

VS n %
5 1 46
> of vne > ZEED )< — : .
and all 0 192fK (logJVz (u, {f €7 02 flz) < K} ,zl,n>> du. Then

K

ELf(2)] - L0, £(2)] nae?
g {?22 a T[]+ IX, [(Z) 5} = er (_ 128- 2304K> |

Proof Step 1: Z1.,, = (Z1,---,Z)),

N
=
_|_
3=
ﬁ,:»ﬁ
—_

~
—

N

P{ ?gg a+E[f(

100 1 1 £ 1 < 1 <
< ZPl3fe T |- Z;) — - N> 2a+=5S"(Z)+ ~ 7z
elare s 13- LS| (e 23 L3 s}
Step 2: Uy, -+, U, "= U{=1,1},

100
< — . 2P<¢c3df e F |~
s

Step 3: Peeling,
+oo 1 1

<y P{3IfeF:1 2kFlg < = Z;) < 2Fa,
_kz_:l {f {k#1} Oé_an( ) Ll

—+oo
1 1
gZP{erﬂ‘:an(Zi) < 2%, -
k=1 :

Step 4: Application of Theorem 7.1. R* = a2FK,L = 1,0 = a2k~ O
23
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Theorem 7.3 Let Z, Z,,--- , Z, beii.d. with values in R%. Let K;, Ky, > 1 and .% be a class of functions R? — R with
properties |f(2)| < K;(Vz € ]Rd) and Ef(Z)? < KbEf(Z). Let 0 < e <1 and a > 0. Assume that /ney/1 —e/a >
288 max{2K71, 2K} and that for all z1, -+ ,z, € R? and § > ¢,

Vne(l —¢)d /ﬁ Lo 2 1
96V max{ Ky 2Ky} — ) coms 1082\ W0 € n;f(z) < P u

16 max{K,2Kq}

Bf(Z) — 3 i £(Z0) nag?(1 —¢)
v {?ggg a+Ef(Z) ~ E} < 60exp <_128 -2304 max{Kf,K2}> '

Proof Step 1: Ghost samples Z1., = (Z,--- ,Z}),

Then

[Ef(Z) — 5 3, [(Z))] 10
P{?g}; o tEf(2) €}§9P{E|f€ﬁ Zf(Z)—*Zf > OH' Ef( )}
Step 2:

P{afeﬁ Zf —fo >+4<(11;6));2(;;f@)?ﬁ;ﬂzv)}

. |lzzlf )12y y
”P{feé’»a ST fZP T EZE [

Step 3: |
|1 Z:L lf )2 Ef( )2 ne“«
P{?22a+ TS F(ZP L EfZ7C Sl"’eXp(‘ns-zSom)‘

Step 4: Uy,---,U, S U{-1,1},

I . 1 - ) 7l - 4
P{erj.‘n f(Z:) > Fz| >

=1 =1
1 n
<2P< 3 F |- f(Z
< {feJ ‘n;w(

Step 5: Peeling,

e ‘n — Y= 2(1—¢) "|n — AT 8 '
Step 6: Application of Theorem 7.1. O

Definition 7.1 (Piecewise polynomial partitioning estimates) X € [0,1] a.s. and |Y| < L a.s.. The piecewise polyno-
mial partitioning estimate is defined by minimizing the empirical Ly risk over the set .# ys of all piecewise polynomials
of degree M (or less) with respect to an equidistant partition of [0, 1] into K intervals. More precisely, set

n

. 1
mn,(K,M)(') = argmin — E If(X;) — Yi|2
feézK,M(L-',-l)n i—1

where Fx v(L+1)={f € Fxnm: sup |f(z)| < L+1}.
z€[0,1]

Theorem 7.4 Let M € NJK € N, ,z € [0,1] and L > 0. Then

B [ e (@) - m@)Puta) e B ot 170 - mo) Putas).

Proof Conduct the following decomposition:

/ [, (1) () — (@) () = B [mn .00 (X) = YDy} = B{|m(X) = Y[*} := T + T
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where
Tio =23 3l n (060 = Y = (%) = i),
T = Bl acan(X) — Y PIDa} ~ E(m(X) - ¥} - Ti

By definition of the estimate,

Ty, =2 —Yi]* - X)) - Y|’} = ET,,, <2 inf / d
L feyflif%m)nzﬂf P lm(X) = Vit = BT, <2 it ]| f(@) = m(@)Pa(de).

