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ORDINARY DIFFERENTIAL EQUATION

1 Ordinary Differential Equation

1.1 Modelling

1. Free Falling Law
F = ma, a = ẍ = d2x

dt2
,mẍ = −mg, ẍ = −g,⇒ x(t) = 1

2
gt2 + C0 + C1t, x(0) = C0, ẋ(0) = C1.

2. Population Model (Malthus)
x(t) = # of population at t, ẋ(t)

x(t)
= relative growth rate = α > 0. Solu: x(t) = x(0)eαt.

Modification: Logistic Model
illed x(t),healthy y(t),x(t) + y(t) = N , ẋ(t)

x(t)
= αy = α(N − x), denote x̄ = x

N
, we have

˙̄x = βx̄(1− x̄), x̄(t) = x̄(0)eβt

1+x̄(0)(eβt−1)
.

3. Harmonic Oscillator
F = ma, x(t) = displacement of t, F = −kx(Hooke’s Law), then mẍ = −kx, ẍ+ ω2x = 0.
Solu: x(t) = e±iωt.

4. Free Fall at Large Distance
mẍ = F = −GMm

x2 , ẍ = −GM
x2 , x(0) = R, ẋ(0) = 0.

ANSATZ: x(t) = atb, we have ab(b− 1)tb−2 = −GMa−2t−2b, b = 2
3
, a = ( 9GM

2
)

1
3 .

We find that initial conditions do not match, thus modifying solution as a(t± c)b, etc.

1.2 Matrix Series ẋ = Ax

x|t=0 = x0
Theorem: ∃ 1 x(t) = eAtx0, where eAt =

∑∞
k=0

Aktk

k!

Generally speaking, to compute eAt, there are 3 methods as follows.

1. PAP−1 = Λ

2. regulation. For example, A =

(
0 1

−1 0

)
, A2 = −I.

3. putzer method.
eAt =

∑n−1
j=0 rj+1(t)Pj := Φ(t), where

P0 = I Pj = (A− λjI)Pj−1

 ṙ1(t) = λ1r1(t)

r1(0) = 1

 ṙj(t) = λjrj(t) + rj−1(t)

rj(0) = 0

Proof: Φ̇(t) =
∑n

j=1 ṙj(t)Pj−1 =
∑n

j=1(λjrj(t)+rj−1(t))Pj−1 =
∑n

j=1 λjrj(t)Pj−1+
∑n−1

j=0 rj(t)(A−
λjI)Pj−1 = AΦ(t). The last step: Pn = 0 (Hamilton-Cayley Theorem), thus APn−1 = λnPn−1.

1.3 Matrix Norm and Periodic Coefficient Matrix

Vector Norm: ||x||p = (
∑

|xi|p)
1
p . Operator norm: ||A||p = max||x||p ̸=0

||Ax||p
||x||p = max||x||p=1||Ax||p.

For example, ||A||1 = max||x||1=1||Ax||1 = max(|a11|+ |a21|, |a12|+ |a22|), i.e.||A||1 = maximum
of column (maxi

∑
j |Aji|), and ||A||∞ = maximum of row (maxi

∑
j |Aij |).
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ORDINARY DIFFERENTIAL EQUATION

Prop: ||AB|| ≤ ||A|| · ||B||, ||
∑

Ak

k!
|| ≤ e||A|| <∞, AB = BA⇔ e(A+B)t = eAt ·eBt = eBt ·eAt, ∀t

Proof:

 ẋt = (A+B)x

x|t=0 = x0
. Use the uniqueness of the solution, where e(A+B)t and eAt · eBt are

both solutions.

Consider

 ẋt = A(t)x

x|t=0 = x0
. Denote x(t) = Φ(t)x0(fundamental matrix), then

 Φ̇t = A(t)Φ(t)

Φ(0) = I
.

Claim: ∃ 1 solution.
Liouwille’s Th: det Φ(t) = det Φ(0) · e

∫ t
0
trA(s)ds.

In fact, ∀Z(t) is invertible, det Z(t) = det Z(0) · e
∫ t
0
tr(Z−1(s)Ż(s))ds.

We note that even if A(t+ T ) = A(t), x(t) or Φ(t) can be not periodic. However, we have
Floquet/Bloch Thm: Φ(t+ T ) = Φ(t)Q if A(t+ T ) = A(t) where Q is a constant matrix.
Proof: d

dt
(Φ−1(t)Φ(t+T )) = −Φ−1(t)Φ̇(t)Φ−1(t)Φ(t+T )+Φ−1(t)Φ̇(t+T ) = −Φ−1(t)A(t)Φ(t+

T ) + Φ−1(t)A(t+ T )Φ(t+ T ) = 0.

Prop: det Q ̸= 0, Q = eTB where B ∈ Cn×n. And if denoting Ψ(t) = Φ(t)e−tB, we have
Ψ(t+ T ) = Ψ(t). To go further, by denoting x(t) = Ψ(t)z(t) and calculating, we have ż = Bz.

Proof: x(t) = Ψ(t)z(t), hence ẋ = Ψ̇(t)z(t)+Ψ(t)ż(t) = A(t)Ψ(t)z(t), Φ̇(t)e−tBz(t)−Φ(t)e−tBB

z(t) + Ψ(t)ż(t) = A(t)Φ(t)e−tBz(t), Φ̇(t) = A(t)Φ(t), ż(t) = Bz(t).
We must point out that this conclusion has only theoratical value, because it uses the equation

Q = eTB where matirx B is very difficult to compute.

Example: A(t) =
(

1 0

cost 0

)
. Obviously A(t) is periodic and the fundamental matrix Φ(t) is(

et 0∫ t
0
escossds 1

)
. Here Q = Φ−1(t)Φ(t + 2π) =

(
e2π 0∫ t+2π

0
escossds− e2π

∫ t
0
escossds 1

)
. It seems

Q = Q(t), but if you compute dQ
dt

you will find it a constant.
D’Alambert’s reduction (not required): for differential equation ẋ = A(t)x where A ∈ Rn×n, if

one solution y(t) is known, we can reduce the dimension of solution space from n to n− 1.
ANSATZ: x(t) = ϕ(t)y(t)+z(t). By computing we get the result: ϕ̇(t) =

∑n
j=2A1jzj/y1(t),żi(t) =∑n

j=2(Aij −A1j
yi
y1
)zj where i = 2, . . . , n.

1.4 Duhammel’s Principle (Variation of Constants)

Consider differential equations

 ẋ = Ax+ f

x|t=0 = x0
and

 ẋ = A(t)x+ f(t)

x|t=0 = x0
.

ANSATZ: For LHS, x(t) = eAtC(t), ẋ = Ax + eAtĊ(t) = Ax + f(t), Ċ(t) = e−Atf(t), hence
x(t) = eAtx0 +

∫ t
0
eA(t−s)f(s)ds. For RHS, we denote Φ(t) as fundamental matrix, then x(t) =

Φ(t)C(t), ẋ = Φ̇(t)C(t) + Φ(t)Ċ(t), Ċ(t) = Φ−1(t)f(t).

Example:

 Ż = AZ + ZB

Z(0) = Q
. Assume Z(t) = eAtY (t), hence Ż = AZ+eAtY (t)B, so we have Ẏ (t) = Y (t)B

Y (0) = Q
,Y (t) = QeBt, Z(t) = eAtQeBt.
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ORDINARY DIFFERENTIAL EQUATION

High-order ODE → 1st ODEs:

 ẍ+ ω2x = f(t)

x(0) = x0, ẋ(0) = x1
. By denoting Z = (x, ẋ/ω)T , we have

Ż = AZ+F whereA =

(
0 ω

−ω 0

)
,F = (0, f(t)/ω)T . The solution is Z(t) =

(
cosωt sinωt
−sinωt cosωt

)(
x0
x1

ω

)

+
∫ t
0

(
cos[ω(t− s)] sin[ω(t− s)]

−sin[ω(t− s)] cos[ω(t− s)]

)(
0
f(s)
ω

)
ds. If x0 = x1 = 0 and f(t) = eiνt, x(t) = 1

ω

∫ t
0

sin[ω(t−

s)]f(s)ds ∼
∫ t
0
eiω(t−s)eiνsds = eiωt

∫ t
0
ei(ν−ω)sds. We find ω → ν, resonance forms.

Consider x(n)+a1x(n−1)+ · · ·+an−1x
′+anx = 0(f(t)). By denoting Z = (x, ẋ, ẍ, . . . , x(n−1))T ,

we have Ż = AZ + F where F = (0, . . . , 0, f)T . BTW, if ai → ai(t), we have Ż = A(t)Z(t) + F (t).
Assume x = eλt, then λn + a1λ

n−1 + · · · + an−1λ + an = 0, e.g. det(λI − A) = 0. Hence the
fundamental solutions are

{
eλit
}n
i=1

. If λ1 = λ2, they become
{
eλt, . . . , tn−1eλt

}
.

Euler equation: ai = ti d
ix
dti

, e.g. t2ẍ+tẋ+x = 0. Via denoting t = es, we can get x(t) = x(es) =

y(s) and tdx
dt

= dy
ds

, thus initial question becomes an ode of constant coefficients. To go further, the
solution has the form y(s) = eλs while t = es, hence x(t) = tλ. More specifically, considering the
example, we have λ2 + 1 = 0, λ = ±i.

1.5 Existence and Uniqueness of Solution ẋ = f(t, x)

x|t=0 = x0
, Lip: ||f(t, x1)− f(t, x2)|| ≤ L||x1 − x2||. A special example: f(t, x) = A(t)x.

Granwall’s inequality: x(t) = x0 +
∫ t
0
f(s, x(s))ds, ||x1(t)− x2(t)|| ≤ L

∫ t
0
||x1(s)− x2(s)||ds :=

LF (t), we claim F (t) ≤ F (0)etL because Ḟ (t)
F (t)

≤ L. To dig a little deeper, if f(t) ≤ A+
∫ t
0
b(s)f(s)ds

with f(t) ≥ 0, A ≥ 0, b(s) ≥ 0, we have f(t) ≤ Ae
∫ t
0
b(s)ds.

Proof: denoting F (t) = A+
∫ t
0
b(s)f(s)ds, we have Ḟ (t)

F (t)
≤ b(t), F (t) ≤ F (0)e

∫ t
0
b(s)ds.

Uniqueness: z = x1 − x2, then 1
2
d
dt
||z||2 = (z, ż) = (z, f(t, x1) − f(t, x2)) ≤ ||z|| · ||f(t, x1) −

f(t, x2)|| ≤ ||z|| · L||x1 − x2|| = L||z||2, i.e.
d
dt ||z||

2

||z||2 ≤ 2L. ||z(t0)|| = 0 and ||z|| ≥ 0, thus ||z|| ≡ 0.

Existence:

 ẋ = f(t, x)

x|t=0 = x0
{(t, x)| |t− t0| ≤ a, |x− x0| ≤ b}. If 1) |f(t, x)| ≤M , 2) |∂f

∂x
| ≤ L⇒

f(t, x) is Lip w.r.t. x, then ∃ 1x s.t.

 ẋ = f(t, x)

x|t=0 = x0
→ classical solu. x(t) = x0+

∫ t
t0
f(s, x(s))ds→

strong solu,
∫
I
x(t)ϕ(t)dt = x0

∫
I
ϕ(t)dt+

∫
I

∫ t
t0
f(s, x(s))dsϕ(t)dt ∀ϕ(t) → weak solu.

Lemma: classical solu, strong solu, weak solu are essentially equivalent.
Proof: Picard iteration. xn = x0 +

∫ t
t0
f(s, xn−1(s))ds for n = 1, 2, · · · .Then |x1 − x0| ≤M(t−

t0), |x2 − x1| ≤ LM
2
(t− t0)

2, · · · ,⇒
∑

|(xn− xn−1)(t)| ≤
∑

Ln−1M
n!

(t− t0)
n, xn(t) → x∞(t). Usually,

x∞(t) is weak solu.
Prop: global Lip will lead to global solu, while local Lip may lead to local solu. Examples:

ẋ = 1 + x2, x = tan(t); |f(t, x1)− f(t, x2)| ≤ A|x1 − x2|k with k > 1.
For the former, consider a new norm ||x(t)|| = maxt∈I |x(t)e−αt|. Def Tx = x0 +

∫ t
t0
f(t, x)dt,

|Tx− Ty| ≤ L
∫ t
t0
|(x− y)(s)|ds =

∫ t
t0
|(x− y)(s)e−αs|eαsds ≤ L||x− y||

∫ t
t0
eαsds ≤ L

α
eαt||x− y|| ⇒

4



ORDINARY DIFFERENTIAL EQUATION

||Tx− Ty|| ≤ L
α
||x− y||. Let α = 2L and get global Lip.

Consider

 ẋ = f(t, x)

x|t=0 = x0
x̃0 → x0, we have x̃−x = x̃0−x0+

∫ t
0
f(s, x̃(s))−f(s, x)ds, |x̃−x| ≤

|x̃0 − x0|+ L
∫ t
0
|x̃(s)− x(s)|ds, |x̃− x| ≤ |x̃0 − x0|etL.

