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CONCENTRATION OF SUMS OF INDEPENDENT RANDOM VARIABLES
0 Appetizer

Convex combination: For z1,za,--- , 2, € R, the form of ;" A;z; with A; > 0,%7", A\; = 1. Convex hull of

T C R"™: conv(T) = {convex combinations of 21, -+, 2, € T,m € N}.

Caratheodory’s theorem: Every point in the convex hull of a set T C R"™ can be expressed as a convex combination

of at most n + 1 points from T

Approximate Caratheodory’s theorem: Consider T C R", diam(7) = sup{||s — tHg, s,t € T} < 1. Then for any
x € conv(T) and any k, one can find points x1, 2, , 2, € T such that ||z — Z _ Zill2 < i (repetition is
allowed).

Proof WLOG assume ||t]2 < 1,Vt € T. Fix o € conv(T),z = > i, Xizi,zi € T. Define Z,P(Z = z;) = X\i,EZ = z. Consider
Lid. Zy,Z2,--- of Z, 30| Zj — was. n— foo. Bz — 1 zf VZillE =& Z§:1 E|Z;—z|3 = &= Z;?:l(E||Z]-|\2—||EZj|\§) <
+ = J a realization of Z1,--- , Zj such that ||z — £ Z] 1 Zjl2 < 1 O

Corollary (Covering polytopes by balls): P is a polytope in R" with N vertices, diam(P) < 1. Then P can be
covered by at most N/ <] Euclidean balls of radii e > 0.

1 Preliminaries on random variables

Jensen’s inequality: convex ¢, ¢(EX) < Ep(X). = || X||zr < || X||re for p < gq.
Minkowski inequality: p > 1, || X + Y| z» < || X||zr + [|Y]|Lr-
Cauchy-Schwarz inequality: E|XY| < || X|z2]Y]| 2.

Holder inequality: p,q € (1,+00), = + % =lorp=1,q=o00, E|XY| <|X|e||Y] La-

1
P
X >0, then EX = f P(X > t)dt.
Markov inequality: X > 0,¢t > 0,P(X >1¢) < %.

LLN: Xy, -+, X,, - iid., EX; = p, Var(X;) = 02,5y = X; + Xo + -+ + Xy. Then: (WLLN) P(|Z¥ — p| >
€) = 0,Ve > 0; (SLLN) P(5¥ — p, N — +00) = 1.

CLT: Zy = j% 4 N(0,1).

Xni,1 < i < N independent Ber(py;), max;<ypn; — 0,5y = Zi\; Xn,i,ESy — A < 400. Then Sy 4

Poisson(A).

2 Concentration of sums of independent random variables

Question: N times, P(head > §N) =7 Let Sy be the number of heads, ESy = %, Var(Sy) =
N

inequality: P(Sy > 2N) < IP’(|SN75| > ) <5 (2) Zy = ﬁ, expect: P(Zy > +/N/4

\/%e’N/s where g ~ N(0,1).

(1) Chebyshev’s

P(g > /N/4) <

N
4"

T

Forall ¢ >0, (7 — &) e ™" /2 <Plg ~ N(0,1) 2 ) < § e /2

t3

Berry-Esseen bound: |P(Zy >t) — P(g > t)| < - where p = E|X; — p|?/0®. And in general, no improvement

since P(Sy = %) ~ ﬁ =P(Zy=0)~ \/%

Hoeffding’s inequality: X1, , Xy ii.d. symmetric Bernoulli (P(X =1)=P(X =-1)=1), a= (a1, -+ ,an) €
RYN. Then V¢t > 0 P(Zl a;X; >t) <et /2HGH2 P(| Zi\;l ;X > 1) < 9¢—t2/2lall3
aiXi > t) = P(ekzaixi > e)\t) < e MEA Tt aiXi — oAt Hf\]:1 Eer*iXi =

+2

2
a; X; > t) <infy>g e M — e” 7 (A=1t). |

Proof WLOG, |ja||3 = 1. For A > 0,P(3 N,
A2
7>\t Hi:l COSh()\ai) < —)\t Hz )\2a i/2 _ e*)xtJﬁ T = P(Z

=1
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CONCENTRATION OF SUMS OF INDEPENDENT RANDOM VARIABLES

Bounded r.v.s: Xy, -, Xy independent, X; € [m;, M;]. Then Vt > 0 IP(Z (X —EX;) >t) <e SLiOh-mo?,
Chernoff’s inequality: X; ~ Ber(p;) independent, Sy = S~ | X;, = ESy = Vt > 1, P(Sy > t) < e M ()t

Proof P(Sy >t) <e > Hivzl il Bt =etpi+ (1—pi) =1+ (> =1)p; < el =Dpi P(Sy >t) < e Me(e* =i Take
A" =log(t/w)- O

Chernoff bound: P(|Sy — p| > dp) < 2619

d = (n — 1)p is the expected degree. There is an absolute constant C' s.t. for G(n,p), d > C'logn. Then with
high prob (for example 0.9), all vertices of G have degrees between 0.9d and 1.1d.

Proof Ex2.3.5= P(|d;—d| > dd) < 2" Union bound: P(3i, |d;—d| > dd) < n-2e7 4 < ...y C” = gplmCedt < g
(let Cecs? > 1). O

Sub-gaussian properties: The following are equivalent: (i) P(|X| > t) < 2e~t/F for all t > 0; (i) | X||z» =
(E|X|P)H/P < ky\/p for all p > 1; (iii) EeXX < e for all A st [A]| < &5 (iv) EeX /M < 2; (v) BeMY < ehY,
for all A € R (if EX = 0).

I'(z)<3z® for z> %

Proof (i) = (ii): WLOG k1 = 1. E|X|? = f+°° (IX] > t)ptP~tdt < f+°° 2e~F ptP—ldt = pl'(E) 3p(2)P/? =

I1X1l» < J5(3p)"/7p"/? < 3/D.
2y 2
(ii) = (ii): WLOG kz = 1. Ee* X" = E[1+ Y5 O SR EIXP < (2p)7,p! > (B)P = EM X" <14 30k @) f,} =—Lis
11m <e?® for xE[O,%]
(if 2eA? < 1) < 1N (if 2eN2 < 5 f)

(iii) = (iv): trivial.

(iv) = (i): P(|X| >1t) = P(ex2 < et2) <e PR <2077,

x2 A2
2

iii) = (v): WLOG ks = 1. If |A| < 1, then Ee* < E()\X+6>\2X2) =EeM X’ <M. If [A| > 1, then Ee** < e y Ee'Z ez e? <
o
(v) = (i): mimic the proof of (iv) = (i). O

Sub-gaussian r.v.: satisfy the above sub-gaussian properties. | X ||y, = inf{t > 0 : EeX*/®* < 2}. Thus P(|X| >
t) < 2e=< /X || X || 1o < C||X ||lpy+/P; if EX = 0 then Ee*® < NI,

Maximum of sub-gaussians: K = max;<n ||-X;[/y,. Then Emax;<y X; < CK+/logN.

Let Xy, -+, Xy be independent and mean zero sub-gaussian, then || vazl Xill3, <C- Zil 1 X:ll7, -

PTOOf o= R’]Ee)\zfvzl Xi Hi\;l ]Ee)\X-; S Hi\;l eCA2“X1’“12p2 — C>‘2 iy X quQ O
Centering: X is sub-gaussian = X — EX is sub-gaussian and || X —EX ||y, < C|X||y,-

Proof ||[EX|ly, < C1[EX| < CiEIX| = C1[[X|Izr < C1C2[| X ]|y, - U

Sub-exponential properties: The following are equivalent: (1) P(|X| > t) < 2e~¥*1 vt > 0; (2) || X||z» < kap,p >
1; (3) EeMNXl < eFs? for all 0 < A < %; (4) BelXI/ks < 2: (5) if EX = 0,Ee*X < €3 for |\ < =

Proof (2) = (5): ky = 1,Ee™ =14 3775 MEXE <1 4 yoros 2000 — 1 4 (N2 (1ex] < 1), TF eA] < 2,14+ % <14 2¢202 <

p=2 (p/e)P 1—eX

242
e < ghe®A? , l.e. ks = 2e.