On the other hand,

+oo
E{Ty,} < / P{Ty,, > t}dt
0

and

P{Tyn >t} < P{Hf € Fru(L+1)  2E{|f(X) = Y]* = |m(X) = Y[’} — %Z{U(Xi) = Yi|* = [m(X;) - Yi[*}

>+ E{|[f(X) - Y|* = |m(X) —le}}

Then use the following lemma. O

Lemma 7.1 Let (X,Y),(X1,Y1), - ,(X,,Y,) iid., |Y| < Las., L > 1. Let K € N, and M € N. Then for

(M+1)K (

a>cs c3 depends on L),

P{Hf € FiarlL+1) E{IF(X0) = VP = m(X) = VP = = S{IF(X) = Yil* = Im(X,) = ¥iP?)

nao )
128 -2304 - 800 - L4/ °

NJ\»—A

(a+ E{|f(X) = VP - |m<X>—Y|2}>} < 60exp (-

Proof Set Z = (X,Y),Z; = (X;,Y;), define g5 : R x R = R, gs(z,y) = (|f(z) — y[* — |m(x) — y|*)1ye—r,0)3- Set
G ={gsr: f € Fxm(L+1)}, then the LHS can be written as

Eg(2) -2 Xi9(Zi) 1

Furthermore,

E{gs(2)*} = E{(If(X) = Y|* = [m(X) = Y|*)*} < E{|f(X) + m(X) = 2Y| x [f(X) - Y[}
< (L+1+3L)E{|f(X) - Y|*} < 25L°E{g;(2)}.

By the defintion of piecewise polynomials, ¢ is a subset of a linear vector space of dimension
D=K - (CM+1)+(M+1))+1
Therefore,

log%(u,{geg Zgzl <166} Z1n> logWZ—i_u.

Then use Theorem 7.3. O

Corollary 7.1 C,L > 0 and p = k + 8 with k € N and 8 € (0,1]. Set M = k and K,, = [C%rin71]. Then there
exists a constant ¢, which only depends on p and L such that for all n > max{C q ,C72},

E/ 1My (x,0m (2) — m(z) [P p(d) < c,CFripg~ T

for every distribution of (X,Y’) with X € [0,1] a.s., |Y| < L a.s. and m(zx) (¢, C)-smooth.
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Proof There exists a piecewise polynomial g € Fg, s such that

1 C

_ < - .
s o)~ m(@)| < g e

<L+ (Cn 9= < L+1

= sup [g(x)] < sup |m(x)|+ <
z€[0,1] z€[0,1] 20k K

=g c y[(?”M(L—f-].)
1 5 1

inf - Zu(da) < - 2 < —. O
= fey;ﬁ@ﬂ)/'f(x) m(z)|"p(dz) < S l9(x) —m(z)]” < (2%!)20 s
8 Rademacher Complexity
Definition 8.1 (Rademacher complexity) zy,---,z, € Z, H of functions from Z — R. In our context, z = (z,y),

H=A{(x,y) = Uy, f(x)): feF},D={z, - ,2,}. Rademacher complexity of H:

%n(H) = ED (Sup 251 25 )

heH T

where &1, -+, ="' U {—1,1} are called Rademacher random variables.

Proposition 8.1 (Symmetrization)

Proof Let D' = (z},--- ,z]) independent of D. Then

E {222 (E[h(Z)] - % il h(z,)) } =E {225 (i : E[h(z)D] — iZ: h(zv:)> }
_E {:gg (i }j;E[(h( ) - <zz>>|z>1) }
<E {E lzgg (i h(=4) - h(z»]) ‘ ] }
_E {225 (n zf;uz(z;) h<zz>>) }

Proposition 8.2 (Contraction principle) Given any functions b,a; : © — R and ¢; : R — R any 1-Lipschitz function

fori=1,---,n, we have, for ¢ € R",
E. |su b(6 +§ si(ﬁi ai9 <E. [su b(o —l—E 6iai9 .
9eg<() =1 ((>>> 0eg<<) 1 ()>1