1.6 Qualitative Analysis

Examples: ẋ = Ax, where A =

(
1 0

0 2

)
,

(
−1 0

0 1

)
,

(
0 1

−1 0

)
and

(
−1 1

−1 −1

)
. Their phase

portraits are parabolas, hyperbolas, circles and spirals.
ẋ = f(x) where f(x∗) = 0. ˙δx = f(x∗ + δx) = (δx · ∇)f(x∗) + o(||δx||) ∼ Aδx.

Consider dimension = 2 where A =

(
a b

c d

)
∈ R2×2. det(λI −A) = λ2 − tr(A)λ+ det(A),∆ =

(trA)2 − 4det(A). See the following picture.

Def: L-Stable: ∀ϵ > 0, ∃δ > 0, s.t.∀x0 ∈ O(x∗, δ), |x(t)− x∗| < ϵ. A-Stable: x(t) → x∗ with t→
+∞.

Lyapunov 1st Thm: If Reλ(A) < 0 ⇒ A-Stable.
Lyapunov 2nd Thm: Reλ(A) < 0 ⇔ ∃G,G = G∗, G > 0 s.t. GA+A∗G < 0.
Proof: ⇐: ((GA+A∗G)h, h) = (GAh, h)+(A∗Gh, h) = λ(Gh, h)+(Gh,Ah) = (λ+ λ̄)(Gh, h) =

2Reλ(Gh, h) < 0 ⇒ Reλ < 0.

⇒: Let G =
∫∞
0
eA

∗teAtdt.(Gx, x) =
∫∞
0

||eAt||2dt > 0, GA+A∗G =
∫∞
0

d
dt
eA

∗teAtdt = −I < 0.

Remark: 1) G is not unique; 2) If Reλ(A) < 0,
∫∞
0
eA

∗teAtdt ∼
∑

n e
A∗neAn is well defined.

Consider ẋ = Ax+ F (t, x). If limx→0
|F (t,x)|

|x| = 0, L-1st Thm is still valid. (Hint: Duhammel)

Example:

 ẋ = x(ay − b)

ẏ = y(c− dx)
, a, b, c, d,> 0. ∇F =

(
ay − b ax

−dy c− dx

)
.

5
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∇F |(0,0) =

(
−b 0

0 c

)
→ hyperbola. ∇F |( c

a ,
b
a ) =

(
0 ac

d

−db
a

0

)
→ a center for linearized system.

In fact we have dx
dy

= x(ay−b)
y(c−dx) , thus V (x, y) = ay + dx− clnx− blny where d

dt
V = 0, ay − blny +

dx− clny = ay0 − blny0 + dx0 − clnx0 ⇒ ed(x−x0)(x0

x
)c = e−a(y−y0)(y0

y
)b.

Example: mẍ = −∂V
∂x
, p = mẋ, z = (x, p),H = p2

2m
+ V (x). Let V = 1

4
(1 − x2)2,m = 1, then

F = (p, x−x3)T ,∇F =

(
0 1

1− 3x2 0

)
.∇F |(0,0) =

(
0 1

1 0

)
→ saddle.∇F |0,±1 =

(
0 1

−2 0

)
. In fact,

H = p2

2
+ 1

4
(1− x2)2 ≡ C.

Example (Bifurcation): dx
dt

= (a − 1)x − x3. If a < 1, df
dx
|x=0 = a − 1 < 0 → stable. If a > 1,

df
dx
|x=0 > 0 → unstable, df

dx
|x=±

√
a−1 = −2(a − 1) < 0 → stable. If a = 1, dx

dt
= −x3 → x = 0 is

stable.

Example:

 ẋ = ax− y − x(x2 + y2)

ẏ = x+ ay − y(x2 + y2)
. Let x = r(t)cosθ(t), y = r(t)sinθ(t), then

 ṙ = ar − r3

θ̇ = 1
,

r∗ =
√
a→ limiting circle.
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ASYMPTOTIC ANALYSIS

Lyapunov function method: L(x, y) = L(x(t), y(t)). 1) L is C1, L(x∗, y∗) = 0, L(x, y) ̸= 0 if

(x, y) ̸= (x∗, y∗). 2) d
dt
L


< 0 → A-stable

≤ 0 → stable

> 0 → unstable

. d
dt
L = ∂L

∂x
ẋ+ ∂L

∂y
ẏ = f ∂L

∂x
+g ∂L

∂y
= (F ·∇)L,F = (f, g).

L−1(c) → closed curve (for enough small c).
Example: ẋ = −∇V (x).L = V − V (x∗), L̇ = V̇ = ∇V · ẋ = −|∇V |2 ≤ 0.

Example:

 ẋ = xf(y)

ẏ = yg(x)
⇒ dx

dy
= xf(y)

yg(x)
⇒ f(y)

y
dy = g(x)

x
dx. Let V =

∫ y
0
f(t)
t
dt−

∫ x
0
g(s)
s
ds, L =

V − V (x∗, y∗) ⇒ L̇ = V̇ = 0.

Example:

 ẋ = −2xy

ẏ = x2 − 2y3
, (x∗, y∗) = (0, 0),∇F |(0,0) = 0. We guess L = ax2m + by2n, L̇ =

2max2m−1ẋ+ 2nby2n−1ẏ = −4max2my+ 2nbx2y2n−1 − 4nby2n+2. Let 4am = 2nb, 2m = 2, 2n− 1 =

1 ⇒ m = n = 1, b = 2a, thus L = x2 + 2y2, L̇ = −8y4 ≤ 0.
Example: ẍ = −∇V, V ∈ C2. If (x · ∇)V ≤ −CV (C ≥ 2), then ∂2

t (|x(t)|2) = 2∂t(x, ẋ) =

2|ẋ|2 +2xẍ = 2|ẋ|2 − 2(x ·∇)V (x) ≥ 2|ẋ|2 +2CV = 4( 1
2
|ẋ|2 + C

2
V ) ≥ 4E(t) ≥ 0 ⇒ |x(t)|2 is convex.

2 Asymptotic Analysis

2.1 Regular Expansion

Lϵ = L0 + ϵL1 where L0,L1 is differential operator.
ANSATZ: yϵ = y0 + ϵy1 + · · · ⇒ (L0 + ϵL1)(y0 + ϵy1 + · · · ) = f . O(1) : L0y0 = f ; O(ϵ) :

L0y1 +L1y0 = 0; O(ϵ2) : L0y2 +L1y1 = 0; · · · . Assume L −1
0 ∃, so y0 = L −1

0 f, y1 = −L −1
0 L1y0 =

−L −1
0 L1L

−1
0 f .

Example:

 ẍ+ sinx = 0

x(0) = A, ẋ(0) = 0
where A is small. Question: T (A) = ?

Assume x = x0+Ax1+A
2x2+A

3x3+o(A
4), sinx = sin(x0+Ax1+A2x2+A

3x3+o(A
4)) = sinx0+

cosx0(Ax1+A2x2+A
3x3+o(A

4))+ 1
2
(−sinx0)(Ax1+A2x2+A

3x3+o(A
4))2+ 1

6
(−cosx0)(Ax1+A2x2+

A3x3+o(A
4))3+o(A4). O(1) :

 ẍ0 + sinx0 = 0

x0(0) = 0, ẋ0(0) = 0
⇒ x0 ≡ 0; O(A) :

 ẍ1 + x1 = 0

x1(0) = 1, ẋ1(0) = 0
⇒

x1(t) = cost; O(A2) :

 ẍ2 + x2 = 0

x2(0) = 0, ẋ2(0) = 0
⇒ x2 ≡ 0; O(A3) :

 ẍ3 + x3 − 1
6
x31 = 0

x3(0) = 0, ẋ3(0) = 0
⇒

x3(t) =
1
6

∫ t
0

sin(t− s)cos3sds = − 1
192

(cos3t− cost) + 1
16
tsint. Thus x(t) = Acost+A3(− 1

192
(cos3t−

cost) + 1
16
tsint) + o(A4). ẋ(T (A)) = 0, T (A) = 2π + B,B << 1, sinB ∼ B, cosB ∼ 1. By specific

computing, we have T (A) = 2π(1 + 1
16
A2 + o(A4)).

2.2 Singular Perturbation

We will begin with a special example and introduce multiple-scale expansion in sequence.
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Example:

 ẍ+ (1 + ϵ)x = 0

x(0) = 1, ẋ(0) = 0
. xϵ(t) = cos(

√
1 + ϵt). ϵ → 0, x0(t) = cost, xϵ(t) → x0(t). We

have estimation |xϵ(t)− x0(t)| ≤ Ctϵ. xϵ(t) = x0 + ϵx1 + ϵ2x2 + · · · , then O(1) : ẍ0 + x0 = 0; O(ϵ) :

ẍ1 + x1 = −x0; · · · . xϵ(0) = 1, ẋϵ(0) = 0 ⇒ x0(0) = 1, xi(0) = 0(i ≥ 1), ẋj(0) = 0(j ≥ 0). x0(t) =

cost, x1(t) = − t
2
sint ⇒ xϵ(t) ∼ cost − 1

2
ϵtsint + · · · . We notice that if t ∼ O( 1

ϵ
), the conventional

method does not work.
Denote τ = ϵt, x(t) → Z(t, τ), d

dt
= ∂

∂t
+ ϵ ∂

∂τ
, d

2

dt2
= ∂2

∂t2
+ 2ϵ ∂2

∂t∂τ
+ ϵ2 ∂2

∂τ2 . The PLK method has
two steps: 1) Operator expansion; 2) Z(t, τ) = Z0(t, τ) + ϵZ1(t, τ) + O(ϵ2). When computing, we
must remove the singular term (e.g. eiωt) which may make the solution drift.

( ∂
2

∂t2
+(1+ϵ))Z = (∂

2Z
∂t2

+Z)+ϵ(2 ∂
2Z

∂t∂τ
+Z)+ϵ2 ∂

2Z
∂τ2 = 0. O(1) : ∂

2Z0

∂t2
+Z0 = 0; O(ϵ) : ∂

2Z1

∂t2
+Z1 =

−Z0−2∂
2Z0

∂t∂τ
. Z0 = A(τ)eit+A∗(τ)e−it, ∂

2Z1

∂t2
+Z1 = [−A(τ)−2iA′(τ)]eit+[−A∗(τ)+2i(A∗(τ))′]e−it.

We hope A(τ) + 2iA′(τ) ≡ 0 ⇒ A′(τ) = − 1
2i
A(τ) ⇒ A(τ) = A(0)e

1
2 iτ . Because IC Z0(0, 0) =

1, ∂Z0

∂t
(0, 0) = 0 ⇒ Z0(t, τ) = cos(1 + ϵ

2
)t. We have the estimation |xϵ − Z0 − ϵZ1| ≤ c(t)ϵ2 where

t ∼ O( 1
ϵ
).

Example:

 ẍ+ x+ ϵx3 = 0

x(0) = 1, ẋ(0) = 0
. τ = ϵt,

O(1) : d
2Z0

dt2
+ Z0 = 0

O(ϵ) : d
2Z1

dt2
+ Z1 = −2 ∂

2Z
∂t∂τ

− Z3
0

. Z0 = A(τ)eit+

A∗(τ)e−it,−2∂
2Z0

∂t∂τ
−Z3

0 = [−3A2(τ)A∗(τ)−2iA′(τ)]eit+[−3A(τ)(A∗(τ))2+2i(A∗(τ))′]e−it−A3(τ)e3it

− (A∗(τ))3e−3it ⇒ A′(τ) = 3
2
iA2(τ)A∗(τ). Let A(τ) = R(τ)eiθ(τ) ⇒ Ṙ(τ)+ iR(τ)θ̇(τ) = 3

2
iR3(τ) ⇒

Ṙ(τ) = 0, θ̇(τ) = 3
2
R2(τ) ⇒ R(τ) = R(0), θ(τ) = θ(0) + 3

2
R2(0)τ, A(τ) = R(0)ei(θ(0)+

3
2R

2(0)τ), Z0 =

R(0)ei(t+θ(0)+
3
2R

2(0)τ) + R(0)e−i(t+θ(0)+
3
2R

2(0)τ). Beacause IC Z0(0, 0) = 0, ∂Z0

∂t
(0, 0) = 0 ⇒ R(0) =

1
2
, θ(0) = 0 ⇒ Z0(t, τ) = cos(1 + 3

8
ϵ)t.

Remark: PLK method only works for t ∼ O(ϵ−k).

3 Derivation of Partial Differential Equation

3.1 Conservation Law

Consider traffic flow(flux). ρ(x, t) → density of cars, J(ρ) → flow function. So d
dt

∫ b
a
ρ(x, t)dx =

J(a) − J(b) = J(ρ(a, t)) − J(ρ(b, t)) = −
∫ b
a
J ′(ρ)dx ⇒ d

dt

∫ b
a
∂tρ + ∂xJ = 0 ⇒ ∂tρ + ∂xJ = 0.

