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ORDINARY DIFFERENTIAL EQUATION

1 Ordinary Differential Equation

1.1 Modelling

1. Free Falling Law

F=maa=%= ‘(%f,mi‘ =—-mg,&=—g,= z(t) = %th + Co + Cit,2(0) = Cy, 2(0) = C4.
2. Population Model (Malthus)

() _
z(t)
Modification: Logistic Model

z(t) = # of population at t, relative growth rate = a > 0. Solu: z(t) = x(0)e*.

illed z(t),healthy y(t),z(t) + y(t) = N,% = ay = a(N — z), denote T = -, we have
= — — —_ T eBt
r=pz(1—1=1),z(t) = 71%(826&_1).

3. Harmonic Oscillator
F = ma, z(t) = displacement of ¢, ' = —kxz(Hooke’s Law), then m# = —kz, & + w?z = 0.

Solu: z(t) = et

4. Free Fall at Large Distance

mi = F = —GMm i GM 4 (0) = R (0) = 0.

z2

ANSATZ: 2(t) = at®, we have ab(b — 1)t*2 = ~GMa %2, b= 2,a = (2¢M)s3,

We find that initial conditions do not match, thus modifying solution as a(t & c)°, etc.

1.2 Matrix Series

&= Az At _ oo ARgR

Theorem: 3 1 x(t) = ez, where e 0 H

I|t:0 = Zo

Generally speaking, to compute e“?, there are 3 methods as follows.

1. PAP1=A
2. regulation. For example, A = ( 01 é), A? = 1.
3. putzer method.
et =305 () Py = D(t), where
i1 (t) = A (2) 7(t) = Ajr(t) + - (t)
r1(0) =1 r;(0) =0

Proof: &(t) = 327, 5 (1) Py = 5y (Mg ()41 (8)) Py = 27—y Ay () Pyoa+ 32720 7 (0) (A=
N I)P;_y = A®(t). The last step: P, = 0 (Hamilton-Cayley Theorem), thus AP,_; = \,,P,_.

1.3 Matrix Norm and Periodic Coefficient Matrix

1
Vector Norm: ||z[|, = (3 |=;|?)». Operator norm: |[A[|, = max||4|,20 H‘ﬁ!‘" = max||y||,=1|[Az|[,.

x
For example, ||Al|; = maxj,(|,=1||Az|[1 = max(|ai1| + |a21], |a12] + |a22|),i.e.||A||; = maximum

of column (max; ) _; [4;:]), and [|A|| = maximum of row (max; ) |Ai;l).
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Prop: ||AB|| < ||4]|-]|B]l, ||ZAk—T|| < el < 00, AB = BA & eATB)t = eAt . Bt — ¢Bt. oAt g

Proof: . Use the uniqueness of the solution, where e(At5)t and eA* . B are
T|i—0 = To
both solutions.
iy = A(t)x d, = A(t)D(t)
Consider . Denote x(t) = ®(t)zo(fundamental matrix), then
$|t:0 = T q)(()) =1

Claim: 3 1 solution.

Liouwille’s Th: det ®(¢) = det ®(0) - eJo trA)ds,

In fact, VZ(t) is invertible, det Z(t) = det Z(0) - efo tr(Z7 () Z(s))ds

We note that even if A(t+ 1) = A(t), z(t) or ®(¢) can be not periodic. However, we have

Floquet/Bloch Thm: ®(t+T) = ®(¢)Q if A(t +T) = A(t) where @ is a constant matrix.

Proof: L(@~1(H)D(t+T)) = -0 L (t)@()@ ()Pt +T)+ 2 (1) D(t+T) = -0 1 (t) A(t)D(t+
T)+ @ ')At +T)®(t+T) = 0.

Prop: det Q # 0, Q = TP where B € C™". And if denoting ¥(t) = ®(t)e 5, we have
U(t+T)=¥(t). To go further, by denoting =(¢) = ¥(t)z(t) and calculating, we have z = Bz.

Proof: x(t) = W(t)z(t), hence & = W(t)z(t)+W(t)2(t) = A(t)U(t)z(t), D(t)e P2 (t)—D(t)e BB
2(t) + U(t)2(t) = A(t)D(t)e B 2(t), d(t) = A(t)D(t), 2(t) = Bz(t).

We must point out that this conclusion has only theoratical value, because it uses the equation
Q = eTP where matirx B is very difficult to compute.

1 0
Example: A(t) = (

. 0) . Obviously A(t) is periodic and the fundamental matrix ®(t) is
cos

27

et 0 . e 0
. . Here Q = @71 (t)®(t + 27) = | ., 10r e . It seems
ecossds escossds — e ecossds
Jy efcossds 1 0 *cossd ™ [, efcossds 1

Q@ = Q(t), but if you compute % you will find it a constant.
D’Alambert’s reduction (not required): for differential equation & = A(t)x where A € R"*"| if
one solution y(t) is known, we can reduce the dimension of solution space from n to n — 1.
ANSATZ: 2(t) = ¢(t)y(t)+2(t). By computing we get the result: ¢(t) = 2?22 Avzi [y (t),2:(t) =
D i—a(Ayj — Ay 2)z; where i = 2,... n.

1.4 Duhammel’s Principle (Variation of Constants)

T=Ax+ f = A(t)x + f(t)
Consider differential equations and
l—o = xo |i—0 = To

ANSATZ: For LHS, z(t) = eMC(t),i = Az + eMC(t) = Az + f(t),C(t) = e~ f(t), hence
x(t) = etay + fot eA(t=%) f(s)ds. For RHS, we denote ®(t) as fundamental matrix, then z(t) =
©(1)C(1),& = S()C(t) + ()C(1), C(t) = 271 (1) f (1)

Z=AZ+ZB :
Example: . Assume Z(t) = eY (t), hence Z = AZ + 'Y (t) B, so we have

VY (1) = QePt Z(t) = eAtQePt.



ORDINARY DIFFERENTIAL EQUATION

i 4wz = f(t) )
High-order ODE — 1st ODEs: . By denoting Z = (z,%/w)”, we have
2(0) = xo,2(0) = a1

. 0 t inwt
Z = AZ+F where A = < z> JF = (0, f(t)/w)T. The solution is Z(t) = ( CO'SW i ) (f())

—w —sinwt  coswt

(T ) ()bt -
s)|f(s)ds ~ fot ewt=9)eivsds = eivt fg e!v=“)sds. We find w — v, resonance forms.

Consider (™ +a;2"=Y ... +a, 12’ +a,z = 0(f(t)). By denoting Z = (z,#,%,...,z""Y)T,
we have Z = AZ 4+ F where F = (0,...,0, f)7. BTW, if a; — a;(t), we have Z = A(t)Z(t) + F(t).
Assume x = e, then \* + a; A"t + - +a, 1A+ a, =0, eg. det(\] — A) = 0. Hence the
fundamental solutions are {eAit}?zl. If Ay = Ao, they become {e, ... t" 1M}

Euler equation: a; = t'42 T e.g. ’Z+tz+x = 0. Via denoting t = e®, we can get z(t) = z(e®) =
y(s) and t‘;—'f = %, thus initial question becomes an ode of constant coefficients. To go further, the
solution has the form y(s) = e** while t = e*, hence z(t) = t*. More specifically, considering the

example, we have \2 +1 = 0, \ = +i.

1.5 Existence and Uniqueness of Solution

T = f(t,z
ft,2) , Lip: || f(t,21) — f(t,22)|| < L|jz1 — x2||. A special example: f(t,x) = A(t)z.

T|i=0 = Zo
Granwall’s inequality: z(t) = x¢ + fo x(8))ds, [|z1(t) — z2(t)]| < Lfot [|z1(s) — z2(s)||ds :=

LF(t), we claim F(t) < F(0)e'* because = F(t) < L To dig a little deeper, if f(t) < A+f0t b(s)f(s)ds
with f(¢) > 0,4 > 0,b(s) > 0, we have f( ) < Aelo b(s)ds
Proof: denoting F(t) = A + fot f(s)ds, we have ?Ei) < b(t), F(t) < F(0)elo bs)ds
Uniqueness: z = x1 — @, then 34 |Z||2 = (2,2) = (2, f(t,z1) — f(t,m2)) < ||2|| - || f (¢, 21) —

ft x|l < 2] - L2y — 2o = LIIZIPJ-G-% < 2L. ||z(to)|] = 0 and [|z[| = 0, thus [[z]| = 0.

= f(t, )
Existence: {(t,2)| |t —to] < a,|z —mo| < b} IF 1) [f(t,2)] < M, 2) 8| < L=
T)i=0 = To
R &= f(t,x) . t
f(t,z) is Lip w.r.t. z, then 31z s.t. — classical solu. z(t) = xo—l—fto f(s,z(s))ds —
T)i=0 = To
strong solu, [, z(t)p(t)dt =z [, p(t)dt + [, fto z(s))dsp(t)dtV ¢(t) — weak solu.

Lemma: classical solu, strong solu, weak solu are essentially equivalent.
Proof: Picard iteration. z,, = xo + ff; f(s,2n-1(s))ds for n =1,2,--- Then |z; — xo| < M(t —
to), |ws — 1| < Bt —t0)?, -+ = 0 |(@n —2n 1) (0)] < 30 Er2 (= 10)", 2 (t) = oo (t). Usually,

Too(t) is weak solu.