Proof Induction on n. n =0 is trivial. n > 0 ton + 1:

n+1
Esh--- JEntl lsup ( + ZEZ¢Z CLZ )

2 0co

= E]Eeh...’gn [sup (b(G + ZE ®i(ai(0)) + ¢n+1(an+1(9))>]

+ EE%--- en lsup (b(9) + Z&-@-(ai(@)) - ¢n+1(an+1(9))>]

2 0co

_El . (b(e +0(0) Z $i(a;(0 +¢>z<a1< ))+¢n+1(an+1(0))_2¢n+1<an+1(9/))>]

KO£ UP) | 5 B0 £ 00D 1200)~00es®)
B, e,
B, (105 3 el e )
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=Ee, o enis [sup (b(@) + eny10n41(0) + Zem&@))] . d
i=1

UG

8.1 Let u; — I(y;,u;) be G-Lipschitz continuous, b = 0, © = {(f(z1), -+, f(x,)) : f € F} CR", a;(0) =
0;, di(u;) = l(y;, u;). Then

E.

1 n
sup — eil(y, f(x;
fegn; (y, f (1))

D] < GE,.

sup ( ZEl T ) |’D] = Xn(H) < GE,(F).

feF

Proposition 8.3 (Abolute contraction principle) ¢; : R — R 1-Lipschitz continuous, ¢;(0) = 0, then

Zez¢z a1 Zelal ] .

Definition 8.2 A function ¢ : R — R is contraction vanishing at 0 if it satisfies |¢(s) — ¢(t)] < |s — t| for all s,t € R
and ¢(0) =

Theorem 8.1 (Contraction principle for Rademacher processes) Let F' be a nonnegative, convex and nondecreasing

sup < 2E.

UG

sup
0O

6

function defined on [0, 00). Let ¢; : R — R contraction vanishing at 0, and let 7" be a bounded set of R”,n < co. Then

BF (IIZ% ||T> <EF (nzet ||T>

where t = (t1,--- ,t,) € T and || X || := sup,ep | X ()]

8.2 Let X3, -+, X, € D C R*and.# be a countable class of measurable functions with F'(x) = sup ;¢ z | ()]
is finite for all # € D. Set U = max;—; ... » |F(X;)| and 0® = sup;c z + > | Ef*(X;) < oo. For Xy,---, X, fixed, let
ti=Uf(X),i=1, 10, T ={(Uf(X))ict, n, f € F} and ¢i(s) = (5) = 55 A L. Then by Theorem 8.1,

E ||§:€f2 Xi)ll# < UE. IIZEf )z

= ExE. ||Z€ FAH(X)|# < 4AExUE. ||Zg F(X)||#.

i=1 i=1

9 Optimization for Machine Learning

Definition 9.1 (z;,y;) i.id., f: X = R, R(f) = E[l(y, f(2))], objective function F(0) = £ 37" | (v, fo(a;)) + A 2(0)
where Q(#) is regularization, §* € argming R(fp), n* € argming ﬁ(fg).

Definition 9.2 (Gradient descent (GD)) Pick 6y € R? and for t > 1, 6, = 0,_1 — v, F'(6,_1).

9.1 (Ordinary least-squares) F(0) = 5| ®0—yl3, F'(0) = 20T (®0—y), H = 20T® € R**¢ Hessian matrix.
F'(in*) = 0= Hy* = "y, F(0) — F(n*) = F'(n*)" (0 —n*) + 5(0 —n*)"H(0 — ). Condition number x = & > 1
where 11/ L is the smallest /largest eigenvalue of H, respectively. Then

1
Oy —n" =61 —~ (n(I)T((I)etl — y)> =" =01 —y(Hb—1 — Hn") — 7"
=T =~H)( 1 —n") = (I —vH)" (0o —1")

= 0, —n*||* = (0o — n*)(I — vH)** (6, —n*)yF(ﬁt)—F(n*):%(Go— (I —~yH)*H(0 — n").