J(ρ) = Cρ⇒ ∂tρ+∂x(Cρ) = 0. J(ρ) = Cρ(M−ρ) and ρ̄ = ρ/M ⇒ ∂tρ̄+∂x[βρ̄(1−ρ̄)] = 0, β = CM .
J(ρ) = Cρ− µρx ⇒ ∂tρ+ ∂x(Cρ)− µρxx = 0. J(ρ) = ρ2

2
− µρx ⇒ ∂tρ+

1
2
(ρ2)x − µρxx = 0.

For high-dimension cases, d
dt

∫
Ω
ρ(x, t)dx = −

∫
∂Ω
J · n⃗dx = −

∫
Ω
∇ · Jdx⇒ ∂tρ+∇ · J = 0.

Example: String Vibration: 1) Homogeneous: ρ(x) ≡ ρ; 2)Elastic String (only stretching, no
shearing, no bending). u(x, t) = vertical distance at (x, t), |∂xu| << 1. T (x) = tension, |∂xu| << 1

⇒ T (x) ≈ T (x + ∆x) ⇒ T (x) ≡ T . So
∫ x+∆x

x
ρ∂

2u
∂t2
dx = T sinα(x + ∆x) − T sinα(x) = T∂xu(x +

∆x, t) − T∂xu(x, t) = T
∫ x+∆x

x
∂2u
∂x2 dx ⇒ ρ∂

2u
∂t2

= T ∂2u
∂x2 . If E = Young’s modulus, then ρS(x)∂

2u
∂t2

=

E ∂
∂x
(S(x)∂u

∂x
).

For high-dimension cases,
∫ x+∆x

x

∫ y+∆y

y
ρ∂

2u
∂t2
dydx = T (∂u

∂x
(x+∆x, y, t)−∂u

∂x
(x, y, t))∆y+T (∂u

∂y
(x,

y+∆y, t)− ∂u
∂y
(x, y, t))∆x⇒ 1

c2
∂2
t u = △u where c2 = T

ρ
. For this class, we will impose some BC/IC.

BC: 1) Dirichlet BC: u(0, t) = u(L, t) = 0 (homo) or u(0, t) = f(t), u(L, t) = g(t) (inhomo).
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2) Neumann BC: u′x(0, t) = u′x(L, t) = 0 or −Tu′x(0, t) = f(t),−Tu′x(L, t) = g(t).
3) Robin BC: αu(0, t) + βux(0, t) = αu(L, t) + βux(L, t) = 0.
4) Newton’s Law of Cooling: −kα

β
(u(0, t)− g(t)) = −kux(0, t).

3.2 Calculus of Variation

Consider energy function I[u] = 1
2

∫ 1

0
|u′|2dx−

∫ 1

0
f(x)u(x)dx, our goal is to minu∈AI[u] where

A is admissible set/space. We asuume the minimizer u exists. ut = u + tv, I[ut] ≥ I[u]. We de-
note g(t) = I[ut], then g(t) ≥ g(0), g′(0) = 0. g(t) = 1

2

∫ 1

0
|u′ + tv′|2dx −

∫ 1

0
f(u + tv)dx, g′(t) =∫ 1

0
u′(x)v′(x)dx+ t

∫ 1

0
(v′)2dx−

∫ 1

0
f(x)v(x)dx, g′(0) = 0 ⇒

∫ 1

0
u′(x)v′(x)dx =

∫ 1

0
f(x)v(x)dx (Euler-

Lagrange EQ) → weak solu.
∫ 1

0
u′(x)v′(x)dx =

∫ 1

0
u′(x)dv(x) = u′(1)v(1)−u′(0)v(0)−

∫ 1

0
u′′(x)v(x)dx

=
∫ 1

0
f(x)v(x)dx⇒ u′(1)v(1)− u′(0)v(0) =

∫ 1

0
(u′′ + f)vdx.

1) Assume A = {u ∈ C2(0, 1)|I[u] <∞, u′(0) = u′(1) = 0}, we have

−u′′ = f

u′(0) = u′(1) = 0
→

Neumann BVP.
2) Assume A = {u ∈ C2(0, 1)|I[u] <∞, u(0) = A, u(1) = B}. In particular, u, ut ∈ A, so we

have v(0) = v(1) = 0 ⇒

−u′′ = f

u(0) = A, u(1) = B
→ Dirichlet BVP.

3) Assume A = {u ∈ C2(0, 1)|I[u] <∞, u′(0) + a(0)u(0) = u′(1) + a(1)u(1) = 0} and consider
I[u] = 1

2

∫ 1

0
|u′(x)|2dx −

∫ 1

0
f(x)u(x)dx + 1

2
[a(1)u2(1) − a(0)u2(0)]dx. By computing g(t) = I[u +

tv], g′(0) = 0, we have

−u′′ = f

u′(0) + a(0)u(0) = u′(1) + a(1)u(1) = 0
→ Robin BC.

Example: I[u] = 1
2

∫
Ω
Cϵ(u):ϵ(u)dx −

∫
Ω
f(x)u(x)dx. CA = 2µA + λtr(A)I, A ∈ R2×2, µ, λ =

Lamé constants > 0,u = (u1, u2) = displacement,fu = f1u1 + f2u2, ϵ(u) = strain tensor ∈ R2×2 =
1
2
(∇u + ∇uT ). Denote g(t) = 1

2

∫
Ω
Cϵ(u + tv):ϵ(u + tv)dx −

∫
Ω
f(x)(u(x) + tv(x))dx, ϵ(u + tv) =

ϵ(u)+tϵ(v), then g′(0) = 1
2

∫
Ω
Cϵ(u):ϵ(v)dx+ 1

2
Cϵ(v):ϵ(u)dx−

∫
Ω
f(x)v(x)dx = 0 ⇒

∫
Ω
Cϵ(u):ϵ(v)dx =∫

Ω
f(x)v(x)dx. Define σ := Cϵ(u) = stress tensor, then σ = σT ,

∫
Ω
σ:ϵ(v)dx = 1

2

∫
σ:(∇v+∇vT )dx =∫

σ:∇vdx = −
∫
Ω
∇ · σvdx +

∫
∂Ω

(σ · n)vdσ(x) =
∫
Ω
f(x)v(x) = 0 ⇒ −∇ · σ = f, σ · n = 0 (Navier

EQ). Here, A:B = tr(ABT ).
Least action pinciple: A[u] =

∫ t1
t0
(K(t) − P (t))dt. A → action, K → kinectic, P → potential.

Motion path u always follows the extreme point of A[u].
Example: minθ

∫ t1
t0
( 1
2
ml2θ̇2 −mgl(1− cosθ))dt. By computing we get θ̈ + g

l
sinθ = 0.

Consider L =
∫ t1
t0

L (t, q, q̇)dt where L → Lagrangian. By computing we get ∂L
∂q

= d
dt
∂L
∂q̇

(E-L
EQ). p = ∂L

∂q̇
→ Generalized Momentum, H = p · q̇ − L → Hamiltonian. Using E-L EQ, we have

∂H
∂pi

= q̇i,
∂H
∂qi

= −ṗi ⇒ dH
dt

= ṗi · q̇i − ∂L
∂pi
ṗi = 0.

Example:

 ẋ(s) = f(x(s), α(s)), t < s < T

x(t) = x
where α→ control and x→ response. Consider

u(x, t) = infα
∫ T
t
W (x(s), α(s))ds+g(x(T )) where W → running cost and g → final cost. Admissible

solution set A = {α|α is measurable}. ∀h > 0, u(x, t) = inf
∫ t+h
t

W (x(s), α(s))ds+u(x(t+h), t+h).

By Taylor expansion, we have x(t + h) ≈ x(t) + ẋ(t)h = x(t) + f(x(t), α(t))h, u(x(t + h), t + h) ≈

9
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u(x(t)+f(x, α)h, t+h) ≈ u(x(t), t)+∂xuf(x, α)h+∂tuh. Then u(x, t) ≈ infα
∫ t+h
t

W (x(s), α(s))ds+

u(x, t) + ∂xuf(x, α)h + ∂tuh ⇒ ∂tu + infα(∂xuf +W (x, α)) = 0. Define H(p) = infα(pf(x, α) +
W (x, α)), we get ∂tu + H(∂xu) = 0 → Hamilton-Jacobi EQ. If f(x, α) = −α,W (x, α) = 1

2
α2, we

have ∂tu− 1
2
(∂xu)

2 = 0.
Consider A(a, α), B(b, β), we want to find the shortest route connecting A with B. I[u] =∫

ds =
∫ b
a

√
1 + u′(x)2dx, admissible solution set A = {u ∈ C1|u(a) = α, u(b) = β}. Denote

vt = u + tv where u is minimizer and v is test function, g(t) =
∫ b
a

√
1 + (u′ + tv′)2dx, g′(0) = 0 ⇒∫ b

a
u′v′√
1+(u′)2

dx = 0 = −
∫ b
a

d
dx
( u′
√
1+u2 )vdx⇒ − d

dx
( u′√

1+(u′)2
) = 0 ⇒ u′′ = 0.

Consider ray-propagation rules. T =
∫
dt =

∫
ds

c(x,y)
=
∫ b
a

√
1+u′2

c(x,u(x))
dx =

∫ b
a
n(x, u(x))

√
1 + u′2dx.

g(t) =
∫ b
a
n(x, u + tv)

√
1 + (u′ + tv′)2dx, g′(t) =

∫ b
a
∂n
∂y

√
1 + v2t v + n (u′+tv′)v′√

1+(u′+tv′)2
dx. g′(0) = 0 ⇒∫ b

a
∂n
∂y
(x, u)

√
1 + u′2v + n u′v′√

1+u′2 dx⇒ − d
dx
( u′
√
1+u′2 ) + ∂yn

√
1 + u′2 = 0.

A special case is n =

 n1, a < x < x0

n2, x0 < x < b
. Then 0 = g′(0) =

∫ b
a

nu′v′√
1+u′2 dx =

∫ x0

a
n1u

′v′√
1+u′2 dx +

∫ b
x0

n2u
′v′√

1+u′2 dx⇒ n1u
′

√
1+u′2 (x

−
0 )− n2u

′
√
1+u′2 (x

+
0 ) = 0. Explanation: n1u

′
√
1+u′2 = n1u

′dx√
1+u′2dx

= n1
dy
ds

= n1sinθ1 =
n2sinθ2, i.e. refraction law.

As for high-dimension cases, I[u] =
∫
Ω

√
1 + |∇u|2dx, E-L equation:

∫
Ω

∇u·∇v√
1+|∇u|2

dx = 0 ⇒

−∇ · ( ∇u√
1+|∇u|2

) = 0(|∇u| << 1) ⇒ △u = 0.

Consider minu∈AI[u] =
∫ b
a

√
1 + u′2dx s.t.

∫ b
a
u(x)dx = A. Iλ[u] = I[u] + λ(

∫ b
a
u(x)dx −

A), g′(0) = 0 ⇒
∫ b
a

u′v′√
1+u′2 + λudx = 0 ⇒ − d

dx
( u′
√
1+u′2 ) + λ = 0 ⇒ u′

√
1+u′2 = λx+ µ⇒ u′2

1+u′2 = (λx+

µ)2 ⇒ u′ = λx+µ√
1−(λx+µ)2

⇒ u(x)− α =
∫ x
a

λy+µ√
1−(λy+u)2

dy = (λ−2 − (x+ µ
λ

2))
1
2 − (λ−2 − (a+ µ

λ

2))
1
2 ⇒

(u(x)− (α− α0)
2) + (x+ µ

λ
)2 = λ−2 → circle.

Consider minu∈AQ[u] =
∫
|∇u|2dx∫
u2dx

where A = H1
0 (Ω) = {u ∈ L2,∇u ∈ L2}. Q[u + tv] =∫

Ω
|∇(u+tv)|2dx∫
Ω
|u+tv|2dx =

∫
Ω
|∇u|2dx+2t

∫
Ω
∇u·∇vdx+t2

∫
Ω
|∇v|2dx∫

u2dx+2t
∫
Ω
uvdx+t2

∫
Ω
v2dx

. g′(0) = 0 ⇒
∫
Ω
∇u · ∇vdx = Q[u]

∫
Ω
u · vdx.

Denote Q[u] = λ, we get −△u = λu, x ∈ Ω, u = 0, x ∈ ∂Ω. If Ω = (0, π), then minλ =

1, Q[u] ≥ 1,
∫ π
0
u2dx ≤

∫ π
0
(u′)2dx (Poincare inequality). If Ω = (0, L), then λk = (kπ

L
)2,
∫ L
0
u2dx ≤

(L
π
)2
∫ L
0
u′2dx.