(5) = (1): ks = 1,]zP < pP(e® +e7%) = E|X|P < pP(Ee* + Ee™¥) < 2epP. O
| X ||y, = inf{t > 0: EeX!/t <2} X is sub-gaussian < X? is sub-exponential. || X?||,, = || X3, .
X,Y are sub-gaussian = XY is sub-exponential and || XY ||y, < || X[y [|Y || -

2 2 2
X +Y

2
Proof WLOG || X ||y = ||V ||y, = 1. EeX¥ <Ee” =~ =E[ez 77| < L(EeX” + Ee¥”) = 2. O

Orlicz function/space: v : [0,4+00) — [0, +00), convex, increasing, ¥(0) = 0, Y(x) — o0,z — +oo. || X|y =
inf{t > 0: Ey(|X|/t) < 1}. Ly :={X : || Xy < 400} is Banach space. Examples: (1) L, : ¢(x) = zP,p > 1; (2)
Ly, : 0o(x) = € — 1, Lo C Ly, C Ly,



RANDOM VECTORS IN HIGH DIMENSIONS

Bernstein’s inequality: X, -+, Xy independent, mean zero and sub-exponential. Then for ¢ > 0, P(] Zfil X;| >
s ¢2 t
1) < 2¢ TR, TN,

2 2
Proof § =Y, Xo. P(S > ) < e ML, B, B < e 1Ml if || < . Then P(S > ) < e MM where
Mo

2 O

o? = Zf;l | X:i|l7, - The following is to find the minimum of a quadratic function with the restriction || < m

—cmin(i t
K2|la||3’ Kllalleo

Corollary 1: P(| Ef\;l a; X;| >t) <2e ) where K = max; || X ||y, -

Corollary 2: |X;| < K, then P(] Zfil Xi|>1t) < 2exp(—%ﬁ/3) where 02 = Zf;l EX?.

3 Random vectors in high dimensions

X € R", independent sub-gaussian coordinate X;, EX? = 1. Then ||| X[, — v/n|,, < CK? K = max; [|X;|y,.

Proof EX7 = 1= K > 1. ||X7 = 1|y, < C|X?|ly, = C|IXi||3, < CK?. Bernstein’s inequality: P(|1[| X3 — 1| > u) =

H ’LL2 U cn .
]P)(|% Zzl:l(Xzz _ 1)| 2 'LL) S 2efcnmm(ﬂ’ﬁ) S 2€7F mm(uz,’u«). For any 5 > O, P('ﬁ”X”Q — 1‘ 2 6) S IP’(|%||XH% — 1| 2
max(3,8%)) < 2K = B(|[|X [, — vl 2 8) < 2e7/K D

Isotropy: X(X) = EXXT = I. If ¥ # I, then let Z = ©71/2X. X is isotropic < E(X,z)? = ||z|2 for any
r e R™

Proof B(X,z)?> =E(2" XXT2) = 2T (EXX)z. ||z|3 = 2" hz. = EXXT = I,. O
X is isotropic = E|| X||2 = n. If X,Y are independent and isotropic = E(X,Y)? = n.

Proof E|X||3 =E(XTX) =E(tr(XTX)) = tr(EXXT) = n.

E(X, V) =E(XTYYTX) =E(tr(XTYYTX)) = E(tr(XXTYYT)) = tr(EXXT)(EYYT)) = n. O

Examples: X ~ U(y/nS" 1), X ~U{-1,1}"),X = (X1, ,X,,) i.i.d.,EX; = 0, Var(X;) = 1 are all isotropic.
g~ N(0,T,), then B(| lgll, — il > £) < 2.

Frame: {u;}, C R", Approximate Parseval’s identity: Alz||2 < SN (u;,2)? < B|z||3. A, B: frame bounds.
A = B: tight frame(< Zf\il u;ul = AIL,) and in this case, Zf\il(ui, x)u; = Ax.

(a) Tight frame {u;}¥,,A = B, X = Unif{u;,i = 1,2,---, N}, then (§)"2X is isotropic. (b) X is isotropic,
P(X = ;) =p;,i=1,2,--- ,N. Then u; = \/p;x; form a tight frame with A = B = 1.

Isotropic convex sets: X ~ Unif(K), K C R™ convex, bounded, non-empty interior (convex body). Assume
EX =0,% = Cov(X). Then Z = ¥~/2X is isotropic and Z ~ Unif(X~/2K).

X € R" is sub-gaussian < VX € R”, (X, z) are sub-gaussian. ||X ||y, = supgcgn—1 [|[(X, )|,

X = (Xy,---,X,) independent, mean zero, sub-gaussian coordinate. Then X is sub-gaussian with || X|,, <

C max;<p, || X[y, -

Proof |(X,z)|I%, = I Xiwill}, <O, a1 Xall}, < Cmaxicn || X[, U
Gaussian dist: X ~ N(0,1,), [| X ||y, < C.
Discrete dist: X ~ Unif{\/ne;,i =1,2,--- ,n}, || Xy, = \/%'

Uniform dist: X ~ Unif{\/nS" "}, || X||y, < C.

d n n —cn
Proof g ~N(0,1,), X £ ¥38 p(t) == P(IX1| 2 1) = P(2L > L), |llgll> — v/lly, < C = P(llgll> < *57) < 2e7°". Need to

llglle = vn
show that all one-dimensional marginals (X, x) are sub-gaussian. By rotation invariance, we may assume that x = (1,0,---,0).
t<yn
Let £ = {llgll> > 4"} = p(t) < P(gifi; > J7.8) +B(E) S Pgn| > §,€) + 267" <267 /5 4 2e7" < de". O

Grothendieck’s inequality: A = {a;; }mxn of real numbers. Assume Vz;,y; € {—1,1}, we have |Zi7j a;jry;) < 1.
Then for any Hilbert space J¢, any u;,v; € H satisfying ||| = [lv;]| = 1, we have |3, ; aij{ui, v;)| < K with
K <1.783.
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RANDOM MATRICES

Proof (1) Reduction. For any u;,v; € RY s.t. |Juill2 = [|vjllz = 1, Ku,p := >y @ig (Ui, v5), K = 8UP |y, =v)s=1 Kuw

(2) Introduce randomness. g ~ N(0,In),Ui = (g,u:),V; = (9,v;), EU:V; = (ui, vj). Kuo = E(3, ;aiUiVj) = Kuw < R? if
|Ui| < R, |V;| < R.

(3) Truncation. Given R > 1,U; = U; + U, U7 = Uilqu,<ry,V; =V, + V5, U7 < RIV| < R U3 < 2(R+

_p2
) e 2 < (R > ).

4) Breaking up the sum. B> a;;U;V; = E - ai; U Vo +E2aijUi+V{ +E2aijU[V}+ JrIEX:CLi]-U;“Vj+ =51+ 52+ 53+ 54.
S1 < R? Sy < Kmax ||U [lomax |V, |ls < K%, < K%,5 < K7

(

2

(5) Putting everything together. K, , < R? + % + % = K<R*+ % + % =K< - E L O

R R2
Remark: The assumption can be equivalently stated as |}, ; a;;z;y;| < max; [z;] max; [y;|. The conclusion can

be equivalently stated as |>_, . aij(ui, v;)| < K max; [Ju;]| max; [[v;.