Prop: global Lip will lead to global solu, while local Lip may lead to local solu. Examples:
i =1+2% 2 =tan(t); |f(t,z1) — f(t,22)] < Alxy — 25|" with k > 1.

For the former, consider a new norm ||z(t)|| = maxsc;|x(t)e~*t|. Def Tz = z + ft f(t,z)dt,
Tz =Tyl < L [ (@ = 9)(s)lds = [, [(z = y)(s)e™*[e**ds < Li|z — y|| [; e*ds < Eela —yl| =
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[Tz — Ty|| < £||z — y||. Let a = 2L and get global Lip.

. T = f(t,l’) ~ ~ ~ t ~ ~
Consider Ty — w9, we have T—x = To— 20+ [, f(s,%(s)) — f(s,x)ds, |T— 2| <
Tli=0 = To

|To — @o| + L [ |3(s) — x(s)|ds, |T — x| < |To — wolet.

1.6 Qualitative Analysis

10 -1 0 0 1 -1 1
Examples: © = Ax, where A = , , and . Their phase
0 2 0 1 -1 0 -1 -1

portraits are parabolas, hyperbolas, circles and spirals.
i = f(z) where f(z*) = 0. dx = f(z* + 6z) = (6x - V) f(z*) + o(||0z]|) ~ Adz.
b
Consider dimension = 2 where A = [ J € R¥2. det(AM — A) = X2 —tr(A)A +det(A), A =
c
(trA)? — 4det(A). See the following picture.

Phase Portrait

deta
[=]

2N JIN
S N7 N7

8
-10.0 -7.5 =5.0 —2.5 0.0 2.5 5.0 7.5 10.0
trA

Def: L-Stable: Ve > 0,36 > 0,s.t.VYzg € O(z*,0), |x(t) — 2*| < e. A-Stable: z(t) — z* with ¢t —
+00.

Lyapunov 1st Thm: If ReA(4) < 0 = A-Stable.

Lyapunov 2nd Thm: ReA(A) <0< 3G,G=G*,G > 0st. GA+ A*G < 0.

Proof: <: ((GA+A*G)h, h) = (GAh, h)+(A*Gh,h) = X(Gh, h)+(Gh, Ah) = (\+\)(Gh, h) =
2ReA(Gh,h) < 0= ReAX < 0.

=: Let G = [~ et eMdt.(Ga,x) = [ |[e*||?dt > 0,GA+ A*G = [[7 LeAteMdt = -1 < 0.

Remark: 1) G is not unique; 2) If ReA(4) < 0, [;7 e teAtdt ~ >, e e ™ is well defined.

Consider & = Az + F(t,z). If lim,_,o F%&20 — 0, L-1st Thm is still valid. (Hint: Duhammel)

||

T =uxz(ay — b —b
Example: (ay = b) ,a,b,e,d, > 0. VF = (ay “ ) .
i = ylc— dx) ~dy e do
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b 0 0 ac
VF|o0 = ( 0 c> — hyperbola. VF|(§7% = (_@ 8) — a center for linearized system.

a

In fact we have ¢ = zgzy di’;, thus V(z,y) = ay + do — clnz — blny where 4V =0, ay — blny +

dx — clny = ayo — blnyy + dwo — clnw = @770 (L2)e = e‘“(y_yo)(%o)b.

Example: m@ = —9% p = mi,z = = —|— V(x Let V = 1(1 — %)% m = 1, then

0 1 0 1
F=(pz—2%T VF = VF — saddle.VF . In fact,
(P ) (1 _ 32 0) |(0 0) |o +1 = 9 0

2

H==%t +1(1-2?)?=C.

Example (Bifurcation): % = (a — 1)z —2°. Ifa <1, L|,_g=a—1< 0 — stable. If a > 1,
D19 >0— unstable, L| _, - =-2(a—1) <0 —stable. fa=1, % =—2% 5 2 =0is
stable.

& =ar —y—z(x? + y?) . = ar — 3

Example: . Let x = r(t)cosd(t),y = r(t)sinf(t), thenq

y=x+ay—y(z* +y?) 6=1

r* = \/a — limiting circle.
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Lyapunov function method: L(x,y) = L(z(t),y(t)). 1) Lis C*, L(z*,y*) = 0, L(z,y) # 0 if
<0 — A-stable
(x,9) # (&%, 9y7). 2) $L{ <0 — stable . 4L =8ka+5Lg = f8L4+g8k = (F-V)L,F = (f,9).

> 0 — unstable
L=!(c) — closed curve (for enough small c).
Example: & = —-VV(z).L=V - V(z*),L=V =VV-i=—|VV|? <0.

i =uzf(y) . . .
Example: { = g = ) o SO gy — 90 gy Let V = [ {0t — [ 2ds, L =
J=yg(z)
V-V@,y)=L=V=0
T = -2y .
Example: (@*,y*) = (0,0),VF|©,0 = 0. We guess L = az®™ + by*",L =
j=a—2y°

2max® i + 2nby?" Lty = —4dmax®™y + 2nbx?y?" 1 — dnby® 2. Let 4dam = 2nb,2m =2,2n — 1 =
l=m=n=1b=2a, thus L =22 + 2y, L = —8y* < 0.

Example: & = —VV,V € C2. If (z - V)V < —CV(C > 2), then 92(|z(t)|?) = 20,(z,%) =
2\2[% + 22 = 2|2 — 2(z- V)V (2) > 2[@[*+ 20V = 4(3[2|*+ V) > 4E(t) > 0 = |z(t)|? is convex.

2 Asymptotic Analysis

2.1 Regular Expansion

L. = %+ el where 4, 4, is differential operator.

ANSATZ: ye = yo+ ey + -+ = (L +eZ)(yo teyy +-+) = f. O1) : Loyo = f; O(e) -
Loy + Lo = 0; O(€?) : Loyo + Lriy1 = 0;---. Assume & '3, s0 yo = Ly ' foon = —Ly L Ly =
LT AL

Z +sinz =0
Example: where A is small. Question: T(A) =7
z(0) = A,2(0) =0

Assume z = zo+ Az + A%y + A3w3+0(AY), sinz = sin(xg+ Az + A%z + A3x3+0(A*)) = sinzg+

coszo(Ax1+A%ry+ Adws+0(A*))+ 5 (—sinzg ) (Aw, + A%zs+ APas+0(A*))? 4 £ (—coswo) (Az, + Ao+

. ) To + sinxg =0 T1+x1=0
ABayto(A4))3+o(AY). O(1): { ’ = 2o=0;04):¢ =
. + _ 0 . + o l 3 _ 0
x1(t) = cost; O(A?%) : Te = x9 = 0; O(A3) : TaT T T e T =
z3(t) = & fg sin(t — s)cos3sds = —@(COSSt — cost) + 1stsint. Thus z(t) = Acost + A?’(—@(cos?)t

cost) + s5tsint) + o(A*). &(T(A)) = 0,T(A) = 2r + B,B << 1,sinB ~ B,cosB ~ 1. By specific
computing, we have T'(A) = 2m(1 + { A + o(A?)).

2.2 Singular Perturbation

We will begin with a special example and introduce multiple-scale expansion in sequence.
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Example: F+1+ee=0 .z (t) = cos(v1+et).e = 0,z¢(t) = cost, z(t) — xo(t). We
z(0) =1,2(0) =

have estimation |z.(t) — zo(t)| < Cte 2 (t) = 2o+ €xy + 2x9 + -+, then O(1) : &g + zo = 0; O(e) :
B4+ a1 = —x0;--. 2(0) =1,2.(0) =0 = 2¢(0) = 1,2;(0) = 0(¢ > 1),4;(0) = 0(j > 0).z0(t) =

cost, x1(t) = —Lsint = z.(t) ~ cost — Setsint + ---. We notice that if ¢ ~ O(2), the conventional
method does not work.
Denote 7 = et,z(t) — Z(t,7), & = % + e%, Ci% = at2 + 26(%8 + e2-%5. The PLK method has

two steps: 1) Operator expansion; 2) Z(t,7) = Zo(t,7) + €Z1(t,7) + O( ) When computing, we
which may make the solution drift.

(L4 (1+))Z = (224 2)+e22Z 4+ 2)+ 22 =0.0(1) : T2 4 Zy = 0; O(e) : L4117, =
~Zy—2%%0 7, = A(r)et + A*(T)e ™, EL1 4 7, = [ A(T) — 2i A (7)]e' + [~ A% (1) + 2i(A* (1)) ]e .
We hope A(7) + 2iA'(1) = 0 = A'(1) = —5A(1) = A(r) = A(0 )ez’™. Because IC Zy(0,0) =

1,220(0,0) = 0 = Zo(t,7) = cos(1 + §)t. We have the estimation |z, — Zo — €Z1| < c(t)e? where

must remove the singular term (e.g. e™?)

t~O(1).
i+a+erd =0 O(): 4% 4 7,=0 .
Example: T = €t, W) ;lt 0 . Zo = A(T)et +
2(0) = 1,2(0) = 0 Oe): T2 7, = 222 _ 73
A*(T)e ™, 2?%5;’ — 73 = [-3A%(1)A* (1) =21 A/ (1)]e" +[—-3A(T) (A*(7))*+2i(A* (1)) ]e " — A3(7)e3"

— (A*(1))3e %" = A/(1) = 3iA%(1)A*(1). Let A() = R(7)e?™ = R(r) +iR(1)0(r) = 3iR*(1) =
R(r) = 0,6(7) = $R*(r) = R(r) = R(0),6(r) = 6(0) + £R*(0)7, A(7) = R(0)e®O+5F (") 7, —
R(0)e!tH0O+3RXOT) 4 R(0)ei(t+0O+3E 07 Beacause IC Zy(0,0) = 0, 222(0,0) = 0 = R(0) =
£,0(0) = 0= Zy(t,7) = cos(1 + 2e)t.