3.3 Second-order Variation

For general case, I[u] =
∫ b
a
L(u, u′)dx. g(t) =

∫ b
a
L(u + tv, u′ + tv′)dx. Let p = u′, then

g′(t) =
∫ b
a
∂L
∂u
v+ ∂L

∂p
vdx, g′′(t) =

∫ b
a
(∂

2L
∂u2 v

2 +2 ∂2L
∂u∂p

vv′ + ∂2L
∂p2

v′2)dx. g′(0) =
∫ b
a
Av2 +2Bvv′ +Cv′2dx

where A = ∂2L
∂u2 (u, u

′), B = ∂2L
∂u∂p

(u, u′), C = ∂2L
∂p2

(u, u′). It is difficult to strictly prove g′′(0) ≥ 0, but
when L = (1 + p2)

1
2 , A = B = 0, C = 1

(1+p2)
3
2
> 0, thus g′′(0) ≥ 0.

Thm: Let Q[u] =
∫ b
a
Au2 + 2Buu′ + C(u′)2dx where A,B,C ∈ C1(a, b), then Q[u] ≥ 0 for

all u satisfying u(a) = u(b) = 0 if 1) C ≥ 0 (Legendre condition); 2) ∀c ∈ (a, b), the equation
−(Cz′)′ + (A − B′)z = 0, z(a) = z(c) = 0 only has a trivial solution, i.e. there exists no conjugate
point c ∈ (a, b).

Proof: g′′(t) =
∫ b
a
Au2+B(u2)′+C(u′)2dx =

∫ b
a
C(u′)2+(A−B′)u2dx =

∫ b
a
pu′2+qu2dx(u(a) =

u(b) = 0) =
∫ b
a
(pu′2 + qu2)dx+

∫ b
a
(wu2)′dx =

∫ b
a
pu′2 + qu2 +w′u2 + 2wuu′dx =

∫ b
a
p(u′2 + 2w

p
uu′ +
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w′+q
p
u′)dx =

∫ b
a
p(u′ + w

p
u)2dx ⇒ w′+q

p
= (w

p
)2 ⇔ p(q + w) = w2 (Riccati EQ). Let w = − z′

z
p, w′ =

− z′′z−(z′)2

z2
p − z′

z
p′, then pq + pw′ = pq − (p

q
)2 + (pz

′

z
)2 − z′

z
p′p = ( z

′

z
p)2 ⇒ −pz′′ − p′z′ + qz = 0 ⇒

− d
dx
(pz′) + qz = 0. This equation with BC z(a) = z(c) = 0 has only zero equation, thus for all the

BCs, it has a unique solution. In this way we can find a proper z and w and get the above-mentioned
theorem.

Example: Q[u] =
∫ 1

0
u′2 − u2dx, u(0) = u(1) = 0. −u′′ − u = 0, u(0) = u(1) = 0 only has zero

solution, so Q[u] ≥ 0. But when modifying 1 with 4, there exists a conjugate point π ∈ (0, 4).

3.4 Well-posedness of PDEs

1) existence: classical, weak, strong; domainΩ, bound∂Ω

2) uniqueness:

−△u+ u = f in Ω

u = g on ∂Ω
or

−∇ · (A(x)∇u) = f in Ω

∂nu = g on ∂Ω
A(x)

 bounded

measurable

3) smoothness: how solution changes when t increases or decreases

4) stability: how solution changes when data is given a small pertubation
Example: AX = b. The solution A−1b might be singular when A = diag(1, · · · , 1, ϵ).
Example: △u = 0, u(x, 0) = 0 and solutions are un(x, y) = 1

n
e−nsin(nx)sinh(ny).

4 Method of Characteristic

4.1 Simple First Order PDE

A PDE strained in the characteristic line might perform a behavior which can be described as
an ODE. So we can transform PDE to ODE.

Consider conversation law (1st PDE): ∂tρ+ ∂xf(ρ) = 0. A special case is f(ρ) = ρ and ρ|t=0 =

ρ0(x). Define x = Z(t) and p(t) = ρ(Z(t), t), then ṗ(t) = ∂xρŻ + ∂tρ = ∂xρŻ − ∂xρ = ∂xρ(Ż − 1).
Characteristic line is Ż = 1, ṗ(t) = 0 ⇒ Z(t) = Z(0) + t, p(t) = p(0) = ρ(Z(0), 0) = ρ0(Z(0)) =

ρ0(Z(t)− t) ⇒ ρ(x, t) = ρ0(x− t).
Example: ∂tρ − ∂xρ = 0, ρ|t=0 = ρ0(x). p(t) = ρ(Z(t), t), ṗ = ∂xρŻ + ∂tρ = ∂xρ(Ż + 1), The

characteristic line is Ż = −1, ṗ(t) = 0 ⇒ Z(t) = Z(0)− t, p(t) = p(0) = ρ(Z(0), 0) = ρ0(Z(t) + t) ⇒
ρ(x, t) = ρ0(x+ t).

Example: ∂tρ+ a(x)∂xρ = 0 and a(x) = x. ṗ(t) = ∂xρŻ + ∂tρ = ∂xρ(Ż − a(Z)) = ∂xρ(Ż − Z).
The characteristic line is Ż = Z, ṗ = 0 ⇒ Z(t) = Z(0)et, p(t) = p(0) = ρ0(Z(0)) = ρ0(Z(t)e

−t) ⇒
ρ(x, t) = ρ0(xe

−t).
Example: ∂tu = A∂xu where A ∈ R2×2 is constant matrix and P−1AP = Λ = diag(λ1, λ2).

Then ∂tu = PΛP−1∂xu, P
−1∂tu = ΛP−1∂xu ⇒ ∂tW = Λ∂xW where W = P−1u. The following

process is familiar.
Another case is ∂tu1 = λ∂xu1 + ∂xu2, ∂tu2 = λ∂xu2 (i.e. A can not be diagonalized). u2(x, t) =

ρ22(x+ λt), thus ∂tu1 = λ∂xu1 + (ρ22(x+ λt))′. Consider the common case: ∂tρ+ ∂xρ = f(x, t), we
have ṗ(t) = ∂xρŻ + ∂tρ + ∂xρŻ + f(Z(t), t) − ∂xρ = ∂xρ(Ż − 1) + f(Z(t), t). Then Ż = 1, ṗ(t) =

11
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f(Z(t), t) ⇒ Z(t) = Z(0)+t, p(t) = p(0)+
∫ t
0
f(Z(τ), τ)dτ = ρ0(Z(0))+

∫ t
0
f(Z(τ), τ)dτ = ρ0(Z(t)−

t)+
∫ t
0
f(Z(τ), τ)dτ = ρ0(Z(t)− t)+

∫ t
0
f(Z(0)+ τ, τ)dτ . So ρ(x, t) = ρ0(x− t)+

∫ t
0
f(x− t+τ, τ)dτ .

Example: ∂2
t u = ∂2

xu, u|t=0 = g(x), ∂tu|t=0 = h(x). Denote W⃗ = (∂tu, ∂xu)
T , we have ∂tW =

(∂ttu, ∂xtu)
T = (∂xxu, ∂xtu)

T = ∂x(∂xu, ∂tu)
T ⇒ ∂tW1 = ∂xW2, ∂tW2 = ∂xW1 ⇒ ∂t(W1 +W2) =

∂x(W1 + W2), ∂t(W1 − W2) = −∂x(W1 − W2). The solutions are W1 + W2 = (W 0
1 + W 0

2 )(x +

t),W1 −W2 = (W 0
1 −W 0

2 )(x − t) where W 0
1 = ∂tu(x, 0) = h(x),W 0

2 = ∂xu(x, 0) = g′(x). Thus
∂tu = 1

2
(h(x+ t)+h(x− t))+ 1

2
(g′(x+ t)−g′(x− t)), u(x, t) = u(x, 0)+

∫ t
0
∂tudτ = g(x)+ 1

2

∫ t
0
(h(x+

τ)+h(x− τ))dτ + 1
2

∫ t
0
g′(x+ τ)− g′(x− τ)dτ = 1

2

∫ x+t
x−t h(s)ds+

1
2
(g(x+ t)+ g(x− t)) (D’Alembert

formula).
Example: ∂tρ+ρρx = 0. p(t) = ρ(Z(t), t), ṗ(t) = ∂xρ(Ż(t)−p(t)) = 0 ⇒ Ż(t) = p(t), ṗ(t) = 0 ⇒

p(t) = p(0) = ρ0(Z(0)), Z(t) = ρ0(Z(0))t + Z(0). If ρ0(x) = x, then Z(t) = Z(0)t + Z(0), Z(0) =
Z(t)
1+t

, p(t) = ρ0(Z(0)) = Z(0) = Z(t)
1+t

⇒ ρ(x, t) = x
1+t

. If ρ0(x) = −x, then Z(t) = −Z(0)t +
Z(0), Z(0) = Z(t)

1−t , p(t) = −Z(0) = −Z(t)
1−t ⇒ ρ(x, t) = x

t−1
. We find when t = 1, shock happens since

characteristic lines intersect.
Shock solution: recall conversation law

∫ b
a
∂tρ+ ∂xJ(ρ)dx = 0 ⇔ d

dt

∫ b
a
ρ(x, t)dx = J(ρ(a, t))−

J(ρ(b, t)). Denote shock solution as S(x), J(ρ(a, t))−J(ρ(b, t)) = d
dt
(
∫ S(t)
a

ρ(x, t)dx+
∫ b
S(t)

ρ(x, t)dx) =∫ S(t)
a

∂tρdx+ρ(S(t)
−, t)Ṡ(t)+

∫ b
S(t)

∂tρdx−ρ(S(t)+, t)Ṡ(t) = J(ρ(a, t))−J(ρ(S(t)−, t))+J(ρ(S(t)+, t))
− J(ρ(b, t)) + (ρ(S(t)−, t) − ρ(S(t)+, t))Ṡ(t). Thus J(ρ(S(t)−, t)) − J(ρ(S(t)+, t)) = (ρ(S(t)−, t) −
ρ(S(t)+, t))Ṡ(t) ⇒ Ṡ(t) = J(ρ(S(t)−,t))−J(ρ(S(t)+,t))

ρ(S(t)−,t)−ρ(S(t)+,t) .

4.2 Common Cases (Lagrange’s Method)

Consider a(x, y)∂xu+b(x, y)∂yu = c(x, y) ⇒ (a, b, c) ·(∂xu, ∂yu,−1) = 0. Denote curved surface
S = {z = u(x, y)|x, y ∈ R} in R3, then (a, b, c) is the tangent direction of S. So denote characteristic
curve as (x(s), y(s), z(s)), we have ẋ(s) = a(x(s), y(s)), ẏ(s) = b(x(s), y(s)), ż(s) = c(x(s), y(s)). A
special case is ∂tρ+∂xρ = 0 ⇒ ẋ(s) = 1, ṫ(s) = 1, ż(s) = 0 ⇒ x(s) = x(0)+ s, t(s) = t(0)+ s, z(s) =

z(0) ⇒ z(s) = ρ(x(s), t(s)) = ρ(x(0), t(0)) = ρ0(x(0)) = ρ0(x(s)− s) = ρ0(x(s)− t(s)).
How to impose IC condition? WLOG, let IC be u(x, y)|Γ = f,Γ = (γ1(r), γ2(r)). Since we can’t

impose IC in the characteristic line which is in the tangent direction, so (a, b) · (−γ′2(r), γ′1(r)) ̸= 0

(non-characteristic condition). Then d
ds
x(r, s) = a(x, y), d

ds
y(r, s) = b(x, y), d

ds
z(r, s) = c(x, y) and

we will get z(r, s) and transform it into z(H(x, y)) = u(x, y). Recall our characteristic line starts

from (r0, 0, f(r0)). Back to original process, J |Γ = ∂(x,y)
∂(r,s)

= det
(
xr xs

yr ys

)
= det

(
γ′1(r) a

γ′2(r) b

)
̸= 0,

so z(r, s) = z(H(x, y)) is feasible (local existence).
Consider common case F (x, y, u, ∂xu, ∂yu) = 0. Denote x = x(r, s), y = y(r, s), z = z(r, s) =

u(x(r, s), y(r, s)), p(r, s) = ∂xu|(x(r,s),y(r,s)), q = ∂yu|(x(r,s),y(r,s)) where x(r, 0) = γ1(r), y(r, 0) = γ2(r).
Then 0 = dF

dx
= ∂F

∂x
+ ∂F

∂z
∂u
∂x

+ ∂F
∂p

∂2u
∂x2 + ∂F

∂q
∂2u
∂x∂y

= ∂F
∂x

+ ∂F
∂z
p + ∂F

∂p
px + ∂F

∂q
py, 0 = dF

dy
= ∂F

∂y
+

∂F
∂z
q + ∂F

∂p
qx + ∂F

∂q
qy,

∂p
∂s

= ∂
∂s
(∂u
∂x
) = ∂2u

∂x2 ẋ + ∂2u
∂x∂y

ẏ = pxẋ + pyẏ = −∂F
∂x

− ∂F
∂z
p, ∂q

∂s
= ∂

∂s
(∂u
∂y
) =

qxẋ + qyẏ = −∂F
∂y

− ∂F
∂z
q (the last two steps are because of the following definitions: d

ds
x(r, s) :=

∂F
∂p
, d
ds
y(r, s) := ∂F

∂q
). Principle: 2nd order derivative should not appear in 1st order PDE. Then

∂z
∂s

= ∂u
∂x
ẋ + ∂u

∂y
ẏ = pẋ + qẏ = p∂F

∂p
+ q ∂F

∂q
. This is called Lagrange’s method. Next, search for
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initial value. x(r, 0) = γ1(r), y(r, 0) = γ2(r), z(r, 0) = f(r). Denote p(r, 0) = ψ1(r), q(r, 0) = ψ2(r),
so F (γ1(r), γ2(r), f(r), ψ1(r), ψ2(r)) = 0 and ∂u

∂x
d
dr
x(r, 0) + ∂u

∂y
d
dr
y(r, 0)|Γ = f ′(r) ⇔ ψ1(r)γ

′
1(r) +

ψ2(r)γ
′
2(r) = f ′(r). Then we can get ψ1(r), ψ2(r).