Semidefinite programming: max(A, X) s.t. X = 0, (B;, X) = b;, A, B;n x n, b; real number, (A, X) = tr(ATX) =
Zzg lA X

Semidefinite relaxation: max >
| Xill2 =1, X; € R™.

i1 Az, x = £1, Anxn symmetric matrix. Relax to max -7 Ay (X;, X;),
A positive semideﬁnite, INT(A) (= max ZZj:l Aijxil‘jal‘i = :i:]., SDP(A) = Imax ZZj:l A”<XZ,XJ>, HX1H2 = 1.

Then INT(A) < SDP(A) < 2K - INT(A).

Maximum cut: G = (V, E) finite simple, V' — V; + V5, cut number of edges crossing between V; and V5. MAX-
1, 14> ]

CUT(G): NP-hard. Adjacency matrix A = {A;;}nxn, Aij = . Partition: X = (x;)nx1,2; =
0, otherwise

+1. CUT(G, X) = %sz'zl A;;(1—z;xj). MAX-CUT(G) = %max{zm A (1 —xzj) -z = £1}.
0.5-approximation algorithm: Partition at random, ECUT(G, X) = 0.5|E| > 0.5MAX-CUT(G).
0.878-approximation algorithm: SDP(G) = imax{zzjzl A (11— (X, X)), € R* || Xl = 1} X4, , X, —
1, s, g ~N(0, 1), z; :==sgn((X;,g)). ECUT(G, X) > 0.8785DP(G) > 0.878MAX-CUT(G).

Proof ECUT(G,X) = iZZ]‘:l Aij(1 — Eziz;) and 1 — Exiz; = 1 — Esgn(g, Xi)sgn(g, X;) = 1 — 2 arcsin(X;, X;) > 0.878(1 —
(Xi, X;5)). O
u,v € S, Esgn((g, u))sgn({g,v)) = 2 arcsin(u, v).

There exists a Hilbert space H and ¢, 1 : S"~! — S(H) s.t. 2 arcsin(p(u), ¥ (v)) = B(u,v) for all u,v € S"~! and
B =2log(l+V2).

Proof ($(u), ¥(v)) = sin(ZE(u,v)). Ex 3.7.6 = IH, ¢, . sint =t — & + & 4. sinht = t + & + £ |[p(w)]3 = [v(u)|3 =
sinh(ﬁ—”) =1forallueS" ' = pg=2log(l+ ﬂ)

Proof of Grothendieck’s inequality with K < 1 ~ 1.783 WLOG u;,v; € S¥™!, then 2 2 arcsin(ug, vj) = Blus,v;), H = RM g ~
N0, Ing). B3 aii{ui,vi) =32, 5 aij arCSlﬂ(MZ,vﬁ =", ; aijEsgn(g, u)sgn(g, vj) < 1. O

4 Random matrices

L =20 s UV S = diag(sy, s2,-++ , Sr), 8; > 0 sigular
values. s; = /A (AAT) = /XN, (ATA). If A is symmetric, s; = |A\;(4)).

Singular vector decomposition: A,,xn = UpxmZmxnVk

Courant-Fisher’s min-max theorem: \;(A) = maxgimp—; Mingesp) (AT, ), 5;(A) = Maxgimp—; Minges(p) [|[Az||2.

Operator norm/spectral norm: [|A|| = maxgern\ {0} ”Iﬁjlllf = max,esn—1 ||Az|]a = s1(A4). Or equivalently, ||A| =

maxX,egn—1 yesm—1 (AT, y).

sn(A) >0 < m > n =rank(A),s,(A) = HA1+H where AT is pseudo-inverse (the norm of A~! restriction to the

image of A).



RANDOM MATRICES

Frobenius norm: ||Allr = (3, Z?:1 Afj)% = (327, s2(A))z.

=11

Low-rank approximation: rank(4) = r,k < r, Ay, := Sr_ s;uvl, |A — A, = minni(a)<k [[A — A’|| (holds for

i=1
A1 1)

Approximate isometries: m||x||2 < [|Az|2 < n||z|2 where m = s, (A),n = s1(A), or s, ||z — yll2 < [|[Az — Ay||2 <

stz — yll2-

Apsens 8 > 0. If |[ATA — I,|| < max(8,62), then (1 — 8)||z||s < [[Az|ls < (1 + 6)||z||» for all z.

Proof WLOG |z|2 = 1. |||Az|3 — 1| = [((ATA — L))z, z)| < max(d,0?) = max(|||Az||2 — 1, (JJAz|2 — 1)?) < max(é,8%) =
[l Az]l2 — 1] <6. O

Qnxm, QQT =1, & P = QT(Q is an orthogonal proj in R™ onto a subspace with dim n.

e-net: (T, d) a metric space, K C T, e > 0. N C K is an e-net of K if Vo € K,3zq € N s.t. d(z,z0) < €. Covering
number: smallest |N| = |NV(K,d, €.

Compactness: N(K,d,e) < +oo for all € > 0.
e-separated: P C T is e-separated if d(x,y) > € for all z,y € P. Packing number: largest |P| = |P(K,d,€)|.
P is a maximal e-separated subset = P is a e-net of K.

P(K,d,2¢) < N(K,d,e) < P(K,d,e).

Proof The upper bound follows from the previous lemma. For the lower bound, choose an 2e-separated subset P = {z;} in K

and an enet N = {y;} of K. Va;,Jy; € N, s.t. |z; — y;| < e. Vy;, there exists at most a z; € P s.t. |z; — y;| < e O

Minkowski sum: A, B € R", A+ B:={a+b,a € A,b € B}.

K CcR"e>0, Ielgll <N(K,e) < P(K,e) < ‘Kljgflgl where | - | denotes the volume in R™, B} denotes the unit
2 272

Euclidean ball in R™.
Corollary: Let K = By. |eBy| = ¢"|K|,|K + $By| = (1+ £)"|K| = ()" < N(Bj,e) < 1+ 2)". €€ (0,1] =
()" SN (Bg.e) < (2).

Hamming cubde: z,y € {0,1}",dy(z,y) := #{i : x(i) # y(i)}.
(T, d) a metric space, K C T, C(K,d,¢€) the smallest number of bits sufficient specify every points € K with

accuracy € in the metric d. Then log, N(K,d,€) < C(K,d,€) < log, N(K,d, 5). log, N(K,e€) is often called the

metric entropy of K.

Proof Lower bound. Assume C(K,d,e) < N. There exists a transformation of z € K into bit strings of length
N. A partition of K into at most 2V subsets.

Upper bound. Assume log, N'(K,d,§) < N. There exists an §-net N with |[N] < 2V. To every point = € K,

assign a point xo € N that is closest to . The encoding = — xo represents points in K with accuracy e. O

Error correcting code: Fix integers k,n and r. Encoder {0,1}* — {0,1}", Decoder {0,1}" — {0,1}*, D(y) = z
if z € {0,1}*,y € {0,1}" and dy(E(z),y) < r.

If log, P({0,1}™,dy, 2r) > k, then there exists an error correcting code, k bits — n bits, correct r error.

Proof 3P € {0,1}",|P| = 2¥ s.t closed balls centered at P with radii r are disjoint. E : {0,1}* — A/ one to one; D : {0,1}" —
{0,1}* nearest-neighbor decodes. O

If n > k+2rlog,(§~), then there exists an error correcting code that encodes k-bit strings into n-bit strings and
can correct r errors.