Remark: PLK method only works for ¢t ~ O(e*).

3 Derivation of Partial Differential Equation

3.1 Conservation Law

Consider traffic flow(flux). p($ t) — density of cars, J(p) — flow function. So % ff plx, t)dr =
J(a) — J(b) = J(pla,t)) — J(p(b,t)) = — [P T (p)de = L [*Op+ 0T = 0 = dip + 8y = 0.
J(p) = Cp = 09,p+0.(Cp) = 0. J(p) =Cp(M—p)and p = p/M = 9,p+0,[8p(1-p)] = 0,8 = CM.
J(p) = Cp — pps = 0ip + 05(Cp) — ppaa = 0. J(p) = & — p1ps = 0up + 5(p*)e — Hpus = 0.

For high-dimension cases, % [, p(z,t)dz = — [, J - fide = — [,V - Jdz = O,p+ V - J = 0.

Example: String Vibration: 1) Homogeneous: p(z) = p; 2)Elastic String (only stretching, no
shearing, no bending). u(z,t) = vertical distance at (x,t), |0,u| << 1. T(z) = tension, |J,u|] << 1
=Tx)=Tx+Az) = T(x)=T. So f£+A$ Ludy = Tsina(z + Az) — Tsina(x) = TOu(x +

P or
Ax,t) — TOpu(x,t) TfI+Aw o Sedr = pm? T‘9 2. If E = Young’s modulus, then pS(z )aﬂ =
EZ(S(x)3%).

For high-dimension cases, ffrm f;’+Ay pZtdyde = T (5% (z+Az, y, t)— 5% (2, y, t))Ay—i—T(g—Z(:r,
y+Ay,t)— a—y(x y, 1)) Az = 507u = Au where ¢? = ;. For this class, we will impose some BC/IC.
BC: 1) Dirichlet BC: u(0,t) = u(L,t) = 0 (homo) or u(0,t) = f(t),u(L,t) = g(¢t) (inhomo).
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2) Neumann BC: u/(0,t) = u,(L,t) = 0 or —=Tu(0,t) = f(t), —Tul(L,t) = g(t).
3) Robin BC: au(0,t) 4+ Su,(0,t) = au(L,t) + Pu,(L,t) = 0.
4) Newton’s Law of Cooling: ——( (0,t) — g(t)) = —ku,(0,¢).

3.2 Calculus of Variation

Consider energy function I[u] = 3 fo lu'|2dx — fo u(x)dz, our goal is to min,e 4I[u] where
A is admissible set/space. We asuume the minimizer u exists. w; = u + tv, I{u] > I[u]. We de-
note g(t) = I[uy], then g(t) > g(0 ),g’(O) =0. g(t) = %fol |u" + tv’|2d1‘ - fol U+ tv)d:v gt) =
fol o () (z dx+tf0 v')2dx — fo v(z)dz,g'(0) =0 = f01 o' ()0 (z)dx = fo (x)dz (Euler-
LagrangeEQ)%weaksolu fo (:U)dx f '"(z)dv(z) = u(l)v(l)—u’(O)v(O)— 01 o' (z)v(x)dz
— [} F@)ela)dz = o (1o(1) - o - S+ Fude,
—u = f
1) Assume A = {u € C?(0,1)|I[u] < oo,u'(0) = u/(1) = 0}, we have —
uw'(0) =u'(1) =0

Neumann BVP.
2) Assume A = {u € C%(0,1)|I[u] < oo,u(0) = A,u(1) = B}. In particular, u,u; € A, so we

have v(0) =v(1) =0 = =1 — Dirichlet BVP.
u(0) = A,u(l) = B
3) Assume A = {u € C?%(0, )|I[ ] < o0, u’(0) + a(0)u(0) = u/'(1) + a(l)u(l) = 0} and consider
= 2f0 |u/(z)|*dx — fo f(@)u(x)dz + $[a(1)u?(1) — a(0)u?(0)]dz. By computing g(t) = Ifu +
tv],¢'(0) = 0, we have { T f — Robin BC.
' (0) + a(0)u(0) =u'(1) + a(1)u(l) =0

Example: I[u] = L [, Ce(u):e(u)dz — [, f(z)u(z)dz. CA = 2uA + Mr(A)[,A € R¥? p,\ =
Lamé constants > 0,u = (u1,uz) = displacement, fu = fiu; + f2u27 e(u) = strain tensor € R?>*? =
3(Vu + VuT). Denote g(t) = 3 [, Ce(u + tv):e(u + tv)da — fQ (u(z) + tv(x))dx, e(u + tv) =

e(u )—|—te( ), then ¢'(0) = % [, Ce(u):e(v)da+5Ce(v):e(u)dz— [, f( v(:c) r=0= [,Ce(u):e(v)de =
Jo f(x)v(x)d. Deﬁne o := Ce(u) = stress tensor, then 0 = o7, [, o:e(v)dx = 3 [ o:(Vo+VoT)dz =
faVvdxf—fQV ovdz + [,o(0 - n)vdo(x) = [, f(x)v(z) =0= -V -0 = f,0-n =0 (Navier
EQ). Here, A:B = tr(ABT).

Least action pinciple: Afu] = ;1 (K(t) — P(t))dt. A — action, K — kinectic, P — potential.
Motion path u always follows the extreme point of Afu].

Example: miny ft? (%leQZ — mgl(1 — cost))dt. By computing we get § + 9sing = 0.

Consider L= f:l (t,q,q)dt where £ — Lagrangian. By computing we get < 8‘% 492 ([,

— dt 9g
EQ). p = 2Z — Generalized Momentum, % = p - ¢ — £ — Hamiltonian. Using E- L EQ, we have
oA _ %0 _ _
Tm_q“ Ers __pzéﬁ_pz QZ 3pipz—0-
z(s) = f(z(s),a(s)),t <s<T .
Example: where o« — control and x — response. Consider
x(t) ==

u(x,t) = inf, ftT W(z(s),a(s))ds+g(x(T)) where W — running cost and g — final cost. Admissible
solution set A = {a« is measurable}. Vh > 0,u(x,t) = infftHh W(xz(s),a(s))ds+u(x(t+h),t+h).
By Taylor expansion, we have z(t + h) ~ z(t) + &(t)h = z(t) + f(x(t), a(t))h,u(z(t + h),t + h) =



DERIVATION OF PARTIAL DIFFERENTIAL EQUATION

w(z(t)+ f(x,a)h, t+h) = u(x(t), t)+0,uf(x,a)h+0uh. Then u(x,t) ~ inf, th (s),a(s))ds+
u(z,t) + Opuf(z,a)h + dyuh = dyu + inf, (O,uf + W(x,a)) = 0. Define H(p) = nfa(pf(a:, a) +
W(z,a)), we get dyu + H(0,u) = 0 — Hamilton-Jacobi EQ. If f(z,a) = —a, W(z,a) = 307, we
have dyu — £ (0,u)? =0

Consider A(a, ), B(b,3), we want to find the shortest route connecting A with B. I[u] =
[ds = ff V/1+w(x)2dz, admissible solution set A = {u € C'lu(a) = a,u(d) = B}. Denote
vy =u + tv where u is minimizer and v is test function, g(t) = f: 1+ (v +tv')2dz, ¢'(0) =0 =
P yydr = — L (%)= 0= u’ =0

Ji e - J & VTR
o o ds b Vitu? b
Consblder ray-propagation rules. T = [dt = [ C(m y) l. & u(x))dx( +{ o n(z,u(z))v1+ u2dz.
1 7 Y / 1 u v v ) ’ _
[, n(x,u+ to) +u+tv)dmgt Ty V +vtv+n\/mdx g(0)=0=

g(t) =
fag (z,u)v1+ uv + n—~ T ,2d1::> (mH@yn\/m:o.

n,a<r <

A special case is n = . Then 0 = ¢'(0) = f; \/”% = [7 %d x +
Ng, Lo < x < b

niv . mu/dz dy

b nau' v - nou’ +\ : . (e
fxo \/Wd T = m(xo) W(%) = 0. Explanation: s = s =M = nysinf; =
nasinfs,, i.e. refraction law.