. . . 2
To derive the fastest convergence, we need to consider min, (max,\e[mL] 11— ’y)\]) "o v = quL,rate =1- Tﬂ To

ensure convergence, we need to bound max{|l — yL|, |1 — yu|} <1< v < 2. If we take v = 1 (i.e. independent of

), 16 =2 < (1= 2)" 180 = n* 2 F(0:) = Fr) < (1= 2) [F(60) = ()] < exp (—=2) [F(60) — F(n").
Definition 9.3 (Convex functions) Convex: Va € (0,1), F(af + (1 — a)n) < aF(0) + (1 — a)F(n). Strictly convex:
replace “<” with “<”. p-strongly(uniformly) convex: aF(0)+ (1 —a)F(n) — F(af+ (1 —a)n) > pa(l —a)||d —n|* &

if F differentiable /
F(0) = £110]]* convex EMER0) = F(n) = F'(n)(0 —n) + 516 = nll* & o F"(0)n = plln||*.
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9.1 (Lojasiewicz inequality) If F' is differentiable and p-strongly convex with unique minimizer n*, then we
have [|F'(8) 3 > 2u(F(6) — F()), %0 € R4,

Definition 9.4 (Smoothness) A differentiable F' is said L-smooth iff

/ L / !/
[F(m) = F(0) = F'(0)" (n = 0)] < S 116 = nl|*, v6,n € RY & | F(0) = F'(n)l|> < L6 = n].

Remark 9.1 If F' is L-smooth and p-strongly convex, then p < L and we can define the condition number as k = %

Proposition 9.1 (Convergence of GD for smooth strongly-convex functions) Let v, = 1, then

F0) - Fory < (1= 1) 0 - oy < e (<) (P - P,

Proposition 9.2 (Convergence of GD for smooth convex functions) Let v, = T, then

F(0:) — F(n") < 27”90_77 3.

Proof Define V;(6;) = t[F(6;) — F(n*)] + £||6; — n*||* as the Lyapunov function. Then

L L
Vi(0r) = Viea(0i-1) = t[F(0;) — F(0r—1)] + F(0:-1) — F(n") + §H9t —n*|]* - §H9t—1 — >

Since (1) F(0) ~ (0, 1) < P00 1) () F02) ~ FOr) € P02 0y~ ) (8) £10— o~ 516, -
0 )? = —Ly(0s—1 — )" F'(0:—1) + Lg | F"(6;-1)]|*, we have

1 / ! * * L 2 !
Vi(0r) = Vica(0i1) <t —ﬁHF Oe-1) 3] + F'(0i=1)" (61—1 — ") — Ly (61 — ") " + TPYHF (01|

1
L IF @3 <0

= B (0) — FOr)] < Vil0) < Valto) = = — o3 =

s ()

Proposition 9.3 (Convergence of Nesterov acceleration for smooth convex functions)

Definition 9.5 (Nesterov acceleration)

s

1+ 1+

3
NS

1, - 1—
Oy = 00— T F(00), 000 = 0,4 41 \F(atﬂ 0,) = <1+

2L||00 — n*||?
(t+1)2
Definition 9.6 (Proximal GD) F = G + H while G is smooth and H is non-smooth. Define

F(6:) = F(n") <

L
0, = arggnaXG(QH_l) +(0—0,_)"G"(0,_1) + §||9 — 0,13+ H().

Definition 9.7 (Subgradients) 9F(0) = {z € R? : ¥n € R, F(n) > F(0) + 27 (n — 6)}. For a convex function defined
on R%, the subdifferential is a non-empty. If F' is differentiable, 0F(0) = {F’(0)}.

Proposition 9 4 F is convex, B-Lipschitz continuous and admits a minimizer n* that satisfies ||n* — 6y|l2 < D. By

setting v, = B\/Z’ the iterates (6,,)n>0 of GD on F satisfy
2 + log(t
min F(0s) — F(n*) < DBLg().
0<s<t—1 2\/5

1 n
Definition 9.8 (Stochastic gradient descent (SGD)) Assume objective function F(6) = - Z U(yi, fo(z:)) + (). Let
i=1

O =0;1 — ’Ytgt(at—l)

where E[g;(0;_1)|0;—1] = F'(6;—1) (and ||g:(6;_1)||3 < B* a.s.) for all ¢ > 1.
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Proposition 9.5 (Convergence of SGD) F is convex, B-Lipschitz and admits a minimizer n* that satisfies ||n* — 6| <

D. Set v, = . Then
- 2 +log(t)
E[F(0,) — F(n*)] < DB———*=
(F(B) ~ F()) < DB %
22:17595—1
i1

Proposition 9.6 (Convergence of SGD for strongly-convex problems) G(0) = F(0) + 0%, 0, = 0,—1 — vi[9:(0:—1) +

where 6, =

pp—1], v = ﬁa then

E[G(8:) — G(n")] 232(1/; log?)