Proof P({0,1}",ds,2r) > N({0,1}",ds, 2r) > > 2 (Z)% > 2k, O

gn
S~2r Ok
Xito CR
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CONCENTRATION WITHOUT INDEPENDENCE

o Apxn,€ €[0,1). Then for any e-set N of S" 71, sup, ey [|Az]|z < [|A| < 2= sup,epr[| Az

Proof Fix z € §"7', ||A|l = ||Azl2. 3wo € N, |lz — zoll2 < € [|[Az — Azoll2 < [|A][[lz — zoll2 < €llAll = [[Azoll2 > [|Az]2 —
[A(z = mo)ll2 = [|All — €[l All. U

N

o Anxn = {4i;}, Ai; independent mean zero sub-gaussian, K = max; ; || A;j||y,. Then for any ¢ > 0, P(]| 4| <
CK(Jm+yn+t)>1-2e".

Proof Step 1: Approximation. Choose ¢ = 1/4 and e-net N of S"! e-net M of S~ with M| < 9", |M| < 9™. Ex 4.4.3
= [|A]| € 2maxcen,yem(Az,y).

Step 2: Concentration. (Az,y) =3, . Aijziy;, [(Az, y)|I7, < C>ij | Aijl15, 25y < CK? = P((Az,y) > u) < 2w’ /K7

Step 3: Union bound. P(maxzen,yem(Az,y) > u) <30 penm P(AZ,y) > u) < grtmoe=eu®/K* Take y = CK(v/m++/n+
t),u? > C*K*(m +n +t?). C sufficiently large s.t. cu®?/K? > 3(n +m + t2). O

o A, symmetric, A;;,i < j independent mean zero sub-gaussian. Then for ¢ > 0,P(||A]| < CK(y/n +1t)) >
1—de?.

Proof A= AT+ A P(|AT]| < CK 1) >1—2e"4 >1-2" P(|A"|| < CK 1) >1—2e"4 >

roof + JP(|AT] < OK(Vn+t) > e ' > e P(|AT| < CK(Vn+t) > e ' >
upper + lower triangular matrix

1-2¢7 P(|A]| < CK(Va+1) > P(|AY] < SK(Va+1),|A7[| < SK(Va+1) >2(1—2e7") —1=1-4e™*". O

o Stochastic block model (SBM): G(n,p,q),p > g, n vertices, two community of size n/2, x,y € same community
= P(z ~ y) = p, otherwise P(z ~ y) =q. A={A4;;},A;; =1if i ~ j otherwise 0. A=EA+R:=D+R,|D| =
2, P(||R]| < Cy/n) > 1 —de™™.

o Weyl’s inequality: Symmetric matrices S and 7' with same dim, max; |X;(S) — X\;(T)| < ||S = T.

o Davis-Kahan: Fix ¢, min;z; |A;(S) — A;(S)| = ¢ > 0. Then sin Z(v;(S), v;(T)) < M =30 € {—1,1},||vi(S) —
(D) < L5571 2072

o Spectual clustering: Recall SBM A =D + R and let S = D,T = A= D + R in Davis-Kahan. 6 = min(Ay, Ay —
A1) = min(54, g)n = pn. P(|R|| = [|T = S| < Cy/n) > 1 —4de™™ = 30 € {£1}, [|v2(D) — Ova(A)|| < % Let
us(D) = (1,1,---,1,—-1,=1,--- , —=1) = |lua(D) — Ouz(A)]| < % = >0 lua(D); — Bus(A)s]* < M% Thus the

number of disagreeing signs between us(D) and uz(A) must be bounded by M—CQ

o Apxn, Tows A; independent mean zero sub-gaussian, isotropic. Then for any ¢t > 0, m — CK?*(y/n +t) <

s5n(A) < 51(4) < /m + CK2(y/n +t) with prob > 1 — 2%, Here K = max; || 4;| 4,
1 AT 4 — 2 2 — (N ot
Proof Only need to prove ||.;A" A — I,,|| < e := K" max{0,6"},0 = C(\/m + \/m)
Step 1: Approximation. Find an t-net A/ of the unit space ", |NV| < 9™. |2 ATA — I,,|| < 2maxzen [((LATA - 1)z, 2)| =

m m

2maxzen ||| Az|3 — 1].

Step 2: Concentration. X; := (A;,z) independent, mean zero, ||X;||y, < K, EX7 = 1. P(|X||Az|5 — 1] > §) < 218 <
267C1C‘2(n+t2).

Step 3: Union bound. P(maxzen |L[|Az|5 — 1] > £) < 9™- 2e= 1O (nH) < 9e—t? O
e X € R" sub-gaussian. EX =0, = EXX7T, X; 4x iid., %, =L 3" X;XT. Assume there exists K > 1 s.t.
(X, )17, < K?[(X,z)[|7,. Then for m, E[|Z,, - X|| < CK?*(\/Z + 2)|%]].

Proof Z; =%7"'2X;,Z =S"Y2X BZ: ZF = I, | 2|4y < K, || Zi||p < K. Then |, — 2| = |22 R0 X2 < ||Rm]|||2] where
Ry =L 3™ ZiZ] —1. Consider an m x n random matrix A whose rows are Z; . E| Ry || = E[| 2 AT A—1|| < CK*(\/2+2).0

m

5 Concentration without independence

o (X,dx) EN (Y,dy),dy(f(u), f(v)) < L-dy(u,v),Vu,v € X. The infimum of all L in this definition is called the
Lipschitz norm of f and is denoted || f||Lip.

e €>0,A. =A+eB}, A CR" minyg volume of A, with colume A fixed is achieved when A is a ball.
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CONCENTRATION WITHOUT INDEPENDENCE

0,_1(A) normalized area on S"~! ¢ > 0. With given o,,_1(A), mingo,_;(A.) is achieved when A is a spherical
cap.

AcC/nS" L Ifo(A) > L, then Vt > 0,0(4,) > 1— et

Proof Let H = {x € v/nS™ ", 21 <0},0(A) > o(H). The latest thm = o(A;) > o(H;) =P(X € Hy). H; D {x € /nS" 1,z <

—ct?
L} = o(H) 2 P(X1 < 5). [ Xully, SC =P < 5) 21— 2070,

O

X ~ Unif(y/nS"™), f - /nS"~! = R. Then [[f(X) = Ef (X)ly, < C|[fIlLip-

Proof WLOG ||f|lip =1, P(f(X) > M) > 3, P(f(X) < M) > 2% A:={z e /nS"": flz) <M} P(X € A) > L =P(4) >
1—2 = P(f(X)SM+t)>1-— 2eet”. By centering, f(X) —Ef(X) = f(X) — M — (Ef(X) — M) is sub-gaussian. O

X ~N(0,1,),7(A) =P(X € A),e > 0,7,(A) given, half spaces minimize ~,(A.).
X~ N, 1), f:R" = R, [ flluip < oo Then [[f(X) = Ef (X)[ly, < C|fllvip-
Hamming cube, d(z,y) = L[{i : ; # y:}, P(A) = 5L [ F(X) = Ef(X)|y, < I,

S, : n! permutation of n symbols. d(m, p) = L[{i : 7(i) # p(i)}],P(A) = Bl || F(X) = Ef(X)]|y, < Dlew

Special orthogonal group SO(n), determinant = 1, d = ||- ||, P is uniform measure. ||f(X)—Ef(X)]y, C“\J;U;L“’.
Gp,m all m-dim subspaces of R" (~ Pg,, . orthogonal projections), d(E, F') = ||Pg — Pr||, P is uniform measure.

A random subspace F can be constructed by computing the column span (i.e. the image) of a random n x m
. . . .. . C|l flluip
Gaussian random matrix G with i.i.d. N(0, 1) entries. ||f(X) — Ef(X)|ly, < ”\%L .