As for high-dimension cases, I[u] = [,+/1+ [Vu|?dz, E-L equation: [, Y:‘gzlz =0=
V(N ) = =
\Y, (W) 0(|Vu| <<1) = Au=0.
Consider min,ealfu] = f V14 u?dx s.t. f = A Llu] = I[u + /\(fab w(z)dr —
A, g ()—0:>Af m—i—)\ud:ﬂ 0= — )\<\/1+T)+>\ O:WQ:/\x+u:>1_ﬁu,2:2()\x+
2 T4p o Ayt g (N2 12\ (-2 12\\3
WP = = 2 S u(e) o= [ R dy = (VP (04 57)E - (A = (a+ £ =
(u(x) — (@ — )?) + (z + “)2 A~2 — circle.
Consider min,eQ[u] = flfvzlddm where A = H}(Q) = {u € L?,Vu € L*}. Qlu + tv] =
Ja |V (uttv)|?dz _ Ja |Vu|?dz42t Jo Vu Vodr+t2 Ja |Vo|?dz

fﬂ |u+tv|2dx [ u?dx+2t fQ uwvdr+t2 fQ v2dx g (0) =0= fQ Vu - Vude = Q[U] fQ u - vdz.
Denote Qlu] = A, we get —Au = lu,z € Qu = 0,z € 9Q. If Q = (0,7), then min\ =

1 Q ] > 1, [ u?dx < [ (u)?dx (Poincare inequality). If Q = (0,L), then A, = (kf”)z,fOL u?dr <
fo w?dz.

3.3 Second-order Variation

For general case, I[u f L(u,u)dz. ¢g(t) = be (u + tv,u + tv')dx. Let p = o/, then
gt = [ gﬁv—l— 8Lvdas g ( ) f (gué 2 +28u6p v+ ‘g Lv?)dz. ¢'(0) = fab Av? +2Bvv’ + Cv?dx

a

where A = 2L (u, u’) B = auap L (y,u'),C = gp%( ,u'). Tt is difficult to strictly prove ¢g”(0) > 0, but
when L = (1+p*)2, A=B=0,C = (1+1 o7 > 0, thus ¢”’(0) > 0.
p
Thm: Let Qu] = f Au? + 2Buv’ + C(u')*dx where A, B,C € C'(a,b), then Q[u] > 0 for

]
all u satisfying u(a) = w(b) = 0 if 1) C > 0 (Legendre condition); 2) Ve € (a,b), the equation
—(C2') +(A—-B')z
point ¢ € (a,b).
Proof: ¢"(t) :f;AUQ—f—B( 2) + C( ’de:fabC(u’)Q—l—(A—B’) de:fbpu’2+qu2da:( (a) =
u(b) = 0) = ff(pu’2 + qu? d:EJrf ) dx = fbpu’2 + qu? + w'u? + 2wun/dr = f p(u? + 2“’uu +

0,z(a) = z(c) = 0 only has a trivial solution, i.e. there exists no conjugate
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Wy Yy = [ p(u’ + Lu)de = “H = (2)2 & p(g+w) = w? (Riccati BQ). Let w = —Zp,w
— G, 2y then pg + pw' = pg — (2)? + (7= P2 Zplp = (Zp)? = —p2 — P+ gz =0 =
— (pz') 4+ gz = 0. This equation with BC z(a) = z(c) = 0 has only zero equation, thus for all the
BCs, it has a unique solution. In this way we can find a proper z and w and get the above-mentioned
theorem.

Example: Q[u] = fol uw? — u?dz,u(0) = u(l) = 0. —u’ —u = 0,u(0) = u(1) = 0 only has zero
solution, so Q[u] > 0. But when modifying 1 with 4, there exists a conjugate point 7 € (0,4).

3.4 Well-posedness of PDEs

1) existence: classical, weak, strong; domain{2, boundof2
—Au+u=finQ —V - (A(z)Vu) = f in Q bounded

2) uniqueness: or A(x)

u = g on 0f2 Opu = g on 0f) measurable

3) smoothness: how solution changes when ¢ increases or decreases

4) stability: how solution changes when data is given a small pertubation

Example: AX = b. The solution A~'b might be singular when A = diag(1,---,1,¢).

Example: Au = 0,u(z,0) = 0 and solutions are u,(z,y) = e "sin(na)sinh(ny).

4 Method of Characteristic

4.1 Simple First Order PDE

A PDE strained in the characteristic line might perform a behavior which can be described as
an ODE. So we can transform PDE to ODE.

Consider conversation law (1st PDE): 0;p+ 0, f(p) = 0. A special case is f(p) = p and p|i—o =
po(z). Define z = Z(t) and p(t) = p(Z(t),t), then p(t) = dppZ 4+ 8yp = OppZ — Dpp = Opp(Z — 1).
Characteristic line is Z = 1,p(t) = 0 = Z(t) = Z(0) + t,p(t) = p(0) = p(Z(0),0) = po(Z(0)) =
po(Z(t) —t) = p(z,t) = po(z —1).

Example: 9,p — 9,p = 0, plimo = po(x). p(t) = p(Z(t),t),p = 0upZ + dyp = Oyp(Z + 1), The
characteristic line is Z = —1,p(t) = 0 = Z(t) = Z(0) —t, p(t) = p(0) = p(Z(0),0) = po(Z(t) +t) =
p(x,t) = po(x +t).

Example: 0,p + a(z)dyp = 0 and a(x) = z. p(t) = ,pZ + Opp = 0,p(Z — a(Z)) = 8,p(Z — Z).
The characteristic line is Z = Z,p = 0 = Z(t) = Z(0)e’, p(t) = p(0) = po(Z(0)) = po(Z(t)e™") =
p(z,t) = po(ze™).

Example: dyu = Ad,u where A € R**? is constant matrix and P71 AP = A = diag(\1, \2).
Then O,u = PAP~'0,u, P~10,u = AP~'0,u = O,W = A9,W where W = P~'u. The following
process is familiar.

Another case is Oyu; = A uy + Oy ug, Opus = AOzus (i.e. A can not be diagonalized). uz(x,t) =
p3(z + At), thus dyus = Ndyu1 + (p3(z + At))'. Consider the common case: 9;p + 9.p = f(x,t), we
have p(t) = 0upZ + Oup + 0upZ + [(Z(t),t) — Oup = Oup(Z — 1) + f(Z(t),t). Then Z = 1,p(t) =

11
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7). >;»Z< ) = Z(0)+4,p(t +f0 Fdr = polZ(O)) 4 [ F(Z(r). 7)dr = ol Z(1)
—|—f0 T)dT = po(Z(t) —1t) —|—f0 —|—T, T)dT. So p(x,t) = po(x—1) —|—f0 r—t+T7,7)dr.

Exarnple. ?u = O2u,ulj—o = g(:v),@tu|t:0 = h(z). Denote W = (d,u, d,u)T, we have O,W =
(Oprtt, Oppr) T = (Opatt, Oppt)T = 0, (O, Opu)T = OW, = O, Wa, O Wy = 0, W1 = 0,(W1 + Ws) =
0 (Wy + W), 0,(Wy — Wy) = —0,(Wy — Wy). The solutions are Wy + Wy = (W) + W)(x
t),Wh — Wy = (W — W) (z — t) where W = dyu(z,0) = h( ), W§ = 9,u(x,0) = ¢'(x). Thus
ou=t(h(z+t)+h(z— )) 1 (x+t)—g'(z —t)) u(z,t) = u(z,0) +f0 Opudr = g(z)+ 5 fo
T)+h(z—7))dr + % f( (x+7)—g'(x—7)dr =3 I—Hh( s)ds + 3 (g(x+t) + gz —1t)) (D’ Alembert
formula).

Example: dyp+pp, = 0. p(t) = p(Z(t),1),5(t) = 0up(Z(t)—p(t)) = 0 = Z(t) = p(t), p(t) = 0 =
p(t) = p(0) = po(Z(0)), Z(t) = po(Z(0))t + Z(0). If po(x) = =, then Z(t) = Z(0)t + Z(0), Z(0) =
.5(0) = m(Z0) = 20 = £ = pla) = &2 1 i) = o, then 2() = ~ZO) +
Z(0),2(0) = (t),p(t) —Z(0) = ( ) = p(x,t) = 5. We find when ¢ = 1, shock happens since
characteristic lines intersect.

Shock solution: recall conversation law f; Oip+ 0, J(p)dr =0 & 5 f p(z,t)dx = J(p(a,t)) —
J(p(b,t)). Denote shock solution as S(x), J(p(a,t))—J(p(b,t)) = (fs(t) px,t) dx+fs(t plx,t)dr) =
2 Gupdatp(S ()=, )8 () + [g(p) Depda—p(S()*,)S(8) = T (pla, 1) =T (p(S(t)~, )+ (p(S(t)*, 1))
= J(p(b, 1)) + (p(S(t)™, 1) = p(S(B)*, 1))S(8). Thus J(p(S(t)™,1)) — J(p(S()", 1)) = (p(S(t)~,1) —

; S(4) = Le(SM~))=I(p(S(H)*.1)
p(S()*,1)S(t) = S(t) = pp(s(t)—,t),p(g(t)ﬂt) :

4.2 Common Cases (Lagrange’s Method)

Consider a(z,y)0,u+b(x,y)0yu = c(x,y) = (a,b, c) - (0yu, dyu, —1) = 0. Denote curved surface
S ={z =u(z,y)|z,y € R} in R3, then (a, b, c) is the tangent direction of S. So denote characteristic
curve as (2(s), y(5), 2(s), we have i(s) = a(a(s),y(5)), §(5) = b(x(s), y(s)), £(5) = e(@(s),4(5)). A
special case is Oyp+0,p = 0 = @(s) = 1,{(s) = 1,2(s) = 0 = x(s) = z(0) + s,t(s) = t(0) + 5, 2(s) =
2(0) = z(s) = p(x(s), t(s)) = p(x(0),£(0)) = po(x(0)) = po(z(s) — 5) = po(z(s) — t(s)).