Example: |∇u| = 1 when x2 + y2 < 1 and u = 0 when x2 + y2 = 1 (Eikonal EQ). We have
|∇u|2 = 1, F = p2 + q2 − 1, ẋs = 2p, ẏs = 2q, ṗs = 0, q̇s = 0, żs = 2p2 + 2q2. IC: x(r, 0) =

cosr, y(r, 0) = sinr, ψ2
1 + ψ2

2 = 1,−ψ1sinr + ψ2cosr = 0. We can get ψ1 = ±cosr, ψ2 = ±sinr, so
x(r, s) = ±(2s+1)cosr, y(r, s) = ±(2s+1)sinr, z = 2s⇒ x2+y2 = (2s+1)2, u(x, y) = −1+

√
x2 + y2

or 1−
√
x2 + y2.

Example: ∂tu = ∂2
xu. Denote v = ∂xu, then

(
1 0

0 0

)
∂t

(
u

v

)
+

(
0 −1

1 0

)
∂x

(
u

v

)
=

(
0 0

0 1

)(
u

v

)
,

namely B∂tu⃗ + A∂xu⃗ = Cu⃗ = b(u⃗). If there exists γ s.t.γTB∂tu⃗ + γTA∂xu⃗ = γT b ⇔ mT (α∂tu⃗ +

β∂xu⃗) = γT b, then characteristic lines satisfy ṫ(s) = α, ẋ(s) = β and mT ż(s) = γT b(t(s), x(s)) =

f(s). Backwards, γTB = αmT , γTA = βmT ⇒ γT (βB − αA) = 0 ⇒ det(βB − αA) = 0. Here we
find α = 0, which leads dx

dt
= ∞, so method of characteristic line is unvalid.

Remark: ∀ PDE, movement constrained in characteristic lines satsify Newton’s law of motion.
For example, Burgers Equation ∂tu+ u∂xu = 0, if ϕ̇(t) = u(x(t), t), then ϕ̈(t) = 0.

5 Fourier Transform

5.1 Fourier Series

Frourier Trans: Given f(x) → f̂(ξ), where f̂(ξ) =
∫
Rd f(x)e

−i2πx·ξdx. f(x) ∈ real space, ξ ∈
phase space. ’f ′(x)(ξ) =

∫
Rd f

′(x)e−i2πx·ξdx =
∫
Rd e

−i2πx·ξdf(x) = i2πξ
∫
Rd f(x)e

−i2πx·ξdx = i2πξf̂ .
Partial Fourier Trans: û(ξ, t) =

∫
Rd u(x, t)e

−i2πx·ξdx. Given ∂tu + ∂xu = 0, then ”∂tu + ∂̂xu =

0 ⇒ ∂tû+ i2πξû = 0, which lets PDE → Algebraic EQ → ODEs.
Fourier inversion: u(x, t) =

∫
Rd û(ξ, t)e

i2πx·ξdξ.
f(x) ∈ R([−π, π]), f(x) ∼

∑
n∈Z Cn(f)e

−inx where Cn(f) = 1
2π

∫ π
−π f(y)e

inydy. Then f(x) ∼
C0(f)+

∑∞
n=1 Cn(f)e

−inx+
∑−∞

n=−1 Cn(f)e
−inx = C0(f)+

1
2π

∑∞
n=1

∫ π
−π f(y)(e

in(y−x)+e−in(y−x))dy =

C0(f) +
1
π

∑∞
n=1

∫ π
−π f(y)(cosnycosnx + sinnysinnx)dy = a0

2
+
∑∞

k=1(akcoskx + bksinkx). Thus we
have ak = 1

π

∫ π
−π f(y)coskydy, bk = 1

π

∫ π
−π f(y)sinkydy.

1) Parsaval identity: ||f ||L2 = ||{Cn(f)}||l2 . In fact, we have ||f − SNf ||L2 → 0 with N → +∞
and SNf(x) → f(x) a.e. What’s more, if f → f (k) ∈ L1, Cn(f) ∼ 1

nk . If f(x) is Lip, Cn(f) =
1
2π

∫ π
−π f(t)e

−intdt = 1
2π

∫ π+π
n

−π+π
n
f(t)e−intdt = 1

2π

∫ π
−π f(s +

π
n
)e−in(s+

π
n )ds = − 1

2π
f(s + π

n
)e−insds ⇒

2Cn(f) =
1
2π

∫ π
−π(f(t)− f(t+ π

n
))e−intdt⇒ 2|Cn(f)| ≤ 1

2π
Lip(f) π|n| · 2π ⇒ |Cn(f)| ≤ π

2|n|Lip(f).
2) R-L lemma: ∀f ∈ L1, Cn(f) → 0.
Gibbs phenomenon: Consider f(x) = π−x

2
, 0 < x < 2π; f(x) = 0, x = 0. SN (f) =

∑N
n=1

sinnx
n

,
max0<x< π

N
SN (f)(x) = max0<x< π

N

∑N
n=1

sinnx
nx

x→
∫ π
0

sint
t
dt ≈ 0.59π, which increases by about 0.09π

compared to the original function.
Example: △u = 0 in B(0, 1), u = g on ∂B(0, 1). Denote u(1, θ) = g(θ) = a0

2
+
∑∞

n=1(ancosnθ+
bnsinnθ) and u(r, θ) = a0

2
+
∑∞

n=1 r
n(ancosnθ+bnsinnθ) = 1

2π

∫ π
−π g(ϕ)dϕ+

1
π

∑∞
n=1 r

n
∫ π
−π g(ϕ)cos[n(ϕ

−θ)]dϕ = 1
2π

∫ π
−π g(ϕ)dϕ+

1
π

∫ π
−π g(ϕ)

∑∞
n=1 r

ncos[n(ϕ−θ)]dϕ⇒ u(r, θ) = 1−r2
2π

∫ π
−π

g(ϕ)
1−2rcos(ϕ−θ)+r2 dϕ.
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5.2 Wave Solution

1) Standing Wave: u(x, t) = Z(x)T (t). 2) Travelling wave: u(x, t) = Z(x− ct).
Consider □u = 0, (x, t) ∈ (0, π) × (0,∞), u(0, t) = u(π, t) = 0, u(x, 0) = f(x), ∂xu(x, t) = 0

where □ = ∂2
t − ∂2

x. ANSATZ u(x, t) = Z(x)T (t), then Z(x)T̈ (t) = Z̈(x)T (t) ⇔ T̈ (t)
T (t)

= Z̈(x)
Z(x)

= λ =

Const. BC: Z(0)T (t) = Z(π)T (t) = 0. So Z̈(x) = λZ(x), Z(0) = Z(π) = 0 ⇒ Z(x) = eµx where
µ2 = λ. 1) λ = 0 ⇒ µ = 0 ⇒ Z(x) = Const. ≡ 0. 2) λ > 0 ⇒ µ = ±

√
λ⇒ Z(x) = c1e

√
λx+c2e

−
√
λx.

Consider BC, c1 + c2 = 0, c1e
√
λπ + c2e

−
√
λπ = 0 ⇒ c1 = c2 = 0 ⇒ Z(x) = Const. ≡ 0. 3) λ < 0 ⇒

µ = ±
√
|λ|i ⇒ Z(x) = c1e

√
|λ|ix + c2e

−
√

|λ|ix. Consider BC, c1 + c2 = 0, c1e
√

|λ|iπ + c2e
−
√

|λ|iπ =

0 ⇒ 2c1sin(
√

|λ|π) = 0, so λ = −k2, k = 1, 2, · · · , Zk(x) = sin(kx). Then T̈ (t)
T (t)

= λ = −k2 ⇒ T (t) =

c1coskt+ c2sinkt. Thus uk(x, t) = (c1coskt+ c2sinkt)sinkx, u(x, t) =
∑∞

k=1(ckcoskt+ dksinkt)sinkx.
Consider IC,

∑∞
k=1 cksinkx = f(x),

∑∞
k=1 kdksinkx = 0 ⇒ cl =

2
π

∫ π
0
f(x)sinlxdx, dl = 0, ∀l ≥ 1. So

u(x, t) =
∑∞

k=1 ckcosktsinkx.
Denote f(x) =

∑∞
k=1 cksinkx, then u(x, t) = 1

2

∑∞
k=1 ck(sink(x + t) + sink(x − t)) = 1

2
(f(x +

t) + f(x− t)) which is superposition of two waves. This usually leads weak solu.

5.3 Fourier Transform

Recall f̂(ξ) =
∫
Rd f(x)e

−i2πx·ξdx, f(x) =
∫
Rd f̂(ξ)e

i2πx·ξdξ.
Gauss function: ÷e−π|x|2 = e−π|ξ|

2 . f̂(ξ) =
∫
Rd e

−π|x|2e−i2πx·ξdx =
∏d
j=1

∫
R
e−πx

2
je−i2πxjξjdxj =∏d

j=1
’e−πx2 . Denote F (ξ) =

∫
R
e−πx

2

e−i2πxξdx, then F ′(ξ) = −2πξF (ξ) ⇒ F (ξ) = Ce−πξ
2 where

C = F (0) =
∫
R
e−πx

2

dx = 1. So we get the conclusion.
Translation: x→ x+ h. ÿ�f(x+ h)(ξ) = ei2πh·ξf̂ .
Stertching: x→ λx. ’f(λx)(ξ) = λ−df̂(ξ/λ).
Derivative: ∂̂f

∂xj
(ξ) = i2πξj f̂ . To go further, p(D) =

∑
k akD

k, then ÷p(D)f = p(2πiξ)f̂ .
f(x) is radial function ⇔ f̂ is radial. We call a function radial iff f(x) = f0(|x|) or f(Qx) = f(x)

where Q is an arbitrary rotation.
f(x) is a homogeneous function of order α, then f̂ is a homo-func of order −(d+ α).
Convolution: ‘f ∗ g = f̂ · ĝ.
δ function: δ̂ = 1 where δ(0) = 1, δ(x) = 0 ∀x ̸= 0 and (δ, f) = f(0). 1v = δ(x).
Example: (xf(x))̂ =

∫
R
xf(x)e−i2πx·ξdx =

∫
R

1
−i2πf(x)

∂
∂ξ
(e−i2πx·ξ)dx = i

2π
d
dξ

∫
R
f(x)e−i2πx·ξdx

= i
2π
(f̂(ξ))′. So ( x2

(1+x2)2
)̂ = (xf(x))̂ = i

2π
(f̂(ξ))′ where f̂(x) = ( x

(1+x2)2
)̂ = − 1

2
[((1 + x2)−1)′ ]̂ =

− 1
2
i2πξ[(1 + x2)−1 ]̂ = − 1

2
i2πξπe−2π|ξ| = −iπ2ξe−2π|ξ|.

Example:
∫
Rd f̂(ξ)e

i2πx·ξdξ =
∫
Rd(
∫
Rd f(y)e

−i2πy·ξdy)ei2πx·ξdξ =
∫
Rd f(y)

∫
Rd e

i2π(x−y)·ξdξdy =∫
Rd f(y)δ(x− y)dy = f(x).

Example: ∂tu + ∂xu = 0, u|t=0 = u0(x). ”∂tu + ∂̂xu = 0 ⇒ ∂tû + i2πξû = 0, û|t=0 = û0(ξ) ⇒
û(ξ, t) = e−i2πξtû0(ξ). Then u(x, t) =

∫
R
û0(ξ)e

−i2πξtei2πξxdξ = u0(x− t).
Example: −△G = δ, x ∈ R3. ’−△G = δ̂ ⇒ 4π2|ξ|2Ĝ = 1 ⇒ Ĝ = 1

4π2|ξ|2 . Notice Ĝ is radial → G

is radial; G is a homo-func of order −(λ+d) = −3−(−2) = −1. So G(x) = G( x|x| |x|) = |x|−1G( x|x|) =

|x|−1G0(| x|x| |) = |x|−1G0(1) = C|x|−1. On the other hand,
∫
B(0,ϵ)

−△Gdx =
∫
B(0,ϵ)

δ(x)dx = 1 ⇒
−
∫
∂B(0,ϵ)

∂G
∂n
dσ = 1 = −

∫
∂B(0,ϵ)

G′
0(ϵ)dσ = −4πϵ2G′

0(ϵ) ⇒ C = 1
4π

. So G(x) = 1
4π|x| .
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Recall Parsaval idenetity: ||f ||L2 = ||Cn(f)||l2 .
Plancherel’s Thm:

∫
|f |2dx =

∫
|f̂ |2dξ, i.e.||f ||L2

= ||f̂ ||L2
.