A random vector X in R with density p(x) = ™Y@ Hess U(x) = kl,. || f(X) = Ef(X)|y, < %\/%L‘p

X = (Xy,--+,X,) independent coordinates, |X;| < 1 a.s., f convex and Lipschitz. || f(X)—Ef(X)|ly, < C| fllLip-
E ~ Unif(Gyn), 2 € R, ¢ > 0. Then (a) (E[Pp2l3)} = /Z 2l () (I Prslla — /Ellzlla] < ey/Zl2)
1—2e=cm,

Proof (a): WLOG ||z||2 = 1. Rotational invariance: P(E € A) = P(U(E) € A) where U is n x n orthogonal = The dist. of

Pgz is the same if we fix E, z € Unif(S*™"). WLOG Pz = (21, ,2m,0,- - ,0). E||Pz[j3 = mEz} = 2.
(b): f 2z = [IP2ll2, [ fllie = 1= [l Pz]l2 — El[ Pzl2]lw, < 5 0

Johnson-Lindenstrauss lemma: X a set of N points in R?, ¢ > 0,m > 6% log N, E ~ Unif(Gpm), @ = /= Pe.
Then P(|[Qz — Qyll2 — & — ylal < ell — yll2 for any @,y € X) > 1— 207",

Proof Let X — X :={zx—y:x,y € X}. The latest lemma = Vz,P ((1 — €)/Z||z]l2 < ||Pz]l2 < (14 €)y/Z|2]l2) > 1 —gee’m,
Union bound: P(---, forany 2 € X —X) >1— N?. 2e7em > ] — 9 'm, O

FTR=R X =" Nuaul, define f(X)=>" f(Ni)uul.

PSD.order: X -0, X =Y if X-Y > 0.

Golden-Thompson inequality: tr(e4+8) < tr(e4e?).

Lieb’s inequality: H : n x n symmetric matrix, X P.D., f(X) = tr(ef*1°¢X). Then f is concave.

X is a random P.D. matrix = Ef(X) < f(EX). X = eZ, Z symmetric. Then Etr(e+7) < tr(eftlosEe”),

X1, -+, Xn independent mean zero n x n symmetric random matrices, || X;|| < K a.s. for all i. Then for V¢ > 0,
iRz
P(|| SN, Xi|| > t) < 2ne” %575 where 02 = || 2N EX?.

Proof Step 1: Reduction to MGF. S := SN X;. ||S|| = max; [A:(S)| = max(Amax(S), Amax(—S)). PAmax(S) > t) <
e MEeMmax(9) | B = Betmax(S) = EX L (M) = E < Etr( *9).

Step 2: Apply Lieb’s inequality. Etr(e*¥) = Etr(e> "AX; iTAXNY) < Etr(eX tAX; "Hog]EeAXN) < tr(ezlz\;l 1Og]EeAXi').
Step 3 Lemma: X is an n x n symmetric mean zero random matrix, || X|| < K a.s. Then Ee** < e9MVEX® where g\ =
= |MK/37 Al <3/K.



QUADRADIC FORMS, SYMMETRIZATION, CONTRACTION

Proof € <14 z4 = | 73 > if |z| < 3. Let z = Az. If |z| < K,|A| < 2, then e < 1+ Az + g(\)z?. (b) of Ex. 5.4.5 = If
IX|| < K, M| < 3/K, Ee*X < T+ g(\)EX? (since EX = 0) < e9VEX" O

Step 4: E < tr(ezg’:llogEel\Xi). The latest lemma + (g) of Ex.5.4.5 ? logEe*Xi < g(MEX? = SN logEe*™ < g()\) - Z
N X;
where Z := SN EX? and 0? = [|Z]. (e) of Ex.5.4.5 = tr(eXi=11985 ") < 1(e9MNZ) = B < tr(e/N?) < nhax(e9N7) =

nedMIZI = 1es(Mo®  Minimize for A as a function of ¢ with 0 < A < 3/K. O
XeR,Y=EXXT, %, =21 Zz 1X¢X1—T,X- g X, || X2 < K(E|| X3 )% a.s.. Then E[|X,,—X| < C(\/W—l—
Konlogn) |5

m

Proof E|X|3 = EXTX = Etr(XTX) = Etr(XXT) = tr(2) = [|X|3 < K*r(2) as.. Ex 54.11 = E|Z, — %|| =
LE|Y™ (X XT - 2)|| S L(oylogn+ Mlogn) where o® = || 7" | E(X: X —%)?|| = m||[E(XXT —%)?|| and M is chosen s.t.
[ XXT-%|| < Mas.. Then E(XXT-%)? = E(XXT)2-%? < E(XXT)? = E(|| X|3XXT) < K*tr()X = o < K2mtr(D)||2Z].
[XXT -S| < |IX|3+ IZ]] € K2tr(Z) + |2 < 2K%tr(X) := M (since K > 1 and ||Z|| < tr(Z)). Substitute our bounds for o
and M into the previous bound X (ov/logn + M logn). O

6 Quadradic forms, symmetrization, contraction

Y 1 ZJEZ =0, F convex, then EF(Y) <EF(Y + Z).

Proof F(y) = F(E(y + 2)) <EF(y+ Z) = EF(Y) = E(E(F(Y + EZ)|Y)) = E(E(F(E(Y + 2))|Y)) < EE(F(Y + 2)|Y)) =
EF(Y + Z). 0

Decoupling: A,,,, diagonal-free(i.e. the diagonal entries of A equal zero), X = (X, -+, X,,) independent mean
zero. Then for every convex function F : R — R, EF(XTAX) < EF(4XTAX') where X' £ X, X' | X.

11d

Proof 61, ,6n Ber(1,5),I = {i : & = 1},E6(1 = 6;) = 1, XTAX = 2, ai; XiX; = 4B Y, 6i(1 — 6;)ai; Xi X =
AEr 30 jyerxre @i XiX; = ExF(XTAX) = ExF(4E; Diperxre 0ii XiX;) SEIEXF(43 7 jeryre ijXiX;). There exists an
st ExFAY jeree 5 XiX]) = ExF(AY ) cpy e a5 XiX;) > EF(XTAX). LHS < ExF(4Y, ;ai;X;X]) by the latest
lemma since E[(}_; jyerwr + 2o jyerexie +Z(i,j)€1ﬂx1)anlXJ HXiiel} {X},jel}=0. O

X, X'~ N(0,1,), X L X', then B AX' < (¥ 41} || <

C
Al
Proof A =3, siuiv] , XTAX" =3, si (ui, X) (vi, X'). (g1, gn) L (gh,+++ ,gh) ~ N(0,I,,) = EerX"AX — | Ee*i9i9i =
—— ——
=g; =g

:L:IEexzsfg?ﬂ <1, pCA?s? fN2s2 <o) <ec*2”A”F(z\2 e, <. -

— max; s3 [|A]l

X, X’ independent sub-gaussian mean zero, || X ||y, < K, | X[y, < K. g, ~N(0,1,,),9 L ¢'. Then Ee*X AX’
E€CK2,\gTAg’_

IN

2 2
" T 4 x/ 22 "2 T s x/ rIIAX I3 T A x/ o T 4 x/
Proof Conditioned on X', Exe X~ AX" < (O KTIAX H2,IEge“g AXT — 2 = V2K ) = Exet* AX <Ege 2eKAgTAXT
T ’ T ’ 2 T ’
Ee/\X AX S Ee\/QcK/\g AX S EeZCK Agt Ag O

Hanson-Wright inequality: X = (X1, -+, X,,) independent mean zero sub-gaussian, then P(|X7AX -EXTAX| >
: 2 t
t) < 9e ™G =R AT |

Proof WLOG K =1. XTAX =Y, 1ai; XiX;,EXTAX =3, aiBEX?, XTAX —EXTAX =3, aii( X7 —EX?)+ 20, ai; Xi X;.
p:=P(XTAX —EXTAX >1t) < ]P’(Zi ai(X7 —EX?) > L)+ P(X,,; 055 X:X; > §) == p1 + po.