How to impose IC condition? WLOG, let IC be u(z,y)|r = f,I' = (71(r),72(r)). Since we can’t
impose IC in the characteristic line which is in the tangent direction, so (a,b) - (—v5(r),v1(r)) # 0
(non-characteristic condition). Then Lz (r,s) = a(x,y), £y(r,s) = b(z,y), Lz(r,s) = c(z,y) and
we will get z(r, s) and transform it into z(H (z,y)) = u(z,y). Recall our characteristic line starts

.. o(z, Ty s ’Yi (T) a
from (7o, 0, f(r9)). Back to original process, J|r = B S) = det = det () b # 0,
Yr Ys Yo"

so z(r,s) = z(H(z,y)) is feasible (local existence).
Consider common case F(z,y,u,0,u,dyu) = 0. Denote x = z(r,s),y = y(r,s),z = z(r,s) =

u(x(r,s),y(r,s)),p(r,s) = O u|(T (r,8),y(r,s)) 4 = 0 u| (x(r,s),y(r,s)) Where x(r,0) = 7y (r), (T O) = 72(7).

Toen 0 = £ = 9+ 050+ 85 4 L% — 8+ o G+ om0 = o = &+
%—‘jq + %qm + ?’qu?ﬂ% - 885(21;) = amﬂ + amayy = D+ pyY = —% - %{P, 23 = %(g;) =
QT + quy = _% — %—fq (the last two steps are because of the following definitions: dils (r,s) :=
%—I;, %y(r 8) = %—5). Principle: 2nd order derivative should not appear in 1st order PDE. Then

% = %a’c + g—;‘y' =pT+qy = p%—i + q%—lg. This is called Lagrange’s method. Next, search for
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initial value. z(r,0) = v1(r),y(r,0) = ¥2(r), 2(r,0) = f(r). Denote p(r,0) = 11 (r), q(r,0) = Pa(r),
50 F(y1(r),72(r), f(r),1(r),42(r)) = 0 and §& La(r,0) + 4 Ly(r,0)lc = f'(r) & (1) (r) +
Yo (r)v5(r) = f'(r). Then we can get 11 (r), o (r).

Example: |Vu| = 1 when 2% + y*> < 1 and v = 0 when z? + y*> = 1 (Eikonal EQ). We have
IVul> = 1,F = p*+¢* — 1,5, = 2p,9s = 2¢,ps = 0,¢s = 0,25, = 2p* + 2¢>. IC: z(r,0) =
cosr,y(r,0) = sinr,¢? + 92 = 1, —1)ysinr + ycosr = 0. We can get 1), = d-cosr, 1), = Esinr, so
z(r,s) = £(2s+1)cosr, y(r, s) = £(2s+1)sinr, z = 25 = 22 +y? = (2s+1)%, u(z,y) = —1+/22 + y2

or 1 —\/x2 + y2.

1 ~1
Example: d;u = 9?u. Denote v = d,u, then < 0) O, (u) + (O ) a, (U> _ (0 0) <u>
00 v 1 0 v 0 1 v

namely BO;i + A, = Ciui = b(@). If there exists v s.t.yT Boyii + vT Ad, i = vTb & mT (adyd +
B0,i) = b, then characteristic lines satisfy #(s) = a,2(s) = 8 and m*2(s) = vTb(t(s),z(s)) =
f(s). Backwards, v/ B = am® , vTA = pmT = ~yT(B8B — aA) = 0 = det(BB — aA) = 0. Here we
find @ = 0, which leads ‘fi—f = 00, so method of characteristic line is unvalid.

Remark: V PDE, movement constrained in characteristic lines satsify Newton’s law of motion.
For example, Burgers Equation 8,u + ud,u = 0, if ¢(t) = u(x(t),t), then @(t) =

5 Fourier Transform

5.1 Fourier Series

Frourier Trans: Given f(z) — f(€), where f(£) = Jpa f(x)e 2™ 4dx. f(x) € real space, £ €

phase space. f = [ f(@)e” 2™y = [, e ™S (x) = i2nE [, flx)e ™ de = i2néf.
Partial Fourler Trans. W t) = [paulz, t)e”?™¢dr. Given dyu + d,u = 0, then @ + O =

0 = 0yt + i27&u = 0, which lets PDE — Algebraic EQ — ODEs.

Fourier inversion: u(z,t) = [p, 4(§,t)e? ™4 dE.

f(@) € R([=m,x]), f(z) ~ 3,z Culf)e™™* where Co(f) = 5 |7, f (y)e™¥dy. Then f(x) ~
Co(f)+ 20ty CulF)e ™ 432,20 Culf)e™™ = Co(f) a5 Xniy J oo F) (e im0 dy =
Co(f)+ 13, |7 f(y)(cosnycosnz + sinnysinnz)dy = % + Zkzl(akcoskzx + bysinkzx). Thus we
have ar = £ 7 f(y)coskydy, by = + [ f(y)sinkydy.

1) Parsaval identity: ||f||r2 = [[{Cy(f)}]i2. In fact, we have ||f — Sn f||r2 = 0 with N — 400
and Sy f(z) — f(z) a.e. What’s more, if f — f® € Ly, C,(f) ~ . If f(z) is Lip, Cn(f) =
;]” f(t)emmtdt = ;f”:fw f)emmidt = 5= [T f(s 4 T)em™tds = 5L f(s + D)e o ds =
20,() = & [, (F(0) = F(E+ 2))etdt = 21C, ()] < ELip(f) 2 - 27 = [Cal)] < 7 Lin().

2) R-L lemma: Vf € Ll, C.(f)—0.

Gibbs phenomenon: Consider f(x) = (z) = 0,z = 0. Sy(f) = S, shonz

maxo<qz<z Sy (f)(T) = maxoc,<z Zn L 512;””30 — [y 22tdt ~ 0.597, which increases by about 0.097

compared to the original function.

Example: Au = 0in B(0,1), u = g on dB(0,1). Denote u(1,0) = g(0) = L +> 1(ancosne—i-
bpsinnd) and u(r,0) = L+>"> | r (ancome—i—b sinnf) = o= [*_g(@)do+= >0 ™ [T g(¢)cos[n(¢
0D = & 7, o)k 7 6(6) S, rhcosln(6—0)db = u(r, ) = :Eﬂﬁgﬁmw¢

13



FOURIER TRANSFORM

5.2 Wave Solution

1) Standing Wave: u(z,t) = Z(x)T(t). 2) Travelling wave: u(zx,t) = Z(x — ct).

Consider Ou = 0, (z,t) € (0,7) x (0,00),u(0,t) = u(m,t) = 0,u(x,0) = f(x),0,u(x,t) =0
where [ = 97 — 92. ANSATZ u(a,t) = Z(z)T(t), then Z(x)T(t) = Z(2)T(t) & T8 = 28 = ) =
Const. BC: Z(0)T'(t) = Z(m)T(t) = 0. So Z(z) = \Z(x),Z(0) = Z(w) = 0 = Z(x) = e"* where
=X DA=0=p=0= Z(z)=Const. =0. 2) A > 0= pu =tV = Z(z) = eV 4cpe Vo,
Consider BC, ¢; + 3 = 0,c1eV " + coe VM =0 = ¢, =y =0 = Z(x) = Const. =0. 3) A< 0=
W= i\/mi = Z(z) = cle\/‘T” + cze*\m”. Consider BC, ¢; + ¢; = 0, cleﬁ” + cze*ﬁ” =
0 => 2¢ysin(y/[A[m) = 0, s0 A = —k?, k = 1,2, -+, Zy(z) = sin(kz). Then 7 t) =A=-k=T@) =
crcoskt + cosinkt. Thus uy(x,t) = (cicoskt + cosinkt)sinkz, u(x, t) = Zk:l (ckcoskt + djysinkt)sinkz.
Consider IC, Y77 | ¢psinkz = f(x), > p kdysinks =0 = ¢, = 2 [" f(x)sinladz,d; = 0,V] > 1. So
u(z,t) = > "o cpcosktsinkz.

Denote f(x) = Y., cpsinka, then u(x,t) = 3377, cp(sink(x + t) + sink(z — t)) = 3(f(z +

t) + f(z —t)) which is superposition of two waves. This usually leads weak solu.

5.3 Fourier Transform

Recall f &) = fRd e~ 12mTE e f fRd €)ei?mrE de.
Gauss function: e ”|9‘\2 e f(e) = = Jrae _”|m|26_i2”'5dx = H;’lzl Jr e e iy =
H?:1€_”2. Denote F (&) = [, e’”ze’izmgdx, then F'(§) = —2r¢F(§) = F(¢) = Ce ™ where

C=F(0)=[ze e~™"dz = 1. So we get the conclusion.
Translation: x — x + h. f( h)(€) = eiQwh.gf_
Stertehing: © — Az fOw)(€) = \F(¢/).
Derivative: ?TZ(Q = i2n&; f. To go further, p(D) = 3, aD*, then @“ = p(2mi)f.
f(z) is radial function < f is radial. We call a function radial iff f(z) = fo(|z]) or f(Qz) = f(x)

where @ is an arbitrary rotation.

f(z) is a homogeneous function of order «, then f is a homo-func of order —(d + «).