" t
where 0, = $ >0 0,1

Definition 9.9 (Variance reduction: SAGA) Consider a finite sum F(0) = £ " | f;(0) where each f; is R*-smooth

and F' is u-strongly convex. Let

1< -1 1
Ht = et_l - 7 |:f7kt) (et_l) + E Z Zi(t ) Z((tt) )‘|
i=1

where i(t) is selected uniformly at random in {1,--- ,n} and zl.((tz) = fitny (Or—1)-

Proposition 9.7 z{” := f/(6y) for alli € {1,--- ,n},y = 15z then

1 3u ! n
%2 < o { } o 0k 2.
Ello, o) < (1-min {2 L) (143 o 1B

10 From Online Learning to Bandits

Definition 10.1 F}(6;_,) = %g(“\gzgkl. Performance measure is E[F'(6;)] — F* where F(0) = E[l(y, fo(x))] and

F* = infyee F(0). Regret: 232! F(0,_1) — infoec F(A). Adversarial: 23! F,(0,_1) — infoec 2 30_, F(6).

Proposition 10.1 (First-order online convex optimization) Fj : R? — R, compact set C, 6 € C. Let + 30| Fy(6,_1)—
infpec % 22:1 F,(#) be small as possible. Unbiased vergion g,, %, denotes the information up to (and including) time
s. Assume (1) E[gy|-Zs_1] = Fl(05-1); (2) ||gs|3 < B? a.s.. Projected SGD: 6, = [[.(0s—1 — 7s9s). Then for any 6 € C,

105 — 0|15 < [10s—1 — 0|3 — 2797 (8,1 — 0) + v2B? by contractivity of projections,
E[||0s — 0]|3]-F 1] < |01 — 0|13 — 27, F(0,_1)" (5—1 — 0) + 72 B? by the unbiasedness
1051 — 0|15 — 2v,[Fs(0s_1) — Fs(6)] + v2B? by the convexity

1
2%

1 1 1 7%
= T Y EIRG ) - 5 Y R0) < fZ (16,1 — 0131 — Efl6. — ol3)) + 1 >~ 2 5°
s=1 s=1 Vs s=1

t

1 1 o I 1 1= s s _ )
=7 ZE[FS(05—1>] 7 ;Fs(e) <3 ; 2. (65—1 — d0s) + 7 ; EB by letting d, = E[[|6s — 0]|3]

s=1

IN

= E[Fs(0s—1) — Fs(0)] < (E[||65-1 — 0]13] — E[||6s — 0[|3]) + %B2 by taking full expectations

1< 1 1 5 5 1
=- s — 4+ -4 Z Ts g by using Abel’s formula
t p— 29541 27, 2ty 2ty — 2
1o~ 1 1 diam(C)2 1=~
< - diamCQ( — )+—|— £ p?
3 5:21 ( ) 2/-YS+1 275 2t71 t ; 2

By choosing v, = di;“\l/(gc), we have

1 1« 3Bdiam(C)
n ;E[sts—l)} 7 ;FS(H) < Tovi
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In the strongly-convex case, we can replace [Fs(0s_1)— F5(0)] in the third row with | 5(03 1)—F.(0)+5]10,-1—0])3]
and 3 ( [10s—1 — 0]]3] —E[||0s — 0]|3]) in the fourth row with ( %) E[||0,-1 —0]13] — 2% E[||0s — 6]]3]. By summing

between s =1 to s =t and choosing v, = i, we obtain

27s

t t

1< 1 1 1 1
=Y E[F60,_))]—=) F.(0) <=y —B?><—(1+logt
t;[ (05-1)] t; ()‘tszl2us _2M(+0g)

Definition 10.2 (Mirror map) A differentiable and p-strongly convex function ® : C4 — R w.r.t. a norm || - ||, that is,
/ K
(1) = ®(6) +2'(6)" (n — 6) + 5l —0]%,¥n.0 € C.