2
_ b emin(—t3 _t
Cmm(Zaz *ang \a”\) <e cmin( HAH%,’HAH)

Step 1: || X2 — EX2|ly, < 1. Bernstein = p; <e

A T ’ T ’ 2 2
Step 2: =37, ai; XiX;. p2 < eiTtEeXS,IEeAS < BN AXT < Rec1ren 49T < (ONIIANE (

Hzll)‘ -

Bixn, X € R",{X;} independent mean-zero, unit-variance, sub-gaussian. Then ||[|BX||2— || Bl |4, < CK?| B,
K = max; || X;]|y,-

Proof A=B"B,XTAX = ||BX|3,EX"AX = |B|[%, |All = | B|* ||Alr = | B Blr < |BT|[|Bllr = | B[||B]|r.Thus Yu > 0,
P(IBXIE — IBI3] > w) < e " TBEEIE T8 Loty = | BI2, B(IBXIE — |BI} > c|BI?) < L Lot

6% = min(e, ¢), then e = max(6,8%), || BX|| - | Bl|lr| = 8| B|lr = || BXIZ — | Bl%| > €l Bl = P(|HBXH2 —IBllr| = dl[Bllr) <

267&;2 K‘l‘ﬁﬁz. O

7c min(e?,¢)




RANDOM PROCESSES

e Symmetrization: X, X5, -, Xy independent, mean zero in a normed space, €1, ¢z, - ,€x a sequence of inde-
pendent symmetric Bernoulli random variables. Then 1 E|| Zf\il Xl < E| Zivzl Xi|| < 2E|| Zf\il X

Proof Upper bound. X' L X, X' £ X. p=E| XN <EISN, X -3V X =B XN, @(Xi— X)) BN, eXi| +
E|l Zi\;l e X;|| = 2E| Zi\fz1 € Xil|. U

o A, x, symmetric independent mean zero. Then E||A| < C'v/lognE max | 4;||> where A; is i-th row of A.

Ai]-(eie]T + ejeZT), 1< j
Proof A =737, Zi; independent mean zero symmetric where Z;; = = E[|A[| < 2E[ 37, € Zij -
- AiieieZT ’L:] -
Ex 5.4.13(a) = Conditioned on {Zi;},Ec|| >, ; €5 235 < Cvlogn|l 3, Z%—H% = E| 3¢ € Zi;]l < CVlognE| 32, ; ZZQJH%,

1
Yici 2 = X (T Aleiel = X0, [AilBeiei” = (| X, 2512 = max || Aifl2. 0

o Matrix completion: X, x,,rank(X) =r << n,Y;; = §;;X,;,0;; ~ Ber(p),p = T’L—Z,X = arg Milyank(a)<r lp~1Y —
1% 1
A'|l. Then E~ || X — X||p < Cy/ ™25 X || o
Proof Step 1. | X—X|| < | X—p 'Y ||+|p~ Y =X|| < 2|p~ Y —X| = 21Y =pX|l. (Y =pX)i; = (8i;—p)Xij independent mean
zero, Ex 6.5.2 = E||Y — pX|| < Cylogn(Emax; [|(Y — pX)illz + Emax; [|(T — pX)’[l2). [|(Y —pX)ill3 = 37—, (8i; — p)* X5 <
S0 = p)* X1 Ex 6.6.2 = Emax; Y7, (di; — p)* < Cpn = 2||Y — pX|| < Cy/ %Hxﬂw-

Step 2. rank(X) < 7, rank(X) < 7 rank(X — X) < 2r. |X — X|r < V2| X — X|| = E|X — X||r < C./W%HXHOO. O
« Contraction principle: X, -+, X vectors in some normed space, a = (a1, - ,ay) € RY. Then E|| Zfil a;e; X;|| <

N
lallooBll 225y € Xill-

Proof WLOG |lal|ec < 1, f(a) = E|| Zfil ai€; X;|| is convex, which implies the maximum of f is attained at the boundary. Thus

fla) < f(a®) =E| Zi\[:1 €. X;|| with af =1 or —1. d
o Symmetrization with gaussians: X7, --- , X independent mean zero, g1, --- , gn RV N(0,1), ﬁ ZN:1 g Xl <
og

N N
El| Y0, Xill < 3E[ Y0, g:Xill-
Proof Upper: E| o0, Xill < 2B oL, eiXill = 2/FEx.ell TiL, eiBylgal Xill < 2¢/FBI S, eilgsl Xill = 2/ FEI 1L, giXil -
Lower: B[l 2, 0. = EI S, c0: Xl < By Ex (lgllacBell T, eiXil) = EyllgllooEox.cl| D, il < 2B, llgllBxl| £, X <
CVIog NEx || 301, Xill- D

7 Random processes

o Basic concepts: {X;}iercrn, EXy = 0,Vt € T,3(t, s) = Cov(Xy, Xg) = EX, X, d(t, s) = || Xy — X2 = (B(X; —
X,)?)2 (increments).
 Gaussian process: Ty C T, |Ty| < 00, {X; }ier, has normal distribution.
e Y is a mean zero Gaussian r.v. in R™. Then there exists t1,--- ,t, € R™ s.t. y £ ({g,t:))-1,9 ~ N(0,1,,).
o Gaussian integration by parts: X ~ N(O, 1). Then for f differentiable, Ef'(X) = EX f(X).
Proof f has bounded support: Ef(X) = [, f'()¢(z)dz = — [, f(2)¢/(z)dz. General f: fu — f. 0
« X ~N(0,),f:R" - R. Then EX f(X) = -EVf(X).

e X ~N(0,X%)Y ~N(0,XY), X LY, Z(u) = uX ++1—uY,u€[0,1]. Then f:R" — R twice-differentiable,
%Ef(z(u)) = 3202 (BF = ZN)Elgea (Z(w)).

Proof LEf(Z(u)) =431 ESL of -(Z (u))(f/%f \/}Q—ﬁ) > \IFEXZBBJ (Z(w) =>1", \FIEX 9i(X) (conditioned on Y') where
g9i(X) = %(IX FVT=aY). EXigi(X) = Z;;l SEESL(X) = S5, SEELL (VX + VI —uY)va. O

o« EX? =EY? E(X; — X;)? <E(Y; - Y;)? ,8 az >0,Vi#j. Then Ef(X)>Ef(Y).

o Slepian’s inequality: Let {X;}er and {Y; };cr be two mean zero Gaussian processes. Assume EX? = EY,? E(X,;—
X,)? <E(Y; — Y;)? Then for every t € R, P(sup,ep X; > t) < P(sup,er Y; > t) and Esup,cq X; < Esup,cp Vi
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RANDOM PROCESSES

Proof Let f(x) ~ l{maxz;<t} = l;—q l{z;<t} and use the latest lemma. O

Sudakov-Fernique’s inequality: Let {X;}icr and {Y;}ier be two mean zero Gaussian processes. Assume E(X; —
X,)? <E(Y; —Y;)? Then Esup,. X; < Esup,cr Y;.

Proof Let f(x) = %log > P f(z) = maxz; as 8 — oc. 82278/;1 <0. i

Apxn independent N(0,1) entries. Then E||A|| < /m + /n.