Convolution: f/*\g =f-q

§ function: § = 1 where 6(0) =1, §(x) =0 Yz #£ 0 and (4, f) = f(0). 1V = §(x).
E)fample; (@f(2)) = [poflz)e tdr = Jr —z2nf($26@5(6_12m *)dz = QLdi Jr f(@)em2me Cdx
= £ (f(©)). So (g&mz) = @f(@)) = 5= (f(9) where f(x) = (=) = —3[((1 + ) D=

—Li2mg[(1 + 2?) 7' = —Li2nlme 28l = —im2Ee2mIEl,

Example: [, f(£)e?™¢dS = [, ([pa f(y)e™ 2™ Edy)em4dE = [, f(y) [a €™ 8dEdy =
i SO — )y = f(2). -

Example: dyu + d,u = 0,uli—g = uo(x). pu+ pu = 0 = 0yt + i2w€t = 0, t|i—g = o (§) =
a(€,t) = e P q(€). Then u(x,t) = [, o(E)e” ™ ™7 dE = ug(x —t).

Example: —AG =48,z € R*. —~AG =6 = Am?fEPG=1= G = T-7ep - Notice G is radial — G
is radial; G is a homo-func of order —(A+d) = —3—(—2) = —1. So G(z) = G(ﬁ\xD = |a:|_1G(|%|) =
|:U\’1G0(|ﬁ|) = |z|7'Go(1) = C|z|~*. On the other hand, fB(O )—Ade = fB yO(z)de =1 =
Ldo =1= faB(o,e) Gy(e)do = —4Ame’Gy(e) = C = =. So G(z) =

faB(O )

47r\z|
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FOURIER TRANSFORM

Recall Parsaval idenetity: ||f||rz = ||Crn(f)]i,-

Plancherel’s Thm: [ |f|2dz = [|f|?d¢, i.e.||fllz = ||fll2-

Proof: f Fldx = [ [pa F(©)e?™¢dE [0 f(y)e>m = vdyda = [0 F(€)F(y) [pa €™V dudédy
= [pa £ F()d = fRd | (&)|2de.

Corollary [ f(@)g(x)dr =3, Cn( (9), [ f(x)g(x)dz = [ F(£)g(€)de.

Example: Ou = O,u|t:0 = f(x), 8tu|t o = g(z). By fourier transform we get 20 + 4m2E%0 =
0,ali—0 = f(E),Dhitls—o = §(&) = (&, t) = f(€)cos(2mEL) + g(&)%. By fourier inversion,
e et (FQeosCren)” = 370w +1) + 1e — D), GO = [ g(0)= e =
L) [ ’2”5Sdsd§ = LT 9o deds = L [T g(s)ds.

Denote K(t) = 5 [ |8tu|2d:v P(t) = % [ |0,ul*dz, then K(t) + P(t) = 1 [(|0wu]* + |0,u)?)dz =
2 J( (|0ul? + |31u\ Yo = 3 [|00)? +4n2€% a2 dx. Byit = —2m€ f(€)sin(2mEt) + §(€)cos(2mEt), 2 =
2mé (€)cos(2mEt)+i(E)sin(2nét). Thus K()+P(t) =} [(4r€|FOP+Ha(©)de = 1 [(0,7 )+
lg(z)|?)dz = K(0) + P(0) — conservation of energy.

limy o0 K (£) = limy 003 [, 47283 | F(€) Psin® (2m6t) — 2mE £(£)3(&)sin(dmét) + §(€)|*cos? (2mt)dE
= 1 [(Ar2€2|f(&)]? + |3(€)]?)dE = L(K(0) + P(0)). And the same holds true for lim,_, P(t).

Heat Equation: 8,H = AH, H|,—o = 6(z). By fourier trans, we get ,H = —4n?|¢|2H, H|,—y =
1= H=e"ltlt o f = (471'75)_%6_% (Heat Kernel).

Bessel potential: —AB+ B = §. By fourier trans, B = W = B= [ We’?”fdf =
Jra(J57 e 1e0sgg)ei2mas e = [ e=s [, e~ 6P sei2meededs = [ —s(4ws)—%e—%ds.

Laplace Equation: Au = 0,u(x,0) = f(x), (z,y) € RxRy. 0(§,y) = [, u(z,y)e” ™ 4dx, 92—
Am2E%0 = 0,1 ¢,0) = foie = cre 278 (&) + cpe2™ Iy f(£). We ignore the 81gular term for y > 0, and
(7)Y = ey = ula,y) = | 7{((§+t;y)dt

We find (e=27¢l)v = m thus 7 = e 2"l B(x) =
(n=2m¢) = 3= [, 1+1n2 endn = fe 17l (dim = 1)

Newton Potential: N(z) = ( ﬂ;lglz)v = o 1|x|2_d. On the other hand, [~ H(z,t)dt(t =

2By — pro(mlaly - omslollg-2gs — Lp—3 |24 [ 58 -2¢-dsds = 1p=§|g 290 (4 — 1) = N(z).

x1 = rsinflcoso

1 _ 1 2T _
(Trerer)” = Jr Trgeep ™™ 0 dE =

Assume f(x) is radial and consider polar coordinates ¢ z, = rsinfsing or x = rvy. Then

T3 = rcost
€)= Juu ()28 = [0 [, [ry)e™ 2 Sdo ()dr = [ r2fo(r) [z €2 Edo(y)dr and
do(vy) = sinfdfde. I(§) = 1= [g e ™ 8do(v), I(€) = I(QE) (Q is an arbitrary rotation) = I(£) =

2m T —i2mr|€|cosh o; ™ —i27r|€|cosh o 27 coss
= /5 dgboofo e 2l 98}n0d9 = 1 [ e esm0d9(2 = 27rr\§|0089 =3/ zw‘rﬁlﬂ 2l 8 =
= [y 2 fo(r) [go e P do (y)dr = 4 fo 72 fo( )“;ﬂ:gfld = 2 7 7 fo(r)sin2zr|¢|dr. If dim
= 27 f(g) = fRz f(x)e_iQTrIde = fo Tf31 —i27ry- édO' dr = fO TfO(T fsl —a2mry: 5d0-( )d’l“ =

[€ = (0, ~[EN] = [y~ 2mrfo(r) x Jo(27”“|€|)d7“ Where Jo(2mr(€]) = f% er2mritlsing gg,
Yukawa potential: —AB—I—;LQB — §. By fourier trans, B = W’ B = [p mem”'fdf
wle I

=/ uzﬂfzr? “nﬁaﬁmd |m| 1 rglfﬁﬂf ) dr (transfer to complex variable) = . (dim = 3)
Denote f(€) = e27Iel, (e=2mlél) — % el = 1 [ getrds = 1 | M”m)
ei27r§.zdx — %fooo 675( —sz? )VdS _ 1 fo )77 — efgﬂg‘)A: 7_r,%{fooo % —(s=2lEl2 I&I d }
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FOURIER TRANSFORM

=a [FsTre (e e yds = n7% [Cs e (%)" gl ds = W_ilf T e st gs(t =
s(U+|z?) = 7% [+ 2?)" Tt 7 e (1 + zf2)ldt = 7 F (1 + |z]?) —if t T e tdt =
T (1 + |zf?)” dHF(dH) — Gauss-Weistrass kernel.
Consider Ou = 0,uli—o = f(z), Opuli—o = g(x). 82u—|—47r2|§|2ﬂ = 0,4(E,t) = f(&)cos(2n|€|t) +
g(¢) gmgiﬁf‘t) Def M,(tg) = f‘y 2=it9(W)do(y ) then Mt tg Jrs Foetg(@ +ty)do(y)e 2™ tde =
S Foatg)e 2@ Eda () dy = [ tg(y)e= > 5dyf fdo( ) = g(f)% Thus when
dim = 37 U(l’,t) = %(Mt(tf)) +Mt(tg) AISO, 7{\425 = fs2 dO’( ) - 07" d¢ foﬂ- f(xl
tsinfcosg, xo — tsinfsing)sinfdf = % Ozﬂ do f(f T — tschosqS, Ty — tsm@smgzb)sin@d@(r = sinf) =
27 1 . r .
i Jo do [y f(x —j}rcosgb, iEg/:tTSlnqS)\/ﬁdr == f\y\g f(x—ty)mdy = Mt(f). When dim
=2, u(z,t) = Z(tM(f)) + tM,(g). (Method of descent)
Regard fourier transform as an operator, i.e.Tf = f, then T : & — Ls, T2 5. < 1;T:

32 — %7 HTH‘gQ—)fQ = 1'

Riesz-Thorin Interpolation Thm: T : %, — %, T : £,, = Z,,, % = 1% + 1;29’ % = q% + 1;20,
then T': &, = 2, ITll2,-2, < |ITl%, oo, + T, s
Hausdorff-Young’s inequality: ||f\|gp < ||f||$q, 5+ 5 =1.
1f # glls < lIfllpllglly where 14 & = 5+ £
Example' DU = f,’LL|t 0= O 8tu|t -0 — 0 8{& + 47T2|§|2A = f,ﬂ|t:0 = 0,@12 t=0 — 0,a(§,t) =
i2w&(t—s) _ —i2wE(t—s)

t sin2m s sin2m s i2ma- t e g e
fo QQigt )f(fv s)ds. u(z,t) = fo fR 22fr(§t )f(§7 s)e’" e deds = %fo fR 27
2L rx+t—s z o r+t—s
e’ 5]6(5’ s)d&ds = 3 fo fR fx t+s ? 57’d17f(f, s)déds = 3 fo fmftJrs [z, s)dxds.
Example: uy = Uge + u,t)i—=0 = g,0ult—o = h. Denote v(z,y,t) = u(z,t)e?, then d?v =
OfueY, Oov = Que?, 0ov = ue? = vy = 0ov + v, v(x,y,0) = ge¥, dyv(x,y,0) = he.
Example: (Duhammel’s Principle) U, + AU = F. The solution is U(z,t) = S(t)Uy + fot S(t—