Proof:
∫
ff̄dx =

∫
Rd

∫
Rd f̂(ξ)e

i2πx·ξdξ
∫
Rd f̂(y)ei2πx·ydydx =

∫
R2d f̂(ξ)f̂(y)

∫
Rd e

i2πx·(ξ−y)dxdξdy

=
∫
Rd f̂(ξ)f̂(ξ)dξ =

∫
Rd |f̂(ξ)|2dξ.

Corollary:
∫
f(x)g(x)dx =

∑
n Cn(f)Cn(g),

∫
f(x)g(x)dx =

∫
f̂(ξ)ĝ(ξ)dξ.

Example: □u = 0, u|t=0 = f(x), ∂tu|t=0 = g(x). By fourier transform, we get ∂2
t û + 4π2ξ2û =

0, û|t=0 = f̂(ξ), ∂tû|t=0 = ĝ(ξ) ⇒ û(ξ, t) = f̂(ξ)cos(2πξt) + ĝ(ξ) sin(2πξt)
2πξ

. By fourier inversion,
we get (f̂(ξ)cos(2πξt))v = 1

2
(f(x + t) + f(x − t)), (ĝ(ξ) sin(2πξt)

2πξ
)v =

∫
Rd ĝ(ξ)

ei2πξ(x+t)−ei2πξ(x−t)

4iπξ
dξ =

1
2

∫
Rd ĝ(ξ)

∫ x+t
x−t e

i2πξsdsdξ = 1
2

∫ x+t
x−t

∫
Rd ĝ(ξ)e

i2πξsdξds = 1
2

∫ x+t
x−t g(s)ds.

Denote K(t) = 1
2

∫
|∂tu|2dx, P (t) = 1

2

∫
|∂xu|2dx, then K(t) + P (t) = 1

2

∫
(|∂tu|2 + |∂xu|2)dx =

1
2

∫
(|”∂tu|2+ |∂̂xu|2)dx = 1

2

∫
|∂tû|2+4π2ξ2|û|2dx. ∂tû = −2πξf̂(ξ)sin(2πξt)+ ĝ(ξ)cos(2πξt), 2πξû =

2πξf̂(ξ)cos(2πξt)+ĝ(ξ)sin(2πξt). ThusK(t)+P (t) = 1
2

∫
(4π2ξ2|f̂(ξ)|2+|ĝ(ξ)|2)dξ = 1

2

∫
(|∂xf(x)|2+

|g(x)|2)dx = K(0) + P (0) → conservation of energy.
limt→∞K(t) = limt→∞

1
2

∫
R
4π2ξ2|f̂(ξ)|2sin2(2πξt)− 2πξf̂(ξ)ĝ(ξ)sin(4πξt)+ |ĝ(ξ)|2cos2(2πξt)dξ

= 1
4

∫
(4π2ξ2|f̂(ξ)|2 + |ĝ(ξ)|2)dξ = 1

2
(K(0) + P (0)). And the same holds true for limt→∞P (t).

Heat Equation: ∂tH = △H,H|t=0 = δ(x). By fourier trans, we get ∂tĤ = −4π2|ξ|2Ĥ, Ĥ|t=0 =

1 ⇒ Ĥ = e−4π2|ξ|2t ⇒ H = (4πt)−
d
2 e−

|x|2
4t (Heat Kernel).

Bessel potential: −△B+B = δ. By fourier trans, B̂ = 1
1+4π2|ξ|2 ⇒ B =

∫
Rd

1
1+4π2|ξ|2 e

i2πx·ξdξ =∫
Rd(
∫∞
0
e−(1+4π2|ξ|2)sds)ei2πx·ξdξ =

∫∞
0
e−s

∫
Rd e

−4π2|ξ|2sei2πx·ξdξds =
∫∞
0
e−s(4πs)−

d
2 e−

|x|2
4s ds.

Laplace Equation: △u = 0, u(x, 0) = f(x), (x, y) ∈ R×R+. û(ξ, y) =
∫
R
u(x, y)e−i2πx·ξdx, ∂2

y û−
4π2ξ2û = 0, û|(ξ,0) = f̂ , û = c1e

−2π|ξ|yf̂(ξ) + c2e
2π|ξ|yf̂(ξ). We ignore the sigular term for y > 0, and

(e−2π|ξ|y)v = y
π(x2+y2)

⇒ u(x, y) =
∫ f(x−t)y
π(t2+y2)

dt.

We find (e−2π|ξ|)v = 1
π(x2+1)

, thus ‘1
1+x2 = πe−2π|ξ|, B(x) = ( 1

1+4π2|ξ|2 )
v =

∫
R

1
1+4π2|ξ|2 e

i2πx·ξdξ =

(η = 2πξ) = 1
2π

∫
R

1
1+η2

eixηdη = 1
2
e−|x|. (dim = 1)

Newton Potential: N(x) = ( 1
4π2|ξ|2 )

v = 1
(d−2)ωd−1

|x|2−d. On the other hand,
∫∞
0
H(x, t)dt(t =

|x|2
4s

) =
∫∞
0
(π|x|

2

s
)−

d
2 e−s |x|

2

4
s−2ds = 1

4
π− d

2 |x|2−d
∫∞
0
s

d
2−2e−dsds = 1

4
π− d

2 |x|2−dΓ(d
2
− 1) = N(x).

Assume f(x) is radial and consider polar coordinates


x1 = rsinθcosϕ

x2 = rsinθsinϕ

x3 = rcosθ

or x = rγ. Then

f̂(ξ) =
∫
R3 f(x)e

−i2πx·ξdξ =
∫∞
0
r2
∫
S2 f(rγ)e

−i2πrγ·ξdσ(γ)dr =
∫∞
0
r2f0(r)

∫
S2 e

−i2πrγ·ξdσ(γ)dr and
dσ(γ) = sinθdθdϕ. I(ξ) = 1

4π

∫
S2 e

−i2πrγ·ξdσ(γ), I(ξ) = I(Qξ) (Q is an arbitrary rotation) ⇒ I(ξ) =
1
4π

∫ 2π

0
dϕ
∫ π
0
e−i2πr|ξ|cosθsinθdθ = 1

2

∫ π
0
e−i2πr|ξ|cosθsinθdθ(s = 2πr|ξ|cosθ) = 1

2

∫ 2πr|ξ|
−2πr|ξ|

coss
2πr|ξ|ds ⇒

f̂(ξ) =
∫∞
0
r2f0(r)

∫
S2 e

−i2πrγ·ξdσ(γ)dr = 4π
∫∞
0
r2f0(r)

sin2πr|ξ|
2πr|ξ| dr =

2
|ξ|

∫∞
0
rf0(r)sin2πr|ξ|dr. If dim

= 2, f̂(ξ) =
∫
R2 f(x)e

−i2πx·ξdξ =
∫∞
0
r
∫
S1 f(rγ)e

−i2πrγ·ξdσ(γ)dr =
∫∞
0
rf0(r)

∫
S1 e

−i2πrγ·ξdσ(γ)dr =

[ξ = (0,−|ξ|)] =
∫∞
0

2πrf0(r)× J0(2πr|ξ|)dr where J0(2πr|ξ|) =
∫ 2π

0
ei2πr|ξ|sinθdθ.

Yukawa potential: −△B+µ2B = δ. By fourier trans, B̂ = 1
µ2+4π2|ξ|2 , B =

∫
R3

1
µ2+4π2|ξ|2 e

i2πx·ξdξ

=
∫∞
0

4πr2

µ2+4π2r2
sin(2π|x|r)

2π|x|r dr = 2
|x|

∫∞
0

rsin(2π|x|r)
µ2+4π2r2

dr (transfer to complex variable) = e−µ|x|

4π|x| . (dim = 3)
Denote f(ξ) = e−2π|ξ|. (e−2π|ξ|y)v = 1

π
y

x2+y2
, e−2π|ξ| = 1

π

∫
1

x2+1
ei2πξ·xdx = 1

π

∫
(
∫∞
0
e−(x2+1)sds)

ei2πξ·xdx = 1
π

∫∞
0
e−s(e−sx

2

)vds = 1
π

∫∞
0
e−s( s

π
)−

1
2 e−

π2|ξ|2
s ds. (e−2π|ξ|)̂ = π− 1

2
¤�

{
∫∞
0
s−

1
2 e−(s+

π2|ξ|2
s )ds}
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= π− 1
2

∫∞
0
s−

1
2 e−s(e−

π2|ξ|2
s )̂ ds = π− 1

2

∫∞
0
s−

1
2 e−s(π

s
)−

d
2 e−s|x|

2

ds = π− d+1
2

∫∞
0
s

d−1
2 e−s(1+|x|2)ds(t =

s(1 + |x|2) = π− d+1
2

∫∞
0
(1 + |x|2)− d−1

2 t
d−1
2 e−t(1 + |x|2)−1dt = π− d+1

2 (1 + |x|2)− d+1
2

∫∞
0
t

d−1
2 e−tdt =

π− d+1
2 (1 + |x|2)− d+1

2 Γ(d+1
2
) → Gauss-Weistrass kernel.

Consider □u = 0, u|t=0 = f(x), ∂tu|t=0 = g(x). ∂2
t û + 4π2|ξ|2û = 0, û(ξ, t) = f̂(ξ)cos(2π|ξ|t) +

ĝ(ξ) sin(2π|ξ|t)
2π|ξ| . Def Mt(tg) = −

∫
|y−x|=ttg(y)dσ(γ), then ÷Mt(tg) =

∫
R3 −
∫
S2tg(x+ tγ)dσ(γ)e−i2πx·ξdx =∫

R3 −
∫
S2tg(y)e

−i2π(y−tγ)·ξdσ(γ)dy =
∫
R3 tg(y)e

−i2πy·ξdy−
∫
S2e

i2πtγ·ξdσ(γ) = ĝ(ξ) sin(2π|ξ|t)
2π|ξ| . Thus when

dim = 3, u(x, t) = ∂
∂t
(Mt(tf))+Mt(tg). Also, Mt(f) =

1
4π

∫
S2 f(x− tγ)dσ(γ) = 1

4π

∫ 2π

0
dϕ
∫ π
0
f(x1−

tsinθcosϕ, x2 − tsinθsinϕ)sinθdθ = 1
2π

∫ 2π

0
dϕ
∫ π

2

0
f(x1 − tsinθcosϕ, x2 − tsinθsinϕ)sinθdθ(r = sinθ) =

1
2π

∫ 2π

0
dϕ
∫ 1

0
f(x1− trcosϕ, x2− trsinϕ) r√

1−r2 dr =
1
2π

∫
|y|≤1

f(x− ty) 1√
1−|y|2

dy := M̃t(f). When dim

= 2, u(x, t) = ∂
∂t
(tM̃t(f)) + tM̃t(g). (Method of descent)

Regard fourier transform as an operator, i.e.Tf = f̂ , then T : L1 → L∞, ||T ||L1→L∞ ≤ 1;T :

L2 → L2, ||T ||L2→L2
= 1.

Riesz-Thorin Interpolation Thm: T : Lp1 → Lq1 , T : Lp2 → Lq2 ,
1
p
= θ

p1
+ 1−θ

p2
, 1
q
= θ

q1
+ 1−θ

q2
,

then T : Lp → Lq, ||T ||Lp→Lq
≤ ||T ||θLp1

→Lq1
+ ||T ||1−θLp2

→Lq2
.

Hausdorff-Young’s inequality: ||f̂ ||L p ≤ ||f ||L q , 1
p
+ 1

q
= 1.

||f ∗ g||r ≤ ||f ||p||g||q where 1 + 1
r
= 1

p
+ 1

q
.

Example: □u = f, u|t=0 = 0, ∂tu|t=0 = 0. ∂tû + 4π2|ξ|2û = f̂ , û|t=0 = 0, ∂tû|t=0 = 0, û(ξ, t) =∫ t
0

sin2πξ(t−s)
2πξ

f̂(ξ, s)ds. u(x, t) =
∫ t
0

∫
R

sin2πξ(t−s)
2πξ

f̂(ξ, s)ei2πx·ξdξds = 1
2

∫ t
0

∫
R
ei2πξ(t−s)−e−i2πξ(t−s)

i2πξ

ei2πx·ξf̂(ξ, s)dξds = 1
2

∫ t
0

∫
R

∫ x+t−s
x−t+s e

i2πξηdηf̂(ξ, s)dξds = 1
2

∫ t
0

∫ x+t−s
x−t+s f(x, s)dxds.