Proof max,cgn-1 yegm—1 (AU, v) := MaxX(y,v)er Xuv Where T = S*tx §™7 ! and Xyw ~ N(0,1). B(Xuy — Xu2)? = E((Au, v) —
(Aw, 2))? = (3, ; Aij(wyvi — w;z))* = 3, (w00 — w;zi)? = [luv” —wz"||p < |lu— w3 + |lv — 2|3 Define Yu, = (g,u) +
(h,v), g ~N(0,1,),h ~N(0,In),g L h. E(Yao —sz)2 = Hu—wH% + HU—Z”%. Then E||A| = Esup(u’v)eT Xuv L EuvyerYuw =
Esup,cgn-1(g, u) + Esup,cgm-1(g,v) = Ellgll2 + E[[hll2 < vn + v/m. O

P(|A]l > vm + /n+t) < 2e7
Proof A~ N(0, Inm), [(A) = 1] < [[All2 = [[flluip < 1= [[£(A) = Ef(A)]ly, < C. O

Sudakov’s minoration inequality: {X;}:c7 mean zero Gaussian process. Ve > 0, Esup,cr X¢ > Cey/log N (T, d, €).

Proof Assume N(T,d,e) = N < co. Let .4 be a maximal e-separated subset of T. |.4'| > N. It suffices to show Esup,._, X: >
CeVlogN. Yy == 54, 9t R N(0,1). B(X—X,)? = d(t,5)? > € = E(Y;—Y:)? = Esup,c_y X¢ > Esup,c_, Yi = Cey/Tog N.O

Xt = <gat>7g ~ N(Ovln)a d(87t) = Ht - 5||27Esupt€T<gvt> > Ce V lOgN(T7 6)'
P a polytope in R" with N vertices, diameter is bounded by 1. Then for € > 0, N (P,¢) < N/,

Proof x1,x2,--- ,xN vertices of P, Esup,cp(g,t) = Esup,<x{(g,z:) < Cv/logN. O
Gaussian width: w(T) := Esup,¢p(g,2), 9 ~ N (0, L,).

Properties of Gaussian width: (a) w(T) < oo < T is bounded; (b) For every orthogonal matrix U and vector
y, wUT +y) = w(T); (c) w(conv(T)) = w(T); (d) w(T + 5) = w(T) + w(S),w(aT) = la|w(T); (¢) w(T) =
L(T = T) = sEsup, ,crlg,z — y); (£) —=diam(T) < w(T) < Ldiam(T),

Proof (e): w(T) = L(w(T) +w(T)) = 3(w(T) + w(-T)) L Lu(T - T).

(f): Lower bound. Fix z,y € T,z —y,y —x € T — T,w(T) > sEmax({z — y,9), (y — z,9)) = 3E[(z — y,9)| = \/ 5= lz — |2

. 1
Upper bound. w(T) = 3Esup, yer (g, —y) < 3Esup, yer gl2]lz — yll2 = 5E|gll2diam(T) and E|jgll> < (Ellg*)2 = v/n. O

Spherical width: ws(T) = Esup, (0, z),0 ~ Unif(S*~1).

(vVn = Cyws(T) < w(T) < (v + C)ws(T).

Proof g =|lgllz- 1 ==7-0,r L 0. w(T') = Esup,cp(rf, z) = ErEsup,cr (0, z) = El gllaws(T). Ex 3.1.4 = [El|g|[2—+/n| < C.0

Squared version of the Gaussian width: h(T)? = Esup,cr(g,t)%, g ~ N(0,I,).

Stable dimension: bounded 7' C R™,d(T") := Zl(aTn;f%j = dil:;g)T).

d(T) < dim(T).
Proof Let dim(T) =k and T C R*. (T —T)% = Esup, ,er(g,® —y)®. z —y = diam(T) - z for some z € BE. . WT -T)%*<
diam?(T)E SUD_ ¢ gk (g,2)? = diam?*(T)E||g||3 = diam?(T) - k. O

Stable rank: Ay, 7(A) = MlE = 4(ABp) < rank(A) = dim(ABY).

Af= —

Gaussian complexity: y(T) := Esup,c;|(g, )], 9 ~ N(0,1,).

T C R™, P projection onto E ~ Unif(G,, ;). Ym < n, with probability at least 1 —2e¢~, diam(PT) < Clws(T) +

v/ Ediam(T)].
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CHAINING

Proof Step 1: Approximation. WLOG diam(T") < 1. Qnxn: choosing the first m rows of Upxn ~ Unif(O(n)). Then ||Pz|2 4
lQz|l2, V2 € R™. QT2 ~ Unif(S"™'),Vz € S™ . diam(PT) < diam(QT) = sup,cr_7 ||Qx|l2 = sup,cp_p max, cgm-1(Qz, z) =
SUP,cp_7 MaxX,cgm—1(z, Q" 2). Choose an 3-net N of S™~*, |N| < 5™ = diam(QT) < 2max.ex sup,er_7(z, Q" 2).

Step 2: Concentration. For z € N, Esup,cr_(Q" 2,2) = ws(T — T) = 2ws(T). The function f: Q"2 — sup,cr_+(Q" 2, z) is
Lipschitz on S" ™" = (Q” 2, z) is sub-gaussian = P(sup,.r_r(Q" z,7) > 2ws(T) +t) < 2e~ent’

Step 3: Union bound. P(max.cn sup,cr_7(Q7 2,2) > 2ws(T) +t) < 5m2e et < 2e~m (t=C,/2 and C large enough). O

Phase transition: Equivalently write it as diam(PT") < C max(ws(T'), /= diam(T’)). Set ws(T) = /Zdiam(T") =
= (s Z(T) = d(T). That is, if m > d(T), diam(PT) < C,/ dlam ); if m < d(T),diam(PT) <

dlam2 (T) diam?(

Random matrix G, «, with independent A/(0, 1) entries. Vm < n, with probability at least 1 —2e~™, diam(GT) <

Clw(T) 4+ v/mdiam(T)].

8 Chaining

Sub-gaussian increments: {X;}er, (T, d). Exist K > 0, s.t.||X; — Xy, < Kd(t,s) fort,s € T.

{X:}ier,EX, =0, (T, d), sub-gaussian increments. Then Esup,.; X; < CK Y, ;275 \/log N (T, d,27F).

Proof Step 1: Chaining setup. WLOG assume K = 1 and T is finite. ¢, = 27",k € Z. Choose an ez-net Tj of T so that |T%| =
N(T,d,ex). T is finite = 3 small enough € Z and large enough K € Zs.t. T, = {to},Tx = T. Forapoint t € T, 71 (t): a closest
point in Ty. Then d(t, mx(t)) < ex. EXyy = 0 = Esup,cp Xt = Esup, (Xt —X¢,). Since X;—Xy, = Zf:n-‘—l(Xﬂ'k(t)_Xﬂ'k—l(t))’
Esup,er(Xe — Xig) < Sp ot Esupyer (X 6y — X1 (0)-

Step 2: Control the increments. || X, ) — Xno_ ) llee < d(me(t), mr-1(t)) < ex+ex—1 < 2ex—1. Ex 2.5.10 = Esup,cp(Xr, (1) —

Xﬂ.kil(t)) S C . 26k_1 . \/log(|Tk| . |Tk_1|) S C . 26k_1\/210g|Tk‘.

Step 3: Summing up the increments. Esup,cp(X: — Xty) < CZf:,g.H €x—1+/10g | Tx|. O

Dudley’s integral inequality: Esup,cr Xy < CK fooo \/Wde.

Proof 275 =2 2" de. 3, 2" /Tog N(T,d, 2°F) < 25,y [ 2wy \/Iog N (T b, €)de. O
Esup, .cr | X — Xo| < CK [ \/log N(T' d, €)de.

T c R w(T) < C [ \/log N(T, €)de.

T CR", s(T) := sup,sg €1/log N (T, €). Then cs(T) < w(T) < Cs(T)logn.