0 1 0
s)F(s)ds. Then for uy = Au+ f, 2 ") = ) = U; = AU + F. Therefore,
Uy A0 Uy f

() ol -

Kirchhoff formula(dim = 3): O,u = d7u—a?0?u = f,uli—o = ¢(2), Oyuli—o = (). The solution

is u(@,t) = grumm Jon.an|@W) + DoY) - (y — x) + t(y)]dS(y) + 47'r1a2 J5an) Wdy

For dim = 2, u(x,t) = ﬁ fB(w,at) [¢(y)+\?z(51 (qu Zi—‘zw(y) dy + zm ffc (z,t) /—tfiiz;;)‘y w|2dyd77
where C(z,t) = {(y,7) e R®*:0< 7 <t |ly—z|<a(t—7)}

Example: dyu = 0*utad,u+bu. 0yt = —4r2E%0+ai2n€a+ba, a(E,t) =
ut) = [, AT R i2magt i€ e bl — I AT tgiant(vtat) geeht — (47f)~Be —lotatl®

Example: Ou = cu,uly—g = g(x),duli—o = h(z). Denote v(z,y,t) = u(z,t)e®, we get
v —Av=0v=0.

Example: d,u = xza 3 +ax3“ Denote U(y,t) = u(e™¥,t)(x =e7Y), so %(t] = %if{ +(1- a)%—g.

(5’ 0)6—4w2£2t+i2wa£t+bt_

Then use fourier transform.

Example: Ou = 0, ult—o = 2* + 3?2, dsult=0 = 0. Consider Tuy = 0, uy|i=o = 2, i1 |t=0 = 0
and Ouy = 0, us|i—0 = y?2, Opusli—o = 0. Assume u; = ¢(z,t),us = ¥(y,t)z, we get u; = %((ac +
2+ (= 1)), us = 5((y +)° + (y — 1)*)2.
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FUNDAMENTAL SOLUTION AND GREEN’S FUNCTION

6 Fundamental Solution and Green’s Function

6.1 Fundamental Solution

Consider —Au = f, we hope u = Nx* f where N is fundamental solution and satisfies —AN = §,
then N(z) = |z[*74(d > 2). When d = 2, N(z) = —5=Injz|; d = 1, N(z) = —3|z|.

(d 2)wd
By fourier transform, we have already known that the solution to —AN = { is a radial function.
So denote N (z) = No(r),7 = ||, then 2¥ = Nj(r) 22 = Nj(r)2, SX = Ny () (2)2+ Nj(r) (2 - %).

AN = ANy = rNJ (1) +Nj(r)(d—1) =0 = (ri- 1N(’)( ) =0, Nj(r ) = 8, No(r) = cor*~4(d # 2)
or colnr(d = 2).

Yukawa potential: —AY,+p2Y,, = 4. Y, (z) = Yo(|z|), |z| =7, so —rYy'(r)—=2Y{ (r)+p?rYo(r) =
0. Denote W (r) = rYy(r), then —W"(r)+p?>W (r) = 0. Here we choose W (r) = e #", Yy(r ) = e H,
To get ¢, we consider the integral fB 0 )—AY dx + p? fB Yude =1 = faB(o 07 “da( ) +
w fB(OE)de— 1= S(14 pe)e #dme + p? fBOE e ’”’dx—l(e—)O):>c— =

Wave equation: DW =0, Wleo = 0,0,W|i—o = 6. W = %, W= [ %’Em eP2rrEde =
1 rein(Znrt) J2 €27 do () dr = 27r1|x| [, sin(2nrt)sin(27r|z|)dr = 8;@ [ (ef2mrttlah) _g=izmr(t=|e])

_e—i2ﬂ'r(\ac\ t) _6—127rr(t+\a:|))dr — ﬁm(s(t_ |.’E|) So Wxh = fRa (t— ‘U‘)h(x_y)dy _ ﬁ f52 fOOO T’(S(t_

drly|

r)h(z — ry)drdo(y) = & [g th(z — ty)do(y) = tMy(h). The solution of common cases is given by
0y (W * ug) + Wy * uy. (All the discussions here are in the condition of d = 3)

Heat equation: 0,H = 0?H,H|i—o = 6(x). We notice that \*H (Az, \?t) is a fundamental
solution (§(Az) = A=%6(z)), so N H Az, \2t) = H(z,t)(A =t2) = H(z,t) = t~42h(x/t*/?)(radial)
= t~4/2w(|z|/t"/?). Taking it to the previous equation, we can get % (r‘w(r)) + (r*~'w'(r)) =0 =
%w(r) + ' (1) = 0= W(r) = Ce i,

Example: du + A(uwY) = 0,2 € R% v > 1,u > 0. We assume the solution has the form
t=*v(% ) (self-similar), then t =~ (u+ (y- V)v)(y) = 772D AvY wherey = & = a+1 = ay+24.
To find fundamental solution, we assume v(;5) = w( |x|) and denote r = L%I. So AuY =t~ AwY =
t=o7 2 (WY + =L (w)), dpu =t~ (aw + Bruw'(r)) = arw + Briw'(r) + r(w?)” + (d — 1)(w) =
0 = ard=tw+ Bri—tw'(r) + (r*~L(w?)"). Assume o = df3, then (Briw +rit(w?)) =0 = (w) =

1

—fBrw = " () =—pr=w=(C— Lg;l)r?)ﬁ =(C— Lg;l)g—‘;)ﬁ.

6.2 Green’s Function

—Au=fin Q
Consider (Dirichlet BVP). We hope we can represent the solution in terms of
u=g¢g on 0f)

Green’s function. 0 = [,,(Au+ f)vde = — [, VuVvdz + [,, Svdo(x) —|—fo vdr = [, Au-vdr =
— [y VuVudz + [, Zvdo(z), [, Av - ude = — [, VoVudz + [, Zudo(z) = [(Au-v— Av-

—AGy(z) =z —y),z€Q

wyde = [,,(5%v — §2u)do(x). Define Green function as , so the
Gy(z) =0,z € 0Q
above can be rewritten as — [, f(2)Gy(x)dz +u(y) = — [, agfg(x)da(x) where G, = v and then
aa,
= [, f( r)dr — [, FLg(x)do(x).
Example. - ( ) = f(z),u(0) = u(l) = 0. Green function —G(z) = é(z — y),G,(0) =
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FUNDAMENTAL SOLUTION AND GREEN’S FUNCTION

Aly)r,0 <z < .
(y) Y yUJrE _G//( ydo =

Cly)z—1),y<z<1
S — y)de = 1 = ~Gy+e)+Gy—¢ =1,-Cy) + Ay) = 1. vt Jy Gu(z)da'dx =

y—€ y—€

Gy(1) = 0. For x # y,—G}(z) = 0 = Gy(x) = {

fyyj: fo ' — y)da'de = 6(6 — 0) = Gy(z) € C[0,1] = A(y)y = C(y)(y — 1). Thus A(y) =
1—y,C(y) = —y and u(y fo r)dx = fol(min(x, y) — xy) f(z)dz.
—Au = Q A =d(z — €N
Consider B f m . Green function ¢ (@) (=)= ‘Ql ! Culy) =
O,u = g on 0f) dachy:(),:rE@Q

Jo f(2)Gy(x)dx + fqude + [, g(x)Gy(x)do(x). The solution is not unique. (— [, fdz = [, gdo).

V- (AVu
Example: V-4V + (b Viu= - Jo ZLulvde = [(=V - (ATVv) 4+ V - (bv))udz +
u=g
S (b - n)uvdo(x) + [,o(n - (ATVo)u —n - (AVu)v)do(z). Define £L*[u] = —V(A"Vu) + V - (bu).
L*Gy(x) =0(z —y),x € Q

Gy(z) =0,z € 0Q

Green function

—AGy(z) =z —y),z€Q

Consider . Assume G, (z) = Ny(z) + H(z) where Ny(z) is
Gy(z) =0,z € 0Q

—AHy(z) =0,z €Q

Newton potential, then
Hy(x) = —Ny(x),z € 00

—Au=0,r € Rx R, L
Example: . Method of image: N,(z) = —5-In|z —y[, and Gy(x) =
= f(z),z € OR x R

Ny(z) — Ny« (x) where y, + y5 = 0. Then 8;1’9 =L 2 uly) == fR (llf(ml)yZ dx,.