Example: utt = uxx + u, u|t=0 = g, ∂tu|t=0 = h. Denote v(x, y, t) = u(x, t)ey, then ∂2
t v =

∂2
t ue

y, ∂2
xv = ∂2

xue
y, ∂2

yv = uey ⇒ vtt = ∂2
xv + ∂2

yv, v(x, y, 0) = gey, ∂tv(x, y, 0) = hey.
Example: (Duhammel’s Principle) Ut + AU = F . The solution is U(x, t) = S(t)U0 +

∫ t
0
S(t −

s)F (s)ds. Then for utt = △u + f, ∂
∂t

(
u

ut

)
=

(
0 1

△ 0

)(
u

ut

)
+

(
0

f

)
⇒ Ut = AU + F . Therefore,

U =

(
u

ut

)
= S(t)

(
g

h

)
+
∫ t
0
S(t− s)

(
0

f

)
ds.

Kirchhoff formula(dim = 3): □au = ∂2
t u−a2∂2

xu = f, u|t=0 = ϕ(x), ∂tu|t=0 = ψ(x). The solution
is u(x, t) = 1

4πa2t2

∫
∂B(x,at)

[ϕ(y) +Dϕ(y) · (y − x) + tψ(y)]dS(y) + 1
4πa2

∫
B(x,at)

f(y,t−|y−x|/a)
|y−x| dy.

For dim = 2, u(x, t) = 1
2πat

∫
B(x,at)

[ϕ(y)+Dϕ(y)·(y−x)+tψ(y)]√
(at)2−|y−x|2

dy + 1
2πa

∫∫
C(x,t)

f(y,τ)√
a2(t−τ)2−|y−x|2

dydτ ,
where C(x, t) = {(y, τ) ∈ R3 : 0 ≤ τ ≤ t, |y − x| ≤ a(t− τ)}.

Example: ∂tu = ∂2
xu+a∂xu+bu. ∂tû = −4π2ξ2û+ai2πξû+bû, û(ξ, t) = û(ξ, 0)e−4π2ξ2t+i2πaξt+bt.

u(t) =
∫
R
e−4π2ξ2t+i2πaξtei2πx·ξdξebt =

∫
R
e−4π2ξ2tei2πξ(x+at)dξebt = (4πt)−

1
2 e−

|x+at|2
4t +bt.

Example: □u = c2u, u|t=0 = g(x), ∂tu|t=0 = h(x). Denote v(x, y, t) = u(x, t)ecy, we get
∂2
t v −△v = □v = 0.

Example: ∂tu = x2 ∂
2u
∂x2 + ax∂u

∂x
. Denote U(y, t) = u(e−y, t)(x = e−y), so ∂U

∂t
= ∂2U

∂y2
+ (1− a)∂U

∂y
.

Then use fourier transform.
Example: □u = 0, u|t=0 = x3 + y2z, ∂tu|t=0 = 0. Consider □u1 = 0, u1|t=0 = x3, ∂tu1|t=0 = 0

and □u2 = 0, u2|t=0 = y2z, ∂tu2|t=0 = 0. Assume u1 = ϕ(x, t), u2 = ψ(y, t)z, we get u1 = 1
2
((x +

t)3 + (x− t)3), u2 =
1
2
((y + t)2 + (y − t)2)z.
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6 Fundamental Solution and Green’s Function

6.1 Fundamental Solution

Consider −△u = f , we hope u = N ∗f where N is fundamental solution and satisfies −△N = δ,
then N(x) = 1

(d−2)wd
|x|2−d(d > 2). When d = 2, N(x) = − 1

2π
ln|x|; d = 1, N(x) = − 1

2
|x|.

By fourier transform, we have already known that the solution to −△N = δ is a radial function.
So denote N(x) = N0(r), r = |x|, then ∂N

∂xi
= N ′

0(r)
∂r
∂xi

= N ′
0(r)

xi

r
, ∂

2N
∂x2

i
= N ′′

0 (r)(
xi

r
)2+N ′

0(r)(
1
r
− x2

i

r3
).

△N = △N0 ⇒ rN ′′
0 (r)+N

′
0(r)(d−1) = 0 ⇒ (rd−1N ′

0(r))
′ = 0, N ′

0(r) =
c1
rd−1 , N0(r) = c2r

2−d(d ̸= 2)

or c2lnr(d = 2).
Yukawa potential: −△Yµ+µ2Yµ = δ. Yµ(x) = Y0(|x|), |x| = r, so −rY ′′

0 (r)−2Y ′
0(r)+µ

2rY0(r) =

0. Denote W (r) = rY0(r), then −W ′′(r)+µ2W (r) = 0. Here we choose W (r) = e−µr, Y0(r) =
c
r
e−µr.

To get c, we consider the integral
∫
B(0,ϵ)

−△Yµdx + µ2
∫
B(0,ϵ)

Yµdx = 1 ⇒ −
∫
∂B(0,ϵ)

∂Yµ

∂n
dσ(x) +

µ2
∫
B(0,ϵ)

Yµdx = 1 ⇒ c
ϵ2
(1 + µϵ)e−µϵ4πϵ2 + µ2

∫
B(0,ϵ)

c
r
e−µrdx = 1(ϵ→ 0) ⇒ c = 1

4π
.

Wave equation: □W = 0,W |t=0 = 0, ∂tW |t=0 = δ. Ŵ = sin(2π|ξ|t)
2π|ξ| ,W =

∫
R3

sin(2π|ξ|t)
2π|ξ| ei2πx·ξdξ =∫∞

0
rsin(2πrt)

2π

∫
S2 e

i2πx·rγdσ(γ)dr = 1
2π|x|

∫∞
0

sin(2πrt)sin(2πr|x|)dr = −1
8π|x|

∫
R
(ei2πr(t+|x|)−e−i2πr(t−|x|)

−e−i2πr(|x|−t)−e−i2πr(t+|x|))dr = 1
4π|x|δ(t−|x|). So W ∗h =

∫
R3

δ(t−|y|)
4π|y| h(x−y)dy = 1

4π

∫
S2

∫∞
0
rδ(t−

r)h(x − rγ)drdσ(γ) = 1
4π

∫
S2 th(x − tγ)dσ(γ) = tMt(h). The solution of common cases is given by

∂t(W ∗ u0) +Wt ∗ u1. (All the discussions here are in the condition of d = 3)
Heat equation: ∂tH = ∂2

xH,H|t=0 = δ(x). We notice that λdH(λx, λ2t) is a fundamental
solution (δ(λx) = λ−dδ(x)), so λdH(λx, λ2t) = H(x, t)(λ = t−

1
2 ) ⇒ H(x, t) = t−d/2h(x/t1/2)(radial)

= t−d/2w(|x|/t1/2). Taking it to the previous equation, we can get 1
2
(rdw(r))′ + (rd−1w′(r))′ = 0 ⇒

rd

2
w(r) + rd−1w′(r) = 0 ⇒W (r) = Ce−

1
4 r

2 .
Example: ∂tu + △(uγ) = 0, x ∈ Rd, γ > 1, u ≥ 0. We assume the solution has the form

t−αv( x
tβ
)(self-similar), then t−α−1(u+(y ·∇)v)(y) = t−(αγ+2β)△vγ where y = x

tβ
⇒ α+1 = αγ+2β.

To find fundamental solution, we assume v( x
tβ
) = w( |x|

tβ
) and denote r = |x|

tβ
. So △uγ = t−αγ△wγ =

t−αγ−2β(wγ + d−1
r
(wγ)′), ∂tu = t−α−1(αw + βrw′(r)) ⇒ αrw + βr2w′(r) + r(wγ)′′ + (d− 1)(wγ)′ =

0 ⇒ αrd−1w+βrd−1w′(r)+ (rd−1(wγ)′)′. Assume α = dβ, then (βrdw+ rd−1(wγ)′)′ = 0 ⇒ (wγ)′ =

−βrw ⇒ γ
γ−1

(wγ−1)′ = −βr ⇒ w = (C − β(γ−1)
2γ

r2)
1

γ−1 = (C − β(γ−1)
2γ

|x|2
t2β

)
1

γ−1 .

6.2 Green’s Function

Consider

−△u = f in Ω

u = g on ∂Ω
(Dirichlet BVP). We hope we can represent the solution in terms of

Green’s function. 0 =
∫
Ω
(△u+ f)vdx = −

∫
Ω
∇u∇vdx+

∫
∂Ω

∂u
∂n
vdσ(x)+

∫
Ω
f · vdx⇒

∫
Ω
△u · vdx =

−
∫
Ω
∇u∇vdx +

∫
∂Ω

∂u
∂n
vdσ(x),

∫
Ω
△v · udx = −

∫
Ω
∇v∇udx +

∫
∂Ω

∂v
∂n
udσ(x) ⇒

∫
Ω
(△u · v − △v ·

u)dx =
∫
∂Ω

( ∂u
∂n
v − ∂v

∂n
u)dσ(x). Define Green function as

−△Gy(x) = δ(x− y), x ∈ Ω

Gy(x) = 0, x ∈ ∂Ω
, so the

above can be rewritten as −
∫
Ω
f(x)Gy(x)dx+ u(y) = −

∫
∂Ω

∂Gy

∂n
g(x)dσ(x) where Gy = v and then

u(y) =
∫
Ω
f(x)Gy(x)dx−

∫
∂Ω

∂Gy

∂n
g(x)dσ(x).

Example: −u′′(x) = f(x), u(0) = u(1) = 0. Green function −G′′
y(x) = δ(x − y), Gy(0) =

17



FUNDAMENTAL SOLUTION AND GREEN’S FUNCTION

Gy(1) = 0. For x ̸= y,−G′′
y(x) = 0 ⇒ Gy(x) =

A(y)x, 0 < x < y

C(y)(x− 1), y < x < 1
.
∫ y+ϵ
y−ϵ −G

′′
y(x)dx =

∫ y+ϵ
y−ϵ δ(x − y)dx = 1 ⇒ −G′

y(y + ϵ) + G′
y(y − ϵ) = 1,−C(y) + A(y) = 1.

∫ y+ϵ
y−ϵ

∫ x
0
G′′
y(x

′)dx′dx =∫ y+ϵ
y−ϵ

∫ x
0
δ(x′ − y)dx′dx = ϵ(ϵ → 0) ⇒ Gy(x) ∈ C[0, 1] ⇒ A(y)y = C(y)(y − 1). Thus A(y) =

1− y, C(y) = −y and u(y) =
∫ 1

0
Gy(x)f(x)dx =

∫ 1

0
(min(x, y)− xy)f(x)dx.

Consider

−△u = f in Ω

∂nu = g on ∂Ω
. Green function

−△Gy(x) = δ(x− y)− 1
|Ω| , x ∈ Ω

∂Gy

∂n
= 0, x ∈ ∂Ω

. u(y) =∫
Ω
f(x)Gy(x)dx+−

∫
Ω
udx+

∫
Ω
g(x)Gy(x)dσ(x). The solution is not unique. (−

∫
Ω
fdx =

∫
∂Ω
gdσ).

Example:

−∇ · (A∇u) + (b · ∇)u = f

u = g
.
∫
Ω

L [u]vdx =
∫
Ω
(−∇ · (AT∇v) + ∇ · (bv))udx +∫

∂Ω
(b · n)uvdσ(x) +

∫
∂Ω

(n · (AT∇v)u − n · (A∇u)v)dσ(x). Define L ∗[u] = −∇(AT∇u) +∇ · (bu).

Green function

L ∗Gy(x) = δ(x− y), x ∈ Ω

Gy(x) = 0, x ∈ ∂Ω
.

Consider

−△Gy(x) = δ(x− y), x ∈ Ω

Gy(x) = 0, x ∈ ∂Ω
. Assume Gy(x) = Ny(x) + H(x) where Ny(x) is

Newton potential, then

−△Hy(x) = 0, x ∈ Ω

Hy(x) = −Ny(x), x ∈ ∂Ω
.

Example:

−△u = 0, x ∈ R×R+

u = f(x), x ∈ ∂R×R+

. Method of image: Ny(x) = − 1
2π

ln|x− y|, and Gy(x) =

Ny(x)−Ny∗(x) where y2 + y∗2 = 0. Then ∂Gy

∂n
= − 1

π
y2

|x−y|2 , u(y) =
1
π

∫
R

f(x1)y2
(x1−y1)2+y22

dx1.

Example:

−△u = 0, x ∈ R+ ×R+

u = f(x), x ∈ ∂R+ ×R+

. Gy(x) = Ny(x) − Ny1(x) − Ny2(x) + Ny3(x) where

y1 = (1,−1)y, y2 = (−1, 1)y, y3 = (−1,−1)y (entry-wise).