Proposition 10.2 (Online mirror descent) Consider the same setup of Proposition 10.1. We have Lipschitz-continuous
functions Fy for s > 1, E[gs|.%s_1] = F.(0s-1) and

0, == ar%réun {gt 0 —0,1)+ Dq>(9 0: 1)
€

where Dg(0,n) = ®(0) — ®(n) — ®'(n)T (0 — n) is the Bregman divergence. Assume E[||g;||?|%,—1] < B for all s > 1.
Then for every 6 € C, we have
t
1 1
2D _E[F(f.1) — Fu(0)] < S Da(0,00) +

s=1

B2y
2u
Definition 10.3 (Zero-th order convex optimization) We consider the task of unconstrained minimization of a convex

function F', given only access to function values. Finite difference:

n-33

i=1

[F(0+ +0e;) — F(0)]e.

<>.M—'

Assume no noise and the function is L-smooth. Then

I70) ~ F O3 = 45 D10 + )~ Fl0) ~ F0)se < 5 (B ) =252

i=1

Now consider the general noise case. Then
1
Gt = 9t_1 — ’}/ |:(5 (F(et_l + (SZt) + Ct — F(Gt_l) — Ctl) Zt:| .

Write e, = ¢; — ¢, ~ (0,20?),
1
9,5 = 9t71 - |:(S (F(9t71 + 5Zt) — F(Ht,l) + 875) Zt:|

where Ez = 0,E(z2) = I. Two choices of z: (1) a signed canonical basis vectors: 4+v/de; with i selected uniformly
at random in {1,--- ,d}; (2) a standard Gaussian vector.
The key in analyzing the iteration is to study
1 1
9=73 (F(0+0z)— F(0))z= 3 (62" F'(0) + O(6%)) =
= 2TF'(0)z 4+ O(8) = 22" F'(0) + O(0)
= E[g] = F'(0) + O(9).

Proposition 10.3 (Smooth stochastic GD) F' is L-smooth, F5(6) := E. 0,1 F (0 + 6z). Then

, Ls? L6%d
0 < F5(8) = F(6) = Eauo.0[F(0 + 62) = F(0) = 6F(0)2] < = -Fanonllzlf = 5.

When F' is not L-smooth but B-Lipschitz continuous, the function Fj is still B-Lipschitz continuous. Moreover, Fy is
(@B)—smooth with gradient equal to

Fi(0) = %Ezw\/(o,[) (F(0+0z)— F(8))=.
Also, |F5(0) — F(0)| < BsVd.
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Definition 10.4 (Multi-armed bandits (MAB)) K potential “arms” with means p), ... ) € R. Every time, we
select the arm j, receive reward from a sub-Gaussian distribution with mean ;) and sub-Gaussian parameter o. At
time s, select the arm 7, based on the information .#,_; up to time s — 1 and receive the reward r,. Expected regret:
R, = tmax;eqs,... xy p'Y — Zzzl E[ry). Let AU = max;cqy,... y ¥ — ) be the difference and ngj) be the number of
times that the arm j was selected in the first ¢ iterations. Then R; = ZJK:1 AU )]E[ngj )].

Remark 10.1 (1) Exploration-exploitation trade-off: pure exploration or pure exploitation. (2) Explore-then-commit:
During the ﬁrst mIK steps, choose each arm m times, build the K estimates ", --- , 4% Then select the arm with
maximal u w for all remaining ¢ — mK steps. R; = mz L AD 4 (t —mK) Z A(J)]P’( T > ,umK,Vz # 7). (3)
Upper conﬁdence bound (UCB) (construct pseudo-CI [ t I/t( ), ﬂ@ + I/t( ]): For the first K rounds select each arm
exactly once, and form /l,(f) as the reward recieved for arm ¢ with V(Z) \/ 2pc2log(k)/ n(z) \/W For other

t > k, select the arm 4, which maximizes 2\”; + ", and update v\ = \/2po2 log(t)/n\".

Definition 10.5 (Adversarial bandits) Assume deterministic reward vectors p; € [0,1]%,¢ > 1. At each time step, we
choose an arm 4;. The regret is Rt maXie{1,...,K} Zé 1 /Ls Zizl ,ugi‘*). Hedge algorithm: starting with my uniform
W mexp(my’)

S m exply”)

and updating m; as m;
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