Empirical process: f € .7, f:w — R, (Q,3,u). X is a random point in Q. X ~ u. Xy, -+, X, i.i.d. copies of
X. Xy =257 f(X;) —Ef(X) empirical process indexed by %

X; € (0,1, 7 .= {f:[0,1] = R, || flluip < L}. Then Esup ez |5 320, f(Xi) —Ef(X) < .
Proof WLOG 7 = {f:[0,1] = [0, 1], [[f]lLip < 1}

Step 1: Check sub-gaussian increments. Let Z; := (f —g)(X;) —E(f —g¢)(X). Then Vf,g € Z, | X5 — Xgllyo = 2| 201 Zillwn S
n 1
N Zill3,) % 1 Zillws S (= 9)(Xo)llwe S 1f = glleo-

. ) L Ex 8.2.6 )
Step 2: Apply Dudley’s inequality. Esup;. 5 | Xf| < ﬁ fo VIog N(Z, ] [loo,€)de < ﬁ fo 1/%1og de < % O

VC dimension: .% = {f:Q — {0,1}}. Shattered A C Q,any g : A — {0, 1} can be obtained by f € .# restricted
on A. VC(.Z) = maxy |A|.

| #] < {A C Q, A is shattered by .7 }|.

Proof | =1, trivial. If |Q| =n+1,Q = Qo U {zo}, || =n. Fo={f € .F: f(zo) =0}, 71 ={f € F: f(wo) =1},5(F) =
[{A C Q: A is shattered by .#}|. Then S(%) > |%ol|, S(F1) > |Z1], | F| = | Fo| + | F1].
(1) A is shattered by % (#1) but not by Z1(%). Then Ao € Fo(F1), & F1(Fo).

(2) A is shattered by .%o and .#1. Replace it with A U {zo}. O
12



CHAINING
Q] = n. Then || < S4_, C* < ()¢ where d = VC(F).

Dimension reduction: |.#|= N, a class of boolean functions. Assume ||f — g||z2(.) > € for f,g € #. Then there
exists n < Ce *log N and Q,, C Q, |Q,| = n s.t. p, is uniform probability mass on Qy,, ||f — gl|L2(u,) = § for all
f,ge Z.

i.i.d.

Proof X1,Xa,+, Xn "= pu. Denote h:= (f—9)*, U = {X1,- . X} 1f=9l7200) —1f =972 = 7 Ziei (W(X:) —Eh(X)).
62 76”54
1h(X3) =ER(X)[lwy S [IM(X)llwo S IR(Xi)lloo < 1= P(IIf = gll72 () — I/ —9ll72(y > ) < 2¢7°" . Therefore, ||f—gll72,,, >
4

%62 hold for all f, g € & with prob > 1 —2NZ%e™" . n = Ce *log N sufficiently large. O
Ve € (0,1),N(F, L*(n), €) < (2)°°.

Proof Choose N > N(F,L*(11),€) e-separated functions in Z. |Qn| =n < Ce *log N s.t. Flq, = Fn is still $-separated in
L2 (). N < (£2)dn < (C< e Nydn where d, = VC(F,) = N < (Ce )2, 0

VC(F
VC(F) > 1. Let Xy, ,X,, € @~ p. Then Esup,c » |2 30, f(X;) —Ef(X)| < C\/%.
iid

Proof Ex 8.3.24 = Esup;cz |+ >0, f(X:) —Ef(X)] < %Esupfeg |Z¢| where Z; = % > ef(Xi) and €, '~ symmetric
. s n n 1 .
Bernoulli. Conditioned on (Xi), 12 — Zglluy = 127, €i(f = 9)(Xi)llwe S [ X0y (f = 9)*(Xi)]2 = 1If —gllz2(,)- Applying

Dudley’s inequality, %E SUPfez Zf S ﬁEx Jy V1og N (Z, L2(1un), €)de < ﬁEx [ \/VC(F)log 2de < /Y2, O
R(fy) = R(f*) < 2supse 7 [Ra(f) — R(f)I-
Proof € =supse 5 [Rn(f) = R(f)|. R(f2) S Rn(fa) + e S Ru(f") + e < R(f7) + 26 U

For two-class classification, VC(.%#) > 1. Then ER(f}) < R(f*)+C % where R(-) is the MSE risk.

Proof Only to show Esup ¢ 5 [Ra(f) = R(f)] < /YEZEL LHS = L 327 [I(w:) —El(x)] where | = (f —T)? is Boolean. Let £ =

Ex 8.4.6
{(f~T)?: f € #}. Dudley’s inequality = LHS < LEx [ \/logN(Z,L2(un),e)de < %EX Jo V1og N(Z, L% (jin), €)de.

~

Talagrand’s v, functional: (T, d) metric space, (T;);2,(Tx C T) admissiable sequence iff |Tp| = 1, |T| < 22", Vk.
Yo(T, d) := infr,) SUPser Y opeg 28/2d(t, Ty,).

{X}ter mean zero sub-gaussian increments. Then Esup,c, Xy < CKv,(T,d).

Proof Step 1: Chaining setup. WLOG K =1, |T| < co. Let (T%) be an admissiable sequence, Ty = {to},to = mo(t) = m1(t) —
i ﬂ'k(t) =1, d(tv Wk(t)) = d(t7 Ty). Then X; — Xy = Ef:l(Xﬂ’k(i) . G (t))

Step 2: Controling the increments. Fix k and ¢, for u > 0, P(| X, (1) — Xnp_, 0] < Cu2k/2d(7l'k(t),ﬂ'k—1(t))) >1-— 9e—8u%2"
Unfix ¢ and k, |Tx||Te 1] < [Te> < 227" Let A = {|Xp () — Xop_, (0] < Cu®2d(my(t), mi_1(t)) for Vk,t}. Then P(A) >
1— 3% 22" g 82" > 9o if gy > 7,

Step 3: Summing up the increments. In event A, sup,cq | Xt — Xio| < Cruye(T,d) = || supser | Xt — Xeo ||y, < Coye(T,d). O

{X:}ier mean zero Gaussian process on T', d(t,s) = || X; — X,||r2. Then ¢y(T,d) < Esup,cqp Xy < Cyo(T, d).

IN

Talagrand’s comparison inequality: {X;};er mean zero, {Y;},er mean zero Gaussian, Vt,s € T\ || X; — Xy,
K||Y, = Y2 = Esup,cp Xy < CKEsup,cp Y.

Apmxn, Aij independent mean zero sub-gaussian, 7' C R", S C R™. Then Esup,cr ,cs(Az,y) < CK[w(T)rad(S)+
w(S)rad(T)] where K = max;; || A;j|y,, rad(T") := sup,cp ||z]|2-

Proof WLOG K = 1. Xy, = (Au,v),u € T,v € S. Then || Xus — Xw:|lvs = || Z” Aij(uivg — wizjg)|lwy < (Z” || Asj(uiv; —
wiz)[|3,)2 < (T, lwvs — wizl3)? = luv” — w2"|le < [[(u—w)o”|lp + [[w(v = 2)7|lr = Ju—wll2vls + lv = 2[l2llw]
lu — w|l2rad(S) + |lv — z||2rad(T). Let Yi, = (g,u)rad(S) + (h,v)rad(T) where g ~ N(0,1,),h ~ N(0,I). ||Yuo — Yazl3
lu—w||3rad(S)? + ||v — 2||3rad(T)? = | Xus — Xwzllws S [Yaw — Yiz|l2- Applying the comparison inequality, Esup,cr pes Xuv
Esup,cr pes Yoo = Esup,cp(g, u)rad(S) + Esup, ¢ g(h, s)rad(T) = w(T)rad(S) + w(S)rad(T). O

N
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