Example:

−△u = f, u ∈ BR(0)

u = g, u ∈ ∂BR(0)
. Kelvin transform: y∗ = R2

|y|2 y. Thus |x − y∗|2 = |x|2 −

2(x, y) R
2

|y|2 + R4

|y|2 (x ∈ ∂BR(0)) = R2

y2
(|y|2 − 2(x, y) + |x|2) ⇒ |x − y∗| = R

|y| |x − y|. Then Gy(x) =
1

(d−2)wd−1
|x−y|2−d− 1

(d−2)wd−1
( |y|
R
|x−y∗|)2−d,, d ≥ 3 and Gy(x) = − 1

2π
ln|x−y|+ 1

2π
ln |y|

R
|x−y∗|, d = 2.

u(y) =
∫
BR(0)

=
∫
Ω
f(x)Gy(x)dx −

∫
∂BR(0)

g(x)∂Gy

∂n
dσ(x). If d ≥ 3, ∂Gy

∂n
= xi

R

∂Gy

∂xi
= xi

R
(− 1

wd−1
|x −

y|1−d xi−yi
|x−y| +

1
wd−1

|x−y∗|1−d x
∗
i −y

∗
i

|x−y∗|(
|y|
R
)2−d) = xi

R
1

wd−1
(− xi−yi

|x−y|d +
xi−y∗i

|x−y∗|d(|y|/R)d
|y|2
R2 ) =

−1
wd−1R|x−y|d (|y|

2−
R2). Assume f(x) = 0, u(y) = R2−y2

wd−1R

∫
∂BR(0)

g(y)
|x−y|d dσ(x), and u(0) = −

∫
∂BR(0)

u(y)dσ(y). By taking
integral w.r.t. r from 0 to R, u(0) = −

∫
BR(0)

u(y)dy.

Symmetric:

−△Ga(x) = δ(x− a), x ∈ Ω

Ga(x) = 0, x ∈ ∂Ω
,

−△Gb(x) = δ(x− b), x ∈ Ω

Gb(x) = 0, x ∈ ∂Ω
. Gb(a)−Ga(b)

=
∫
Ω
(△Ga)Gb − (△Gb)Gadx =

∫
∂Ω

∂Ga

∂n
Gb − ∂Gb

∂b
Gadσ = 0.

Example:

−△u = f, x ∈ B(0, R)

∂u
∂n

= g, x ∈ ∂B(0, R)
(d = 2). Assume Gy(x) = Ny(x) +Ny∗(x) = − 1

2π
ln|x−

18



FOURIER METHOD

y| − 1
2π

ln |y|
R
|x− y∗|. ∂Gy

∂n
= − 1

2πR
. Transfer the former question to

−△H(x) = − 1
πR2

∂H
∂n

= 1
2πR

. Assume

H(x) = H0(r), then H ′′
0 (r) +

1
r
H ′

0(r) =
1

πR2 ,H
′
0(R) =

1
2πR

⇒ H0(r) =
r2

4πR2 + C.

7 Fourier Method

7.1 Eigenvalue Problem and Separation of Variables

Consider

−u′′(x) = λu

u(0) = u(π) = 0
, λk = k2, uk = sinkx.

−u′′(x) = λu

u′(0) = u′(π) = 0
, λk = k2, uk =

coskx.

−u′′(x) = λu

u(0) = 0, u′(π) = 0
, λk = (k + 1

2
)2, uk = sin(k + 1

2
)x.

−u′′(x) = λu

u′(0) = 0, u(π) = 0
, λk =

(k + 1
2
)2, uk = cos(k + 1

2
)x.

Example:

−u′′(x) = f(x)

u(0) = u(π) = 0
. ũk(x) =

»
2
π

sinkx, u(x) =
∑
akũk(x),−u′′(x) = −

∑
akũ

′′
k(x) =∑

λkakũk(x). f(x) =
∑
fkũk(x) ⇒ λkak = fk, u(x) =

∑ fk
ak
ũk(x) =

∑∞
k=1 λ

−1
k

∫ 1

0
f(y)ũk(y)dyũk(x) =∫ 1

0
f(y)

(∑∞
k=1

ũk(x)ũk(y)
λk

)
=
∫ 1

0
f(y)Gx(y)dy where Gx(y) =

∑∞
k=1

2
π

sinkxsinky
k2

= min(x, y)− xy
π

.

Example:


∂tu = △u

u(0) = u(π) = 0

u|t=0 = u0(x)

. Assume u(x, t) = T (t)Z(x), Zk(x) = ũk(x), then Ṫ (t) =

−λkT (t), T (t) = e−λktT (0), u(x, t) =
∑∞

k=1 ake
−k2tũk(x), u(x, 0) =

∑∞
k=1 akũk(x) = u0(x), thus

ak =
∫ π
0
u0(x)ũk(x)dx.

Example:



□u = 0

u|t=0 = f

∂tu|t=0 = g

u(0, t) = u(π, t) = 0

. Assume u =
∑

k Tk(t)Zk(x) where Zk(x) =
»

2
π

sinkx, we

get u =
∑∞

k=1(ckcoskt + dksinkt)Zk(x) where ck =
∫ π
0
f(x)Zk(x)dx, dk = 1

k

∫ π
0
g(x)Zkxdx. Denote

un =
∑n

k=1(ckcoskt+ dksinkt)Zk(x), then □un = 0, 0 =
∫∞
0
dt
∫ π
0
□unϕ(x, t)dx =

∫∞
0
dt
∫ π
0
(∂2
t un −

∂2
xun)ϕ(x, t)dx.

∫ π
0
dx
∫∞
0
∂2
t unϕdt =

∫ π
0

∫∞
0
ϕd∂tun =

∫ π
0
dx(−ϕ(x, 0)∂tun(x, 0))−

∫∞
0
∂tun∂tϕdx =

−
∫ π
0
ϕ(x, 0)gndx−

∫ π
0

∫∞
0
∂tϕdun = −

∫ π
0
ϕ(x, 0)gndx+

∫ π
0
∂tϕ(x, 0)fndx,

∫∞
0
dt
∫ π
0
−∂2

xunϕ(x, t)dx =∫ π
0

∫∞
0
un□ϕdxdt. Let n→ ∞, we get −

∫ π
0
ϕ(x, 0)g(x)dx+

∫ π
0
∂tϕ(x, 0)f(x)dx+

∫ π
0

∫∞
0
u□ϕdxdt→

weak solu.
If we replace BC with inhomogeneous condition, i.e.u(0, t) = A(t), u(π, t) = B(t). Denote

w(x, t) = B−A
π
x+A(t) and v = u−w, we get □v = −∂2

tw := f(x, t), v(x, 0) = f(x)−w(x, 0), ∂tv(x, 0)
= g(x) − ∂tw(x, 0) → □v = f(x, t), v(x, 0) = f1, ∂tv(x, 0) = g1, v(0, t) = v(π, t) = 0. Then use
Duhammel’s principle to acquire a special solution.

Example: −△u = 0,Ω = (0, a)× (0, b), u(x, 0) = f(x), u(x, b) = u(0, y) = u(a, y) = 0. Assume
u(x, y) = Z(x)Y (y), Z̈(x)Y (y)+Z(x)Ÿ (y) = 0, Z̈(x)

Z(x)
= − Ÿ (y)

Y (y)
. So −Z̈(x) = λZ(x), Z(0) = Z(a) = 0.
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ENERGY METHOD

Eignevalue λk = (kπ
a
)2, Zk(x) =

»
2
a
sinkπx

a
. Ÿ (y) = λkY (y), Y (b) = 0, Yk(y) = sinhkπ

a
(b− y). Thus

u(x, y) =
∑∞

k=1 akZk(x)Yk(y), ak = (f,Zk)
Yk(0)

⇒ u(x, y) =
∑

k fk
Yk(y)
Yk(0)

Zk(x). Yk(y)
Yk(0)

=
sinh kπ

a (b−y)
sinh kπ

a b
=

e−
kπ
a

y−e−
kπ
a

(2b−y)

1−e−
2kπ
a

b
. limy→0u(x, y) = f(x).

Example: −△u = f,Ω = BR(0), u(R, θ) = g(θ). Assume u(r, θ) = R(r)Θ(θ), then R̈(r)Θ(0) +
1
r
Ṙ(r)Θ(0) + R(r)

r2
Θ̈(θ) = 0 ⇒ r2 R̈(r)

R(r)
+ r Ṙ(r)

R(r)
= − Θ̈(θ)

Θ(θ)
. Periodic BC: Θ(0) = Θ(2π),Θ′(0) = Θ′(2π).

Eigenvalue λk = k2, r2R̈(r) + rṘ(r) = −k2R(r) (Euler Equation), R(r) = rα, α2rα = k2rα, α =

±k ⇒ R(r) = rk, r−k(k ≥ 1) and R(r) = 1, lnr(k = 0). Thus u = α + βlnr +
∑∞

k=1 r
k(akcoskθ +

bksinkθ) +
∑∞

k=1 r
−k(ckcoskθ + dksinkθ).

Example: u2xuxx+2uxuyuxy+u
2
yuyy = 0. Assume u(x, y) = Z(x)Y (y), (Ż(x)Y (y))2Z̈(x)Y (y)+

2Ż(x)Y (y)Z(x)Ẏ (y)Ż(x)Ẏ (y) + (Z(x)Ẏ (y))2Z(x)Ÿ (y) = 0. Let Ż(x) = λ1Z(x), Ẏ (y) = λ2Y (y),
then λ4

1Z
3Y 3+2λ2

1λ
2
2Z

3Y 3+λ4
2Z

3Y 3 = 0 ⇒ λ2
1+λ

2
2 = 0. So u(x, y) = eλ1xeλ2y = eλ2(y±ix)(λ2 < 0).

In anthoer way, assume u(x, y) = Z(x)+Y (y), (Ż)2Z̈+(Ẏ (y))2Ÿ (y) = 0, Z̈(x)(Ż)2 = λ, Ÿ (y)(Ẏ (y))2

= −λ⇒ (Ż)3 = 3λx, Ż = (3λx)1/3, Z = C + 4
3
(3λx)4/3.

Example: ∂tu = △(uγ). Assume u = T (t)Z(x), Ṫ (t)Z(x) = T γ(t)△Zγ , Ṫ (t)
Tγ(t)

= △Zγ

Z(x)
= λ.

1
1−γT

1−γ(t) = C1 + λt, T (t) = ((1 − γ)C1 + (1 − γ)λt)
1

1−γ . Also, △Zγ = λZ,Z(x) = |x|α, Zγ =

|x|αγ , αγ(αγ − 1)|x|αγ−2 + (d− 1)αγ|x|αγ−2 = λ|x|α ⇒ αγ − 2 = α, α = 2
γ−1

, λ = αγ(αγ + d− 2).

Consider

Lu = f in Ω

u = 0 on ∂Ω
,

Lu = λu in Ω

u = 0 on ∂Ω
. Green function

LGy(x) = δ(x− y) in Ω

Gy(x) = 0 on ∂Ω
,

Gy(x) =
∑∞

k=1 ak(y)uk(x),LGy(x) =
∑∞

k=1 ak(y)Luk(x) =
∑∞

k=1 ak(y)λkuk(x) = δ(x−y). So (δ(x−
y), uk(x)) = ak(y)λk(uk, uk) ⇒ uk(y) = λkak(y), ak(y) = λ−1

k uk(y), Gy(x) =
∑∞

k=1 λ
−1
k uk(x)uk(y).

7.2 Variation of Constant for PDE

Recall u̇ = Au+ f, u(0) = u0. The solu is u(t) = eAtu0 +
∫ t
0
eA(t−s)f(s)ds.

Consider ut = △u + f, u|t=0 = u0. Regard A = △, eAtu0 =
∫
Rd(4πt)

− d
2 e−

|x−y|2
4t u0(y)dy, then

u(t) =
∫
Rd(4πt)

− d
2 e−

|x−y|2
4t u0(y)dy +

∫ t
0

∫
Rd(4π(t− s))−

d
2 e−

|x−y|2
4(t−s) f(y, s)dyds.

Consider u̇ = Au + f, u(0) = 0. Denote v(t, s) satisfies vt(t, s) = Av(t, s), v(t, t) = f(t), thus
v(t, s) = eA(t−s)f(s) and u(t) =

∫ t
0
v(t, s)ds.

Consider ∂tu = △u+f, u|t=0 = 0. Denote v(x, t, s) satisfies vt(x, t, s) = △v(x, t, s), v(x, t, s)|s=t
= f(x, t). The solution is given by u(x, t) =

∫ t
0
v(x, t, s)ds.

8 Energy Method

Consider wave equation □u = 0, u = g, u|t=0 = u0, ∂tu|t=0 = u1, Ω = {(x, t) ∈ R3×R : |x−x0| ≤
|t−t0|}, and energy density e(t) = 1

2
u2t+

1
2
|∇u|2. ė(t) = ututt+∇u∇ut = ut△u+∇u∇ut = ∇·(ut∇u).

Denote m(t) = ut∇u, then et−∇·m(t) = 0 =
∫
F
(et−∇·m(t))dxdt where F is a frustum (i.e. a piece

of solid light cone). By Gauss’s formula, we obtain
∫
∂F

(nte(t)− n ·m(t))dx = 0. Denoting T,B,K
as the top, the bottom and the side of F , we have

∫
T
e(t)dx−

∫
B
e(t)dx+

∫
K
(nte(t)− ut

∂u
∂n

)dx = 0.
The third term is equal to 1√

2

∫
K
(e(t)−ut ∂u∂n)dx ≥ 1√

2

∫
K
(e(t)− 1

2
u2t − 1

2
|∇u|2)dx = 0, so

∫
T
e(t)dx ≤∫

B
e(t)dx.
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