T lz—yl2? y1)2+y3

—A’UJ:O,I’E R+ X R+
Example: . Gy(x) = Ny(x) — Ny, (x) — Ny, (x) + Ny, () where
u= f(z),r € ORy x R4
y1 = (1, -1y, y2 = (=1, 1)y,y3 = (=1, —1)y (entry-wise).
—Au = f,u € Bgr(0)
Example: . Kelvin transform: y*

y. Thus [z — y** = [z]” —
u=g,u € 0Br(0)

Iy\2

2+ (o € OBR0) = (P ~2(a.9) + o) = o ] = 3o~ o) Then Gy (o) =
m' —y[2d m(%M—y*DZ*d’,dZBand Gy(x) = —tn|z—y|+ Y|z —y*|,d = 2.
u(y) = fBR(O) = Jo f(@)Gy(zx)dx — faBR(O)g(x)%da(x). If d > 3, 83% = %%i = %(—wd{lkv -
yl' dT{Z\*wd =yt dﬁfyy'](z'y‘)%d) = ?wf == yrﬁz;vm%)_ v e (1=
R?). Assume f(x) =0, u(y) = fii e faBR(o) ‘T yldda( x), and u(0 faBR (0 u(y)do(y). By taking
integral w.r.t. r from 0 to R, u(0) = U

Gb<a> - Ga (b>

‘ { CAG(x) = 5(x —a),reqQ { CAGy(x) = 8z —b),z € 0
Symmetric: ,

Gu(z) =0,2 € 00 Gp(z) = 0,2 € 00
= [(AG.)Gy — (AG,)Godx = %Gy, — 222G ydo = 0.

o On

—Au= f,x € B(0,R)
Example: (d =2). Assume Gy(z) = Ny(z) + Ny-(2) = —5=In|z —
9u — g,x € OB(0, R)
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FOURIER METHOD

—AH(z) = — ==
y| — iln%m —yr]. % — 2. Transfer the former question to { i ( 1) ™ Assume
on T 27R
H(x) = Ho(r), then H{(r) + H{(r) = -, H)(R) = 725 = Ho(r) = 1= + C.
7 Fourier Method
7.1 Eigenvalue Problem and Separation of Variables
—u'(x) = M —u"(x) = Au
Consider A = k2, u, = sinkz. A = K u, =
u(0) =u(r) =0 u'(0) =u'(mr)=0
—u(z) = Au —u"(xz) = Au
cosk. (=) Ak = (k+ D)2 u, = sin(k + 1)z (=) Ak =
u(0) =0,u' (w) =0 u'(0) =0,u(mw) =

(k+ %), up = cos(k + 3)x.

Example: { —uw'(@) = =) cug(z) = \/gsink:x,u(x) =Y apug(x), —u'(x) = =Y apul(z) =

u(0) =u(m) =0
> Aagtup (). f(z) =) frun(r) = )\kak = fr,u(z) =3 &ﬂk( )= At fo d’yuk( )=
fo (Zk 1 M) f fly y)dy where G, (y) = Zk 1 2% = mln(x,y) —

Ou = Au

Example: ¢ u(0) =u(r) =0 . Assume u(z,t) = T(t)Z(x), Zr(z) = ur(z), then T(t) =

U|t=o = uo(x)
-\ T(1), (t) = e_’\’“tT(O),u(x,t) = Zzozlake_kztﬂk(x),u(x,O) = > o arug(z) = up(z), thus

= o uo(z)uk(z)dz.
Ou=20
uli=o = f 2.
Example: . Assume u = ), Tj,(t) Zy(x) where Zy(x) = \/;smkx, we
Ovuli—o = g
u(0,t) = u(m, t) =0

get u = Y77 (cxcoskt + disinkt) Zy,(x) where ¢, = [ f(@)Zp(z)dz,d), = 1 [ g(z)Zyzds. Denote

=Y r_, (ckcoskt + dysinkt) Zy(x), then Ou,, = 0,0 = fooo dt fo Ou,¢(x,t)dr = fo dt fo (0%u,, —
aiun)qﬁ(x,t)dx. fow dz fooo D2, pdt = fow fooo odOsu, = foﬂ dz(—¢(z,0)0u,(z,0)) — fooo O, Orpdr =
— [y o(@,0)gpdz— [ [ Oppdu, = — [ ¢(z,0)gnda+ [ Orp(x,0) frdx, [°dt [ —0Pund(x,t)da =
I S5 unO¢dzdt. Let n — oo, we get — [ ¢(z,0)g(x)dx+ [ ;¢(x,0) f(z)dz+ [ [;° uDpdwdt —
weak solu.

If we replace BC with inhomogeneous condition, i.e.u(0,t) = A(t),u(w,t) = B(t). Denote
w(z,t) = =224+ A(t) and v = u—w, we get Ov = —9}w = f(x,t),v(z,0) = f(z)—w(z,0), dv(z,0)
= g(z) — w(x,0) —» Ov = f(=,t),v(x,0) = f1,0w(x,0) = g1,v(0,t) = v(m,t) = 0. Then use
Duhammel’s principle to acquire a special solution.

Example: —Au =0,Q = (0,a) x (0,b),u(x,0) = f(z),u(z,b) = u(0,y) = u(a,y) = 0. Assume

u(e,y) = Z@)Y (), Z(@)Y () + Z(@)V () = 0, 28 = Y056 F(a) = AZ(x), 2(0) = Z(a) = 0.
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ENERGY METHOD

Eignevalue A\, = (4%)2, Z,(z) = \[smk”. Y(y) = MY (y),Y(b) = 0,Ys(y) = sinh®2 (b — y). Thus

Z Y ( Y; inh £ (b—y)
uz,y) = 30 anZi(@)i(y) ar = L5 = uey) = X Ay 2ue). 2 = Tamn” =
Shmy kT
EE:W“. lim,_ou(z,y) = f(z).

Example: —Au = f,Q = Bg(0),u(R,0) = g(). Assume u(r,0) = R(r)©(6), then R(r)O(0) +
1R(r)0(0) + 226(h) = 0 :ﬂggjg +r§§:§ ggg Periodic BC: ©(0) = ©(27),©'(0) = ©'(2n).
Eigenvalue A\, = k?,72R(r) + rR(r) = —k*R(r) (Euler Equation), R(r) = r*,a&*r® = k*r*,a =
+k = R(r) = r¥,r=%(k > 1) and R(r) = 1,Inr(k = 0). Thus u = a + Blor + > -, r*(a,coskd +
bsinkf) + > po | 7 *(ccoskl + dysink®).

Example: 12w, + 2ty Uy, + 02y, = 0. Assume u(z,y) = Z(2)Y (y), (Z(2)Y (y))2Z(2)Y (y) +
22(0)Y (1) Z()Y (1) 2@V () + (Z@)Y )22 () = 0. Let Z(x) = M Z(x), V) = MY (y),
then M4Z3Y3 4+ 2X2A223Y2 + N3Z3Y3 =0 = A2+ X2 = 0. So u(x,y) = eM@er2¥ = er2Fi) (), < ().
In anthoer way, assume u(z,y) = Z(x)+Y (y), (2)*Z+(Y (y))?Y (y) = 0, Z(z)(Z2)? = \, Y (y) (Y (y))?
=-A= (2 =31, Z = (3)\2)'/3,Z = C + 4(32)"/>.

Example: du = A(u?). Assume u = T(t)Z(z),T(t)Z(z) = T'(t)AZ", ;(tt) = ﬁ(ZI; =\
L TI(t) = Cr+ AL T(E) = (1= 9)C + (1= )A)T7. Also, AZY = MZ, Z(x) = |z|*, 27 =
|27, ay(ay — 1)]z]|*7 "2 + (d — Day|z| 2 = Mz|* = ay -2 =a,a = 2 A= ay(ay +d — 2).

-
Consider v= g ; Go e . Green function v(@) (z—y)in
u =0 on O u =0 on O Gy(x):OOnaﬂ

Gy(x) =22y an(y)ur(x), LGy (2) = D207 an(y) Lur(x) = 327, ar(y) Mur () = 6(x—y). So (6(z—
y), ug () = ar(y) e (ue, ur) = un(y) = Mean(y), an(y) = A un(y), Gy () = Y07 A uk(@)ug(y).

7.2 Variation of Constant for PDE

Recall & = Au + f,u(0) = ug. The solu is u(t) = e?*ugy + fot eAt=3) f(s)ds
Consider u; = Au + f,uli—g = ug. Regard A = A, e?tuy = fRd (47Tt)’%e"113| uo(y)dy, then

lz—y]

) = fpaldmt) Se = ug(y)dy + J [a(dm(t - 5))~ S T5 f(y, 8)dyds.
Consider & = Au + f,u(0) = 0. Denote v(t,s) satisfies v:(t,s) = Av(t,s),v(t,t) = f(t), thus
v(t,s) = et f(s) and u(t) = fo v(t, s)ds.
Consider dyu = Au+ f,ult—o = 0. Denote v(z,t, s) satisfies v (x, t, s) = Av(z, t, s),v(x, t, 8)|s=t
f(z,t). The solution is given by u(x,t) fo z,t,8)

8 Energy Method

Consider wave equation Ou = 0,u = g, uly=¢ = ug, Ostt|s=0 = u1, Q@ = {(z,t) € R¥*x R : |[x—x| <
|t—to|}, and energy density e(t) = JuZ+1|Vul? é(t) = wu+VuVu, = e Au+VuVu, = V-(uVu).
Denote m(t) = u;Vu, then e,—V-m(t) =0 = [, (e —V'm(t))da:dt where F'is a frustum (i.e. a piece

of solid light cone). By Gauss’s formula, we obtain [, ..( nte(t) —n-m(t))dx = 0. Denoting T, B, K
as the top, the bottom and the side of F', we have fT fB t)dx + fK nee(t) — uta “dx = 0.
The third term is equal to % [y (e(t) —u 24 da > f fK —sui —3|Vul|?)dz = 0, so [ e(t)dx <
[ e(t)dx